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1 | INTRODUCTION

VIX futures and options contracts have now become the second most actively traded contracts on the Chicago Board of
Exchange (CBOE). The number of VIX futures contracts’ months has increased from four in March 2004 to ten in 2009,
and eventually stabilized at nine in 2016. VIX futures pricing has always been a focal point of academic research. Along
with the expansion of VIX futures contracts, the literature on stochastic volatility models has evolved from a single
factor (Lin, 2007; Zhang & Huang, 2010; Zhang & Zhu, 2006; Zhu & Zhang, 2007) to two factors (Christoffersen, Jacobs,
Ornthanalai, & Wang, 2008; Egloff, Leippold, & Wu, 2010; Luo & Zhang, 2012; Zhang, Shu, & Brenner, 2010), and more
recently to three factors as in Lu and Zhu (2010). In particular, Lu and Zhu (2010) find that the third factor is
statistically significant for explaining the variance term structure.

Lu and Zhu’s (2010) three-factor model largely represents the state of the art, or at least the most comprehensive
model, in VIX futures pricing. Their framework offers a rich structure able to accommodate five strips of VIX futures
contracts in sample. The multifactor model improves significantly on the pricing of short-term contracts (30 and 60
days). However, their results reveal some weaknesses: (a) Their three-factor model generates large errors for 90- and
270-day contracts; (b) the empirical results are not based on original VIX futures data but on interpolated (smoothed)
prices, with the interpolation potentially hiding the actual pricing errors of the model; (c) their out-of-sample test is
limited to 8 days, making it difficult for one to judge the merit of the model.

Another shortcoming of current VIX futures factor-based term structure models is that they suffer from the curse of
dimensionality. One generally needs three extra parameters for each additional factor. Lu and Zhu’s (2010) two-factor
model has between seven and eight parameters, while their three-factor model contains between 10 and 12 parameters.
The likely overfitting of the five strips of VIX futures contracts is a distinctive concern.

To address the above issues, we propose a new model of volatility by allowing for a cascading structure of volatility
components, motivated by the interest rate model of Calvet, Fisher, and Wu (2018). The cascading volatility model
essentially has one governing factor with multiple layers or commonly referenced as factors. Each layer, identified by its
speed of mean reversion, mean-reverts to the next layer until it converges to a constant long-run mean. A faster (slower)
moving layer represents economic information occurring at a higher (lower) frequency, for example intraday (vs.
quarterly) news arrival. Since such a structure allows one to add as many layers as desired without any additional
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parameters, it is thus dimension-free. The additional layers do not require extra modeling or higher computational cost.
As a result, we pick six layers to match the daily average number of VIX futures contracts for our modeling and
empirical exercises. ' The flexibility in choosing the number of components enables rich dynamics in the term structure
of both the spot VIX and VIX futures, which in turn helps improve the in-sample and out-of-sample empirical
performance of the model. Using the unscented Kalman filtering (UKF) method, we estimate a six-factor model on
price data from March 2004 to December 2015.> We find that our model can generate low in-sample pricing errors and
equally desirable pricing precision out of sample (from January to August 2016).

The rest of the paper is organized as follows. We first derive a semi-closed-form solution to the VIX futures price for
the generic n-factor cascading model of volatility in Section 2. We describe daily spot VIX and VIX futures data from
2004 to 2016 and further discuss the UKF methodology in Section 3. We report the in-sample and out-of-sample
performance of the model in Section 4, and conclude in Section 5.

2 | MODEL

2.1 | P-Measure dynamics

Let V; denote the instantaneous variance. V; is the ending point of an n-layer cascading volatility Gﬁt process, where j
stands for the jth component. Therefore, V; = o,f, ;- The higher frequency (or faster moving) component oﬁ , reverts to the
lower frequency component 01»2_1’ ;> until it reaches a constant long-run mean 6,. Each component j is identified by their
speed of mean reversion ;. The structure is presented as follows:

do}, = 1(07_1, — o} )dt + @;dWj,, j=1,2,..n, €))
2

%, = B, Q)

O-)f,t = O'tz =V, 3)

N=mBY, B>1 j> 1 @

Let X; = (of,, 022’ t,...,a,f,[)’. The drift and diffusion terms of X; are denoted as u(X) and o (X). The dynamics of the
n-dimensional volatility cascade can be rewritten in matrix form as follows:

dX; = u(X)dt + o (X,)dw, ©)

where both u(X) and 2(X) = [0(X;)]’'[0(X;)] have the following affine structure:

1.0, - 0 0 0
X —1 0 0
pX) = 0 [+ 2 2 X, (6)
0 e e 0
0 0 0 x, —xn
K, K,
wl 0 0 0
2
=0 @ 0 01 ™)

!Calvet et al. (2018) select 15 factors for 15 daily interest rates.

2We also estimated a three-factor model that performed adequately but not as well as the six-factor model both in-sample and out-of-sample.
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2.2 | Q-Measure dynamics

To price the VIX futures contract, we specify a measure change from the P-measure (physical) to the Q-measure (risk-
neutral) through the Radon-Nikodym derivative:

dQ L t 1 pt 5 5
Vi H exp(—‘/(: Y5 @i dWjs — 5 ‘/(: Vs ds ). (8
Jj=1
The instantaneous variance dynamics under the risk-neutral measure become
do}, = —y,,fdt + 15(07_1, — 07 )dt + 0 dW, 9)

We assume affine risk premia y;, = y; + AjTXt by denoting A; = (4, 1,...,4;,») and obtain the risk-neutral dynamics in the
following matrix form:

dX, = pR(Xydt + o9(X,)dw,, (10)

where both x?(X) and Z9(X) = [09(X;)]’[09(X;)] have the following affine structure:

Klev - }/16‘)12
—¥, 04
A
Q
Ko (11)
-1 — 1110)12 —/1125022 _/llnwr%
+ B — 1215012 =15 — /1226022 —/12;1503 X,
A} Kn — Apno10p—1 —Kn — Apn;
&
wf 0 0 0
2
X)=|0 @ 0 0 (12)

However, the complex structure in K< yields no analytically tractable solution to VIX futures prices. We make the
simplifying assumption of a constant risk premium, that is, 4; = 0. Constant risk premia are commonly assumed in VIX
derivatives pricing as in Lu and Zhu (2010) and Zhang and Zhu (2006). Similarly, for estimation purposes we will later
make the simplifying assumption of setting the w, diffusion parameters constant across the cascading layers, thereby
allowing for as many factors as desired without any increase in the number of parameters whatsoever. The risk-neutral
dynamics of 4?(X) and Z?(X) become

Klev - 7/16012 -1 0 0
2
we=| —rer |4+ TR 0 (13)
— Yol 0 - *n —%
—_— KQ

Q

Ky
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0 =|0 @ 0 0f (14)

From these risk-neutral dynamics, we derive the instantaneous variance V; = a,it in the following proposition.

Proposition 1. The instantaneous variance V; can be represented by

M=ok =6+ ), 0@k - 6) + 2 bOyef + Do f "ot - s)dW, (15)
Jj=1 Jj=1 j=1
a; (1) = K* - *K,) () /% (16)
_ n Kj41.--Kp it 17
iZ:; H;l:jys#i (KS - Ki)e ( )
bi(t) = [Z a(t) - 1] /%, (18)
i=j

where oﬁo is the initial instantaneous variance of component j and the response function a;(t) is the convolution of

exponential functions K; = xje™'1j;> ).

Proof. See Appendix A [

2.3 | Derivation of the VIX futures pricing formula

Given the instantaneous variance under the risk-neutral measure, we can write the square of the spot VIX as
1 t+7
VIX? = ~EQ [ S cnzsds], (19)
T t ’

where 7 is fixed at 30 days according to the CBOE.
By inserting Equation (15) into Equation (19), we obtain VIX?, the spot 30-day variance at expiration time T, as a
linear combination of the n factors:

1 T+t z ”
VIXp = “Ef S [ev + 2, G0 = 6) + D) bf(s)”f‘”fz}ds
j=1 =

1 1 T+t
+ ;E}Q[z cojj; a;j(s — u)dW}-,uds}
j=1

-1 ‘/'T+f lev + Z a;(s)(ajr — 6,) + Z bj(s)yjco]?]ds 20)
j=1

T
T =

_ 1 T+t " 2 1 T+t " 2
=0, + - [‘/'T JZ_:l aj(s)ds](oj,T -6) [+ ;./‘T JZ_:I by (s)y; ) ds

n . 1 T+r <
= 0+ 2 ADEir =0+ — [T 3 boefds
j=1 Jj=1

= A'X; + B,
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Letting F (t, T) be the futures price at time ¢ expiring at time T, we have

Ft,T) = [W ] (1)

Schiirger (2002) shows that the expectation of the square root of a variable Z = VIX}? can be expressed in terms of
moment-generating functions as follows:

E[JZ] = 2\1/5 L 1- Sb; /[Ze_sz] ds. (22)

Thanks to the affine structure of VIX? in terms of X;, the moment-generating function
Y(s)=E[e %] =E [e_s(A’X"‘LB)] admits an exponential affine form according to Duffie, Pan, and Singleton (2000).
The affine solution takes the form W(s) = exp(—sB + a(t; s) + S(t; s)-X;) with a(t; s) and S(t; s) satisfying the
following Ricatti equations:

B(t;s) = —K[B(t; ), (23)
q(t;5) = —KoB(t; ) — %ﬁ(t; STHOB(: 5), (24)

with boundary conditions a(T; s) = 0 and B(T; s) = —sA. H, and K, are from Equations (13) and (14), respectively.
The above equations can be solved in closed-form (see Appendix B for a three-component case). With a and
derived, the VIX futures price can be computed as follows:

1 pol-E[e¥
— rQ 2 | —
F(t, T) = E| [\/VIXT] =55 A S ds (25)
1 1— —sB+a(5)+B () 0
- T ~ds, (26)
zﬁ 0 S3/2

3Note that oj,r is used instead of the original notation gj,o in Equation (15), because the initial time “0” for the time interval [T, T+1]isT.
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where a(t; s) and B(t; s) are determined by Equations (23) and (24). Given that X; = o? is defined in Equation (10), the
VIX futures pricing function F(t, T) can be expressed as a nonlinear function of state variables X;, that is,

F(t, T) = f(X).

3 | DATA AND METHODOLOGY

3.1 | Data

We obtain daily VIX futures closing prices along with spot VIX prices from the CBOE, with data ranging from 2004 to
2016. On any given day, the number of contracts listed varies from 4 to 11 during the sample period. To visualize the
sample time series, we linearly interpolate the VIX futures prices to obtain the prices with 1-, 2-, 3-, 6-, and 9-month
maturities. VIX futures prices are shown in Figure 1. We can see that, on average, VIX futures prices exhibit a contango
shape, by which long-maturity futures contracts exhibit higher prices than short-maturity futures contracts.

Table 1 reports both spot VIX and VIX futures prices of 3,019 trading days ranging from March 2004 to August 2016.
In contrast to the term structure of VIX futures prices, VIX futures volatility levels exhibit normal backwardation in
their term structure, that is, higher volatility levels are associated with shorter maturities. Both the spot VIX and VIX
futures display positive skewness and excess kurtosis.

3.2 | UKF implementation

The VIX futures pricing formula derived in Equation (26) is a nonlinear function of the unobservable state variables o"jZ’ ‘-
We propose to estimate the model using UKF. The UKF approximates the posterior state density using a set of sample
points. These sample points produce the true mean and covariance of the normally distributed state variables. The
posterior mean and variance/covariance of futures prices, nonlinear functions of state variables, can be approximated
based on the propagated sample points. UKF is particularly well suited to nonlinear state-space models (see Wan & Van
der Merwe, 2001). The application of UKF to model estimation has been employed in the derivatives literature in recent
years. Christoffersen, Dorion, Jacobs, and Karoui (2014) provide a detailed examination of the nonlinear Kalman
filtering, with a focus on UKF applications to affine term structure models of interest rates. Carr and Wu (2007) have
applied the UKF methodology to currency options and Carr and Wu (2010) to equity options and credit default swaps.

To implement the UKF methodology, we discretize the state transition shown in Equation (10) in the following
matrix form:

Spot VIX and VIX Futures Prices (2004-2016)
T T T

90

spot
—1m
2m
—3m
———6m
9m

2006 2008 2010 2012 2014 2016

FIGURE 1 Spot VIX and VIX futures prices [Color figure can be viewed at wileyonlinelibrary.com]
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TABLE 1 Summary statistics

Contract
Spot

1m

2m

3m

6m

9m

with

Mean

19.4930
20.3563
20.9884
21.3855
22.1791
22.6469

SD

9.3293
8.0071
7.3580
6.8616
6.0889
5.6536

Median Minimum Maximum
16.5800 9.8900 80.8600
18.0375 11.2636 65.6763
19.0321 12.1952 60.1391
19.6643 12.7787 54.6700
20.7862 13.6385 45.0000
21.3757 9.2482 43.9900

dX,
Xt = (I_

— KR(KZ* — X)dt + = dw,

O)K* + dX,_pp + VEALuUy,

b = eKloAl,
Ki* = — [KPIKS,
1
-— 0 0
Lo
1 1
_ = = 0
[K1Q] 1 = X1 193
1 _1
K1 19} Kn

Skewness

2.5027
1.9664
1.6835
1.4332
0.9864
0.7866

M>WILEYJ—7

Kurtosis

11.276
7.7926
6.5813
5.4088
3.6439
3.1008

5

(27)

Furthermore, the daily time interval /\t = 1/365, and I is the identity matrix. K, K2, X are defined in Equations (13)
and (14), while u, follows the standard normal distribution. We further define the measurement equation for VIX

futures prices as follows:

F=fX) + e.

(28)

where F, is the observed VIX futures price, f(X;) is the pricing formula given in Equation (26), and the error term e,
follows a normal distribution with a mean of zero and a standard deviation o,. Since we have a varying number of VIX
futures contracts (between 4 and 11 depending on the day), we simplify the error structure by assuming a constant o,
across contracts.”*

For a set of M contracts available on a given day, we have the following pricing equations:

F,=1X,0)+ ey

F, :fz(Xt, 0) + €t

FM,t =

Cm,t

fM X, ©) + eM,t»
N@©,0) Vm=1,2,..M.

where © is the parameter vector in the model that includes x, b, w, ¥, 6,.

(29)

(30)

(31)

“We considered the alternative of removing the restriction of identical errors across contracts and found no significant improvement in the empirical results. However, the gain in computational speed

with a simpler structure outweighs the gains in accuracy, especially when the number of contracts increases dramatically.



8 WI L Eym WANG anp DUPOYET

TABLE 2 Parameter estimates for the six-factor model

<] B @ Y Oy O
Estimate 0.6301 71.2912 0.9548 —0.6193 0.0285 0.0002
SE (0.0195) (1.8359) (0.0197) (0.0241) (0.0309) (0.0000)

Given the observations and the state transition Equation (27), we employ the UKF for parameter and state
estimation. Specifically, we set the objective function for the nonlinear least squares for N days of observations as
Zi\il Zle (B — f,,(X;, ©))%. ° By minimizing the objective function under the UKF scheme, we can estimate the
parameters © and the pricing errors standard deviation parameter g, along with the state variables X; = {Xi,....xu}. A
practical challenge to implementing the UKF methodology in our setting is the estimation of the error variance matrix
for ey, ; for a varying M number of contracts. By assuming an identical error distribution across contracts, we only need
to update one single value, namely, the standard deviation of the error term o,. Our approach differs from the previous
literature such as Lu and Zhu (2010) and Zhang et al. (2010), in the sense that we use the original data directly instead
of resorting to smoothing out the data series by interpolation.

4 | RESULTS

4.1 | Parameter estimation

As previously mentioned, there are between 4 and 11 contract months traded on any given day. Adding the spot
VIX to the mix, the median number of observations per day is 9. We choose to apply a six-factor model to the term
structure of daily VIX futures from March 2004 to December 2015.° Parameter estimates and their standard errors
are reported in Table 2. We can see that all parameters are statistically significant at the 1% level, except the long-
run mean 6,. A positive and significant f parameter lends empirical support to the cascading feature of mean
reversion. The large § value is indeed consistent with our proposed cascading feature, as the higher frequency
volatility layers mean-revert back to the lower levels at a much higher speed than the lower frequency volatility
layers. Additionally, y is negative, confirming the well-known negative variance risk premium. Despite the
assumption of identical errors across contracts, we still manage to obtain a statistically significant standard
deviation parameter for the pricing errors e. The low value of 0.0002 indicates a good match between our model
and the data.

4.2 | Model’s flexibility of generating term structure

To illustrate the flexibility of our model in its ability to generate the term structure of VIX futures, we reproduce various
shapes of term structure using the parameter estimates from Table 2. Figure 2 displays contango, inverse hump,
backwardation, and a combination of contango and backwardation, on May 30, June 12, June 26, and July 10, 2007,
respectively. The various term structure shapes indicate that our model is capable of quickly adapting to changing
market conditions.

43 | Pricing performance

We evaluate the in-sample and out-of-sample performance of our six-factor model. The in-sample pricing errors,
defined as daily average dollar error = market price - model price across all contracts, are presented in Figure 3.
The sample period runs from March 2004 to December 2015. Consistent with the small magnitude of the
estimated error term o, our six-factor model generates low pricing errors during both noncrisis and crisis periods.

SAnother approach is maximum likelihood estimation, but we found the convergence of nonlinear least squares to be faster than that of maximum likelihood estimation.

The choice of six factors, as opposed to more, is made to achieve a balance between flexibility and computational burden. Calvet et al. (2018) investigate both the in-sample fitting and the out-of-
sample predictive power of more factors in the modeling of the interest rate term structure, in which they used a maximal 15-factor model to fit the 15 maturity strips of LIBOR and swap rates.
However, the square root function in our VIX futures pricing formula (see Equation (26)) makes its computation significantly more challenging than that of their interest rate pricing formula.
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FIGURE 2 Sample term structures of VIX futures [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 3 In-sample pricing errors [Color figure can be viewed at wileyonlinelibrary.com]

The out-of-sample pricing errors are shown in Figure 4. The out-of-sample period runs from January to August
2016. Figure 4 demonstrates that the six-factor model can produce out-of-sample errors of magnitudes similar to
those of in-sample errors.” In fact, the pricing errors are rather consistently ranging between -0.02 and 0.04. It is
worth noting that our estimation method differs from those commonly used in the previous literature—We use
the original price series as opposed to the interpolated price series as mentioned in Section 3.2. As a comparison,
Lu and Zhu’s (2010) three-factor model and Zhang et al.’s (2010) two-factor model produce in-sample dollar
pricing errors (RMSE) mostly in the range of 1.3-2.6, or between 5% and 15% for the sample from 2004 to 2008. Lu
and Zhu (2010) and Zhang et al. (2010) report about 5% out-of-sample errors for 2 months and 8 days, respectively.

"Following the referee’s suggestion, we also estimated the model using the first half of the sample (2004 to early 2010), and tested its out-of-sample performance using the second half of the sample

(late 2010-2016). We confirmed the pricing stability of our six-factor model with the balanced sample and test data.
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Out of Sample Pricing Errors
0.05 T T

0.04 - 1
0.03 -
\

0.02 - ( ‘

0.01 \]

0.03 . . . .
Jan 2016 Mar 2016 May 2016 Jul 2016 Sep 2016

FIGURE 4 Out-of-sample pricing errors [Color figure can be viewed at wileyonlinelibrary.com]

Therefore, our six-factor model appears able to handle the extra noise in the price series and produce low in-
sample and out-of-sample pricing errors.

5 | CONCLUSION

We introduce a new stochastic volatility model that relies on a cascading structure of volatility components and
increasing levels of speeds of mean reversion. We subsequently apply this new framework to the pricing of VIX
futures contracts. Our term structure model of VIX futures prices is designed to overcome the curse of parameter
dimensionality: While one can add a myriad of bells and whistles to a model, the number of parameters often
grows at a rate of about three additional parameters per factor or feature, making the estimation a complex task
yielding estimates in which one cannot necessarily have a high degree of confidence. The flexibility of the
cascading structure, with the help of a small assumption, allows us to include as many factors as needed with no
additional parameters required. In this paper, we apply a six-factor model with only six parameters to both VIX
spot and futures prices from 2004 to 2016. The semi-closed-form solution further enables fast calibration. Without
resorting to a jump process, our unique new stochastic cascading volatility model is able to produce low pricing
errors both in-sample and out-of-sample. In addition to the term structure of VIX futures, the cascading structure
can be broadly applied when the model calls for dynamic mean reversion and/or multifactor characteristics.
Examples of those include historical volatility prediction in the time series literature, the risk-return trade-off
under short-run and long-run volatility components in the asset pricing literature, and commodity futures pricing
in agricultural and energy economics.
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APPENDIX A: PROOF OF PROPOSITION 1

We apply Ito’s lemma to e""ta,f,t and obtain

d (e""‘cr,i,) = Kkye“lop dt + efidoy,
= Kkpe¥lop dt + el (—y,widt + x, (01, — Op )dt + W, dW,,)

= e"”[(KnUy%—det - yncufdt + 0ndWo)-

Integrating the above equality and dividing it by e* yields

e’ — 1

t t
Opt = e—xntg§‘0+ ynw,f+‘/; Kne—xn(t—ty.fl)ar%_lytn_ldtn_l+l/:) wne—Kn(f—tn—l)d“/n,tn_l’

n
e 1l — 1

— a—Knp_1ts2 2
O'n—l,t,,,l = &m IO-n—l,O + yn—lwn—l

Kn-1

n—1 ln—1
+ ./; Kn_le_K"_l(t_l”_2)0',%_2,[n72 dtn_2 + /:) CL)n_le_K”_l(l_t”_Z)d“/n_Ltn_z.

Substituting o,7_, , back into o, yields
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ekl — 1 t
op, = erlglo+ Yowr + ./; Kpe T ("hDeMnbioig? | (dt,
n
t e Kn-1l-1 — ]
+ [f Kpe ) —dp, |y wp
0 Kn—1

t th—1
+ ‘/:) Kne_Kn(t_tn—l) /:) Kn_1e_Kn—l([n—l_[n—z)gr%_z,tn_2 dtn—zdtn—l

f —alt=tay) [ ~Kn—1(ta—1—tn—2) f —Kn (t—tn_1)
+/; Ky (=l /; Wp_q € Fr-1ln-1=ltn—2 de_l,[nfzdtn_1+‘/; wpen=t-DdW, . .

We can continue the iterative substitution in o",it with

e*n2l — 1
2 Kyt 2 2
On_2t,, = € "0 20+ ——————V—2Wn_2
n—2

th—2 th—2

—Kp—2(t— 2 —Kn—2(lp—2—1tp—
+ 1/:) Ko 292 o dt, 5 + ./; Wppe 22" ddW, o
and obtain
t
O-}’%,[ — e_Knto'riO + (‘/:) Kne_Kn(t_[n—l)e_Kn—ltn—ldtn_l) O’l’%—l,o

t (]
+ (./; Kne_Kn(t_tn—l) ./:) Kn_1e_Kn—l(tn—l_tn—z)e_xn—Ztn—zdtn_zdtn_l) O’}’%—Z,O +-.-
t b
+ (./; Kne—kn(t—tn_1).../; Kze—Kz(lz—tl)e—mt1dt1"_d[n_1) 0-12’0
t b
+ (./; 'Kne_K”([_t"_l)' : '/; Kle_Kl(tl_IO)dtodtl...dtn_l) Gv
~Kn-1ln—1 _ 1

el —1 t . e
J— —%, (t—5)
+ » yACHES (‘/:) X e

n

dtn_l)yn_lco,f_l 4.
Kn—-1

—Tah _ ]

t 15} €
—Kn (= tn-1). .. —alp—0) - 2
+ (/; X, € ‘/; K€ ” dtl...dl,‘,,_l))/lco1
t _ _ t _ _ th—1 _ _
+ wn‘/; e Ml=tDdW, 4+ wn—l/; Kot zn_l)./; e 1=t W,y dt,

t 4
+ -4 a)l‘/:) Kne_xn(l_tn—l)...j;l e_Kl(tl_[())dv‘/l,todtl---dtn—l-

We® further apply Fubini’s theorem to the dW items and obtain

anz,t = Zn: aj(t)aﬁo + 6,]1 — Zn: a;(t) | + Zn: bj(t)ijjz + Zn: ” joat a5t — 5)dW,s,
J=1 j=1 j=1 =1
where
ai(t) = (K;*-* K)()/x;
b(t) = Zn: a;(t) — 1{/x;,
i=j
K, = ‘Kne_K”t]l[tZO].

$Note that 6, = a&[ applies V ¢, that is, 6, = 0&04
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APPENDIX B: SOLUTIONS TO RICATTI EQUATIONS (23) AND (24)

In this section, we report the solution to the cascade model of stochastic volatility for the case of n = 6. Specifically, the
solutions to the Bs are given as follows:

‘31 - blze—zbklt + b13e—3bk1t + b14e—4bk1t + blse—sbklt + b16e—6bk1t + bne_klt,
52 - bzze—zblqt + b236_3bk1[ + b24e—4bk1t + bzse—sbklt + b268—6bk1t’

63 — b33e—3bk1t + b34e—4bk1t + b35e—5bk1t + b%e_ﬁbklt,

54 — b44e—4bk1t + b4se—5bk1t + b46e_6bk1t,

,35 — bsse—sbklt + bsée—6bk1t’

Bs = bese M1,

where the coefficients are defined as

b = 720b%ug N 120b*u;
YT @b—1)@b-1)@b—1)Gb—-1)(6b—1)  (2b—1)3b - 1)@b - 1)(5b - 1)
24b3u4 6b2u3 2bu2
+ + + w,
(2b—1)Bb-1)@b—-1) (@b-1)Bb—-1) 2b-1
b = _ 2b(u, + 3us + 6uy + 10us + 15ue)
12 — 2b _ 1 9
b = 6b(us + 4uy + 10us + 20ug)
13 — 3b _ 1 )
12b(u4 + Sus + 15“6)
by = - )
4b — 1
20b (u5 + 6u6)
blS =
5b —1
30bu6
by = — .
1o 6b — 1

In the interest of space, we list only the ODE for « in lieu of its lengthy formula

1
C(/(t) = aue_kll + Ebflcofe_y‘” + b11b12w12€_(2b+1)k1[ + bnblgcolze_“b“)klt

+ b11b14w12e—(4b+1)klf + b11b15w12e_(5b+1)k1t + b11b16w12e—(6b+1)k1[
+A2e—2bklt +A3e—3bk1t +A4e—4bk1[ +A5e—5bk1t +A6e—6bk1t
+A7e—7bk1[ +A8e—8bk1[ +Age—9bk1[ +Aloe—10bk1l +Alle—11bk]t +A12e—12bk1t

with the boundary condition a(0) = 0 and the coefficients defined as
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a1
a2
a3
14
s

M6

% 0y b11,

146,b1y — 715012(1712 + by),

16,b13 — 7/16012(1713 + byz + bsz),

10,b14 — 716012 (bis + bas + by + bas),

146,b1s — )’15012(1315 + bys + bss + bys + bss),
K16ybis — Rt (bis + bas + bss + bas + bss + bes),

a2,
a3,

biw? biw?
a + 1221+ 2221,

as + b12b135012 + b22b23w12,
bZw? biw?: biw?
a6 + b12b145012 + b22bz46012 + 132 L+ 232 L+ 332 L

biobis@f + bisbiawi + bybaswi + byzbywi + bysbyw?,

bizbiswi + bisbiswl + byybywi + basbyswi + byzbssw!

bZw? biw? biw? biwl
4 21a®n | D@ Dudr | D
2 2 2 2
131313160)12 + 131419155012 + b23b26€012
+ baubyswi + byzbsgw! + baubsswi + babusw?,

2 2 2 2
biabiswi + baabaswi + basbzswi + baybasw;

191255012 132255‘)12 173255012 bz%sc‘)l2 " b525cu12
2 2 2 2 2
blsb16w12 + bzsbza%2 + b35b36w12 + b45b46€012 + b55b56w127

k]

biw? biw?: biw? brw? biw? biw?
fo@i | ba®l | bie®r | Diswi | bsswoi | besci
2 2 2 2 2 2
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