Final Exam v.B - MAD 2014 - Summer A 2015 NAME: SO [u,‘&,‘.of-( Kejf

For full credit, when asked, you have to justify your answers. If “brief justification” is required, be
brief, e.g “multiplicative rule” or “binomial theorem” will suffice (if correct). GOOD LUCK!

1. (15 pts)In each case, answer True or False. No justification is necessary for this problem — 3 pts each.

(a) For any sets A, B, AC AN B. Tale

(b) The set of finite length bit strings is countable. FT;"‘-LQ.

(c) The set {4/n | n € N} is countable. True

(d) If the adjacency matrix A of a graph is not symmetrie, that is if AT & A, then the graph is not undirected. 77"({

{e) P(n, k) = C(n,k)- P(k,k), forall 0 < k < n. 'T‘(\.&@__

2. (10 pts) Define a set S recursively by 5€ Sand9 ¢ S and if z,y € Sthenz +y—2¢€ 5. Is 11 € 87 Justify.

Mes | ue S, Because
(SES A SES) —> s¥s2=8€ S

(5€5 n 9€SY) —> S48-> < nes

3. (15 pts) Is it trve that (AUB) - C=(A-C)U(B - C) for all sets A, B,C? Answer and justify your answer.
That is, prove the equality, or give a counter-example. A Venn diagram will help, but does not qualify as proof.
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4. (15 pts) Give your answer and a brief explanation for each of the following. You don't have to simplify answers.

(a) A saleswoman has to visit eight different cities. She must begin her trip in a specified city (you can assume it
is Miami) and end her trip in another specified city of the eight (say, New York). She can visit the other six cities
in any order she likes, How many possible orders can the saleswoman use when visiting these cities?
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(b) A club has 15 men and 11 women. In how many ways a committee of 3 men and 2 women can be selected?
(The order of the people in the committee does not matter.)

C (lg‘,'b} ' C(“ }2,\ “u.eol‘l‘}ﬂ L‘m}l‘l‘w rule.

(c) Another club has 8 men and 12 women. How many ways are there to select a committee of 4 people if the
committee should contain at least one man and at least one woman? (The order of the people in the commitlee
does not matter.)
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5. (15 pts) Use mathematical induction to prove ONE of these. Clearly indicate your choice.

(A) Prove that 5 divides n® — n for any non-negative integer n.

i)}2 1
n(n+ 1)(n + ), for any n > 1.

(B) 1242243% 4. 4n* =
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6. (30 pts) Let G be a simple graph with vertices {a,b, ¢, d, e}, with the adjacency matrix A given below.

01 001

1 01 11 Q 'Q}

A=]1 0 1 0 0 1

010 01

11110 <
(a) (5 pts} Draw G (or ask me to do it, but at a cost of up to 5 points).

<] d

For each of the remaining parts answer and briefly justify (5 pts each).

(b) Does G have an Euler circuit? An Euler path?
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7. (20 pts) In each case answer and very briefly justify — 4 pts each.
(a) How many vertices does Qs have? Recall that ()5 denotes the 5-cube graph.

Z§~ \I%";U/S fa &’S QA @C( &‘(ﬁu{g of s

(b) What is the coefficient of y* in (y + 2)'%? You don’t have to stplify the andwer.

o(oc) .26 o  Clo,k)2°

(c) What is the exact value of P(6,3)? What is the exact value of C(10,1)? (W{riting the formula
that leads to answer is enough justification.) {o
0,1y L0 R Y
Clio, STl

P,9)= 654z |20

(d) What is the value of the sum C(n,0) — C(n,1) + C(n, 2} - Cn,3) + ... + (-1)*C(n,n) 7
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() How many numbers must be selected from the set {1,2,3,4,5,6} to guarantee that at least one pair of these

numbers add up to 77
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8. Cive an algebraic proof (10pts) or a combinatorial proof (15pts) for the identity
C(n, r)C(r, k) = C(n, kYC(n — k,r — k), where L <k <r <m.
You may give two proofs, but you will get credit for only one of the two (the higher score).
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9, (15 pts) Give your answer and a brief explanation for each of the following. You don’t have to simplify answers.

(a) How many bit strings of length 9 start with 000 or end with 117
® -+

(b} How many bit strings of length 9 contain exactly four 0s?
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(¢) How many bit strings of length 9 contain exactly four Os, with no two consecutive 0s? Hint: First place the 1s.
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10. (15 pts) Consider the function f : N — N defined by f(n) = [}], where || denotes the greatest integer less
than or equal to the number z (or “floor” of z). : s f e§ et ” A

(a) (4 pts) Find f(10) = 3 _ £33 = G

(b} (5 pts) Is the function f one-to-one? Justily your answer.
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qecbfafe 00> {9 = 2

(c) (6 pts) Is the function f onto? Justify your answer.
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