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An abstract model

Model formulation

Let H and V be Hilbert spaces with V C H. Assume V is dense in H
and the injection of V into H is compact. Denote by (., .) the inner

product in H, by |.| the corresponding norm, and by V’ the dual of V.
Consider the damped abstract equation

Yit + Ay + By = 01in (0, 00)
y(0)=y%€eV, y(0)=y'eH,

where A € L(V, V') is a selfadjoint coercive operator with D(A%) =V,

and B € L(H) is a nonnegative operator.
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An abstract model

Model formulation

Let H and V be Hilbert spaces with V C H. Assume V is dense in H
and the injection of V into H is compact. Denote by (., .) the inner
product in H, by |.| the corresponding norm, and by V’ the dual of V.
Consider the damped abstract equation

Yit + Ay + By = 01in (0, 00)
y(0)=y%€eV, y(0)=y'eH,

where A € L(V, V') is a selfadjoint coercive operator with D(A%) =V,

and B € L(H) is a nonnegative operator.
Introduce the energy

E(t) = S n(0P + [Asy()P), V>0
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An abstract model

Theorem: Dafermos criterion

1970: Dafermos proves: the abstract system is strongly stable

lim E(t) =0

t—o0

if and only if
KerBNnKer(A+ Al) = {0}, VAeR

where [ denotes the identity operator on H.
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An abstract model

Theorem: Dafermos criterion

1970: Dafermos proves: the abstract system is strongly stable

lim E(t) =0

t—o0

if and only if
KerBNnKer(A+ Al) = {0}, VAeR

where [ denotes the identity operator on H.
For the stabilization of single component systems, we refer to the
contributions of Bardos-Lebeau-Rauch, Rauch-Taylor, Russell,

Dafermos, Chen, Haraux, Komornik, Lasiecka, Nakao, Liu, Martinez,
Triggiani, Zuazua,...
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Simultaneous stabilization

Brief literature

By simultaneous stabilization, we should understand stabilizing a
multi-component system using the same damping mechanism in all
components; the matrix defining the damping is degenerate.
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Simultaneous stabilization

Brief literature

By simultaneous stabilization, we should understand stabilizing a
multi-component system using the same damping mechanism in all
components; the matrix defining the damping is degenerate.

@ 1986: Russell introduces the notion of simultaneous control for

pdes when studying the boundary controllability of the Maxwell’s
equations.

@ 1988: Lions (v.1, Controllability book) analyzes simultaneous

boundary control problems for two uncoupled waves, and for two
uncoupled plates.
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Simultaneous stabilization

Brief literature

Consider the system of uncoupled wave equations

Uit — ajAuj =0inQ
u=0onTx(0,T)
uj(x,0) = ujo(x), ur(x,0) =ul(x)inQ, j=1,2,..,q,

where (u?, ul) € Hj(Q) x L?(Q) for each /.

1988: Haraux (1988) shows for arbitrary nonempty open set w:
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Simultaneous stabilization

o If 37 u(x,t)=0inwx (0, T)then® =0, ul =0inQ, Wvj.
provided that a; # a for all j, k with j # k.
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Simultaneous stabilization

o If ZJL y(x,t) =0inwx (0, T)thenu? =0, u! =0inQ, Vi
provided that a; # a for all j, k with j # k.

e If N=1and T is large enough, or w = Q, then there exists C > 0:
for all j and all (u?, u) € L3(Q) x H™'(Q)

q T q
S ey + 11} < € [ [ 13 utx 2 ot
j=1 W=

provided that a; # ay for all j, k with j # k.
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Simultaneous stabilization

(GCC): Bardos-Lebeau-Rauch (1992): w is an admissible control
region in time T if every ray of geometric optics enters w in a time less
than T.

Theorem 1 (CRAS, Paris, 2012)

Let Ty denote the best controllability time for a single wave equation
with unit speed of propagation. Suppose that
1

T>T, max{afﬁ;j =1, 2, ..., q} and (w, T) satisfies (GCC). There
exists a constant C > 0 such that for all (u?, u) € Hj () x L3(Q),
ji=1,2,.. q:

q T q
S U612 g + 1] ey} < € /0 / S up(x, D2 et
j=1 w

=

with C = C(Q,w, T, (&));, q), if and only if a; # a for all j, k with j # k.
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Simultaneous stabilization

Lamé systems with localized damping

Given (y?, /) € ([HS(Q)]N X [LZ(Q)]N)q, and a function d € L*(Q),
d > 0, consider the damped elastodynamic system

q

Vi — Ay — (1 + A)Vdiv(y)) + d >y = 01in Q x (0, 00)
k=1

yi=0o0nT x(0,00)

Yi(x,0) = yP(x),  y(x,0) = ¥/ (x), in Q,
j: 17 27"'7 q’

where, for each j, 1; and ); are the Lamé constants.
The total energy is given, for all t > 0, by

q
2E() =) /Q{ijr(x, DI + I Vyj(x, DI + (1 + 3)ldiv(y;(x, 1)} dx
j=1
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Simultaneous stabilization

Lamé systems with localized damping

E is a nonincreasing function of the time variable as

dE
= - —/Qd(x)

2
ax.

q
Zykf(xv t)
k=1
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Simultaneous stabilization

Lamé systems with localized damping

E is a nonincreasing function of the time variable as

dE
= - —/Qd(x)

Question 1: Does the energy E decay to zero as time goes to infinity?

2
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Simultaneous stabilization

Lamé systems with localized damping

E is a nonincreasing function of the time variable as

dE
= - —/Qd(x)

Question 1: Does the energy E decay to zero as time goes to infinity?
Question 2: Under which conditions is the Lamé system exponentially
stable?

2
ax.

q
Zykf(xv t)
k=1
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Simultaneous stabilization

Introduce the Hilbert space X = ([H&(Q)}N X [L2(Q)}N>q over the
field C of complex numbers, equipped with the norm

q
1215, =_ /Q{VJ(X)2 + | VU (X) [ + (1 + A)ldiv(u(x))[?} dx,
j=1

vZ = (4, v)))) € H.
Set Z; = (y;, yjt)- The Lamé system may be recast as the first order
abstract evolution equation

Z=AZ, Z0) =y =12 .. q

where the dot denotes differentiation with respect to time,and the
unbounded operator A is given by
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Simultaneous stabilization

A 0 /
T\ + (j + ) vdiv. —dL
q
with Lv = " v;, for every v = (v)); € [L?()]M, and
j=1
D) = {(u,v) € (@ x [H ()"
AU + (i + \j)Vdive; € [L2(Q)V }
It can be checked that one has (assuming for instance that I' is C?)
D(A)) = [H?(2) N Hy ()]V x [Hg ()1".

Thus, the operator A; has a compact resolvent. Consequently the
spectrum of 4; is discrete for each ;.
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Simultaneous stabilization

With the help of Lumer-Phillips Theorem, (Pazy’s book on semigroups,
p. 14), one can show that the operator A = (A4;); is the infinitesimal
generator of a Cy-semigroup of contractions on H. Indeed, D(.A) is
dense in H, A is dissipative

q
R(AZ,Z) = /d IS (X dx <0, ¥Z € D(A),
j=1

and (denoting by Z the identity operator on H):

R(Z — A) = H, by Lax-Milgram Lemma.
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Simultaneous stabilization

Lamé systems with localized damping

Theorem 2: Strong stability (2018)

Let w be a nonempty open subset of Q2. Suppose that d is positive in w.
The elastodynamic system is strongly stable:

lim E(t) =0
t—o0

if and only if the propagation speeds are pairwise distinct:

pj # pug and N+ 2u; # M + 2k, Vi, K, j# k.
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Simultaneous stabilization

Proof sketch:

We may apply Dafermos criterion, or Benchimol or Arendt-Batty strong
stability criterion. It suffices to show that A has no purely imaginary

eigenvalue. One easily checks that 0 € p(.4). Now, let A be a nonzero
real number and let Z = (u, v) € D(A) with

AZ = iNZ. (%)
We shall show that Z = (0, 0). It follows from (x):

q
d(x)) 1 =0inQ, and so, — Nu; — wAu; — (pj + A)Vdivy; = 0in Q.
j=1
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Simultaneous stabilization

Proof sketch:

We may apply Dafermos criterion, or Benchimol or Arendt-Batty strong
stability criterion. It suffices to show that A has no purely imaginary

eigenvalue. One easily checks that 0 € p(.4). Now, let A be a nonzero
real number and let Z = (u, v) € D(A) with

AZ = irZ. (+)
We shall show that Z = (0, 0). It follows from (x):
q
d(x)) 1 =0inQ, and so, — Nu; — wAu; — (pj + A)Vdivy; = 0in Q.
j=1

Therefore, setting ¢; = div(y;) and ¢; = 1/(A; + 2y;), it follows
q

Y u=0inw, and — Nl — Ag;=0inw.
j=
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Simultaneous stabilization

Using elementary algebra, one derives from the last two equations
q
> tfp=0inw, k=0,1,.,9-1.
j=1

The determinant of that linear system is a Vandermonde determinant
and is given by
Dg = Mi<jck<q(lk — 1))

One checks that Dy # 0 if and only if \j +2p; # A\ + 2u for all j, k
with j # k. In this case, ¢; = 0 in w for each j.

Dg = Mi<j<k<q(tk = 4))-
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Simultaneous stabilization

Consequently,
—)\2Uj — ,U,jAUj =0inw.
Repeating the same arguments as above, we find, (setting m; = 1/;):

q
> mfuy=0inw, k=0,1, .., 9-1.
j=1

As earlier, one derives u; = 0 in w for each j if and only if y; # 1 for all
Jj, k with j # k.
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Simultaneous stabilization

Consequently,
—)\2Uj — ,U,jAUj =0inw.

Repeating the same arguments as above, we find, (setting m; = 1/;):
q
> mfuy=0inw, k=0,1, .., 9-1.
j=1

As earlier, one derives u; = 0 in w for each j if and only if y; # 1 for all
Jj, k with j # k.

The Imanuvilov-Yamamoto Carleman estimate for the static Lamé
system [Appl. Anal. 2004] then yields u; = 0 in 2 for each j. Hence

Z =(0,0). O
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Simultaneous stabilization

A new unique continuation result

Theorem 3.

Let w be an arbitrary nonvoid open set contained in Q. Consider the
uncoupled elastodynamic system

Yitt — jAY; — (pj + Aj)Vdiv(y;) = 0in Q x (0, co)
yi=0o0nT x (0,00)
Yi(x,0) =y € [Hy(IV,  yi(,0) =y € [LA(Q)V,
j=1,2,...,q.
Assume that ; # px and \j + 2 # Mg + 2pk,  Vj, K, j # Kk, and there
q

exists To > 0 such that >~y = 0 inw x (0, To). Then
=
yi=0inQx (0, Tp), V.
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Simultaneous stabilization

Proof sketch:

Decompose the solution y of the uncoupled elastodynamic equations
as: y = w + z where w satisfies the damped system

q
Wit — iAW) — (i + N)Vdiv(w) + 15, ) " wie = 0in Q x (0, 00)

k=1
w;=00nT x(0,00)

wi(x,0) = y2(x),  wi(x,0) =y (x), inQ,
j: 1’ 2""? q?
and z is the solution of the system

q
Zjy — Az — (p + N)Vdiv(z) =1, Wi in Q x (0,00)
k=1

zi=0o0nT x (0, 00)
zi(x,0) =0, 2z¢(x,0)=0, inQ,
j=1,2..q.
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Simultaneous stabilization

Thanks to Theorem 2, we have

lim Ey(t) =0.

t—o0

On the other hand, the energy method shows
t q q
E) = [ [ 3 pulxs) > zilx.) o
“ k=1 =1
t q /q
— [ [ >z 9)> > zilx.s) dvas
0 Jwj—y j=1
t q 2
- / / > zi(x,s)| dxds.
0 Jo k=1

w
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Simultaneous stabilization

Thanks to Theorem 2, we have

lim Ey(t) = 0.

t—o0

On the other hand, the energy method shows
t q q
E) = [ [ 3 pulxs) > zilx.) o
“ k=1 =1
t q jq
— [ [ >z 9)> > zilx.s) dvas
0 Jwj—y j=1
t q
- / / Z Zkt(X7 S)
0 Jo k=1

q
So,if >y =0inw x (0, To) for some Ty > 0, then E,(t) = 0 for all
j=1

2
axds.

te [O, }0]
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Simultaneous stabilization

Consequently, y = won Q x (0, Tp). We know that for every ¢ > 0,
there exists a time T. > 0, such that

t>T.= Ey(t) <e.
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Simultaneous stabilization

Lamé systems with localized damping

Theorem4: Exponential stability
0 1 1 N 2000\ 9
Let (v7,y); € ([HO(Q)] x [L3(Q)] ) . Suppose
Wi # ik, Aj+ 205 # M+ 2pk, and Njux = Mgy, Vi, K, JF K.

Assume that w satisfies the Liu geometric control condition, and
suppose that the damping is effective in w:

ddp > 0:d(x) > ap a.e. w.

There exist positive constants M and «, independent of the initial data,
such that the following energy decay estimate holds:

E(t) < Me "'E(0), for all t > 0.
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Simultaneous stabilization

Lamé systems with localized damping

Theorem4: Exponential stability
0 1 1 N 2000\ 9
Let (v7,y); € ([HO(Q)] x [L3(Q)] ) . Suppose
Wi # ik, Aj+ 205 # M+ 2pk, and Njux = Mgy, Vi, K, JF K.

Assume that w satisfies the Liu geometric control condition, and
suppose that the damping is effective in w:

ddp > 0:d(x) > ap a.e. w.

There exist positive constants M and «, independent of the initial data,
such that the following energy decay estimate holds:

E(t) < Me "'E(0), for all t > 0.

Proof method: FDM, multipliers technique, Huang or Pruss criterion.
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Simultaneous stabilization

An observability result

Let T > 0. Let w be a nonempty open set in Q satisfying the Liu
geometric control condition. Consider the uncoupled elastodynamic

system

Yitt — mjAy; — (pj + X)) Vdiv(y;)) = 0in Q x (0, T)
yijoan(O,T)

Yi(x,0) = y2(x),  y(x,0) =y} (x), in Q,
j=12,.,4q

There exists Ty > 0 such that for any T > Ty, there exists C > 0:

T q
< [ ]I ntx 2 ot
0 w
j=1

provided that
[j # fiks Nj+ 2pj # M + 2pk, and Nk = My, Vi K, j # K.
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Simultaneous stabilization

Euler-Bernoulli Plate-wave system

Consider the damped system
Yie — Ay +d(x)(yt +2t) = 01in Q x (0, 00)
zy + A%z + d(x)(yt +zt) = 01in Q x (0, 00)
y=0, z=0, 0,z=00nT x(0,00)
y(0) = y° € HY(Q), y(0) =y € L3(Q),
z(0) =20 € HZ(Q), z(0)=z' € L3(Q).

The total energy is given, for all t > 0, by

2E(t) = /Q (W06 D + [Ty (6, D2 + 2i(x, B2 + |Az(x, )2} dx,
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Simultaneous stabilization

Euler-Bernoulli Plate-wave system

E is a nonincreasing function of the time variable as

® - [ d00 (B + 2x, O ox.
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Simultaneous stabilization

Euler-Bernoulli Plate-wave system

E is a nonincreasing function of the time variable as

® - [ d00 (B + 2x, O ox.

Question 1: Does the energy E decay to zero as time goes to infinity?
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Simultaneous stabilization

Euler-Bernoulli Plate-wave system

E is a nonincreasing function of the time variable as

® - [ d00 (B + 2x, O ox.

Question 1: Does the energy E decay to zero as time goes to infinity?
Question 2: Under which conditions is the system exponentially
stable?
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Simultaneous stabilization

Euler-Bernoulli Plate-wave system

Theorem 4: Strong stability

Let w be an arbitrary nonvoid open set contained in Q. Suppose that
the damping coefficient d is positive in w.
The system is strongly stable:

lim E(t) =0

t—o0

provided that either meas(ow N 0R2) > 0, or else, the only solution of
Au=—-uinQandu=00n0dQisu=0.
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Simultaneous stabilization

Another new unique continuation result

Let T > 0. Let w be an arbitrary nonvoid open set contained in Q.
Consider the uncoupled system

i —Ay=0inQ x (0,T)
zﬁ+A22:0ian(0,T)
y=0, z=0, 9,z=00onT x(0,7).

There exists Ty > 0 such that for any T > Ty,

Vi+2i=0inwx(0,T)=y=0andz=0inQ2 x (0, 7),
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Simultaneous stabilization

Another new unique continuation result

Let T > 0. Let w be an arbitrary nonvoid open set contained in Q.
Consider the uncoupled system

i —Ay=0inQ x (0,T)

zn+A22:0inQ>< (0, T)

y=0, z=0, 9,z=00nT x(0,T).
There exists Ty > 0 such that for any T > Ty,

Vi+2i=0inwx(0,T)=y=0andz=0inQ2 x (0, 7),

provided that meas(0w N 9Q2) > 0,or else, the only solution of Au = —u
inQandu=00n0Qis u=0.
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Simultaneous stabilization

Euler-Bernoulli Plate-wave system

Theorem 5: Exponential stability

Let (y°, ") € H{(Q) x L3(Q) and (2°,2") € H5(Q) x L3(Q) .
Assume that w satisfies the Liu geometric control condition, and
suppose that the damping is effective in w:

ddp > 0:d(x) > ap a.e. w.

There exist positive constants M and x, independent of the initial data,
such that the following energy decay estimate holds:

E(t) < Me"'E(0), forall t > 0.
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Simultaneous stabilization

An observability inequality

Let T > 0. Let w be a nonempty open set in Q satisfying the Liu
geometric control condition.
Consider the uncoupled system

yﬁ—Ayzoian(O,T)
Ztt+A2220inQX(0,T)
y=0, z=0, 9,z=00nT x (0, 7).

There exists Ty > 0 such that for any T > Ty, there exists C > 0:

E(0) < /O ' / Yi(x. ) + z(x, t)P e,
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Simultaneous stabilization

Timoshenko beam

LetL>0,andsetQ=(0,L),andw = (h,b)with0 < / < b < L.
Consider the damped Timoshenko system:

{ p1yie — k(Yx + 2)x + a(x)(y: +z:) = 01in (0, L) x (0, 0)

p2Zit — 0Zxx + K(¥x + 2) + a(x)(yt + zt) = 01in (0, L) x (0, 00),
with the boundary conditions:

(DD) y(0,t)=0, y(L,t)=0, z(0,t)=0, z(Lt)=0,orelse
(DN) y(0,t)=0, y(L,t)=0, 2z(0,t)=0, 2z(Lt)=0, t>0

and the initial conditions:
y(X,O):yO(X), }’t(XaO):y1(X)a Z(X,O):ZO(X)7 Zt(X,O):Z1(X),
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Simultaneous stabilization

Timoshenko beam

LetL>0,andsetQ=(0,L),andw = (h,b)with0 < / < b < L.
Consider the damped Timoshenko system:

{ p1yi — k(yx + 2)x + a(x)(yt + zt) = 0in (0, L) x (0, o0)
p2Zit — 0Zxx + K(¥x + 2) + a(x)(yt + zt) = 01in (0, L) x (0, 00),

with the boundary conditions:
(DD) y(0,t)=0, y(L t)=0, z(0,t)=0, 2z(Lt)=0,orelse
(DN) y(ovt):Oa y(L7 t):07 ZX(Oat):Oa ZX(L7 t):0, t>0

and the initial conditions:

y(X,O):yO(X), }’t(XaO):y1(X)a Z(X,O):ZO(X)7 Zt(X,O):Z1(X),
The damping coefficient a is a nonnegative bounded measurable
function, which is positive in w only.
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Simultaneous stabilization

The energy and main questions
Introduce the energy
/ {1y, O + Klye(x, 8) + 2(x, 1)} dx

+3 Jolpalzi(x, )|2+0|Zx(Xa B2} dx, vt>0.

The energy E is a nonincreasing function of the time variable t as we
have for every t > 0, (hereafter, ' denotes differentiation with respect to
time)

E(t) = — /Q a(x)|ye(x, 1) + zi(x, 1)[2 .
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Simultaneous stabilization

The energy and main questions

Introduce the energy

/{P1Yt )12 + klyx(x, 1) + z(x, 1)[?} dx
+JMM4 D2 + o|ze(x, D)2} dx, Vit > 0.

The energy E is a nonincreasing function of the time variable t as we
have for every t > 0, (hereafter, ' denotes differentiation with respect to
time)

Emz—Aammuﬁ+auﬁﬁm.

As before, our main purpose is to answer the following questions:
@ Does the energy E(t) decay to zero as the time variable t goes to
infinity ?
@ If so, how fast? And if not, why?
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Simultaneous stabilization

Timoshenko beam

Theorem 6: Strong stability

Suppose that w is an arbitrary nonempty open interval in Q. Let the
damping coefficient a be positive in w. In either of the (DD) or (DN)
case, the associated system is strongly stable:

lim E(t) =0

t—o0

if and only if dw N OQ # 0.
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Simultaneous stabilization

Timoshenko beam

Theorem 7: Exponential stability

Suppose that w is an arbitrary nonempty open interval in Q with
Ow N O # (. Let the damping coefficient a satisfy

a(x)>ap >0, ae. inw.

There exist positive constants M and «, independent of the initial data,
such that the following energy decay estimate holds:

E(t) < Me~"E(0), for all t > 0.
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Indirect stabilization

Brief literature

Notion explicitly introduced by Russell (1993), involves a coupled
system of second order evolution equations where the damping occurs
in one component of the system only.
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Indirect stabilization

Brief literature

Notion explicitly introduced by Russell (1993), involves a coupled
system of second order evolution equations where the damping occurs
in one component of the system only.

We can broaden the notion to account for thermoelasticity or
fluid-structure models where the dissipation is induced by the heat or
parabolic component only.

Other contributors include Dafermos, Lasiecka and collaborators,
Burns and collaborators, Lebeau-Zuazua, Perla Menzala-Zuazua,
Rauch-Zhang-Zuazua, Triggiani-Avalos, Zhang-Zuazua, Alabau,
Alabau-Cannarsa-Komornik,...
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Indirect stabilization

Mindlin-Timoshenko plate

P11V — kle(Vy + Z) =0inQ x (0, OO)

p2zZit — pAz — (A + p)Vdivz + k(Vy + z) + az; = 0in Q x (0, c0)
on 92 x (0, 00)

y(,0)=y° € H}(Q), xi(.,0)=y"e 3D,

2(.,0) =20 € [HI(QIV,  z(.,0) = 2" € [L2(Q)".
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Indirect stabilization

Mindlin-Timoshenko plate

P11V — kle(Vy + Z) =0inQ x (0, OO)

p2Zit — pAZ — (A + p)Vdivz+ k(Vy +z)+az =01in Q2 x (0, 00)
on 92 x (0, 00)

y('70):y0€ HS(Q)v yt('vo):y1 S Lz(Q)v

2(.,0) = 20 € [HIQIV, z(,0) =z e [L2()]V.

In the one-dimensional setting, the system , known as the Timoshenko
beam equations, describes the motion of a beam when the effects of
rotatory inertia are accounted for; the transverse displacement is
represented by y while z denotes the shear angle displacement.
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Indirect stabilization

In 2D, that system is known as the Mindlin-Timoshenko plate
equations, where y represents the vertical deflection and z stands for
the rotation angles of a filament.
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Indirect stabilization

In 2D, that system is known as the Mindlin-Timoshenko plate
equations, where y represents the vertical deflection and z stands for
the rotation angles of a filament.

The constants p1, p2, k, and u are physical constants and are all
positive. In particular, the constants A and p are the Lamé constants

with A+ 4 > 0.
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Indirect stabilization

Mindlin-Timoshenko plate

2009: Fernandez-Sare shows that the system is polynomially stable.
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Indirect stabilization

Mindlin-Timoshenko plate

2009: Fernandez-Sare shows that the system is polynomially stable.

2011: Nicaise generalizes and improves Fernandez-Sare result to

account for anisotropic cases, but still, only polynomial stability is
established.
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Indirect stabilization

Mindlin-Timoshenko plate

2009: Fernandez-Sare shows that the system is polynomially stable.

2011: Nicaise generalizes and improves Fernandez-Sare result to
account for anisotropic cases, but still, only polynomial stability is
established.

It is well-known that the indirectly damped Timoshenko beam, (N = 1),
is exponentially stable if and only if

kK 2pu+A
(+) AR by

P1 p2
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Indirect stabilization

Mindlin-Timoshenko plate

2009: Fernandez-Sare shows that the system is polynomially stable.

2011: Nicaise generalizes and improves Fernandez-Sare result to
account for anisotropic cases, but still, only polynomial stability is
established.

It is well-known that the indirectly damped Timoshenko beam, (N = 1),
is exponentially stable if and only if

kK 2u+X

o e

(%)

Questions: Is the Mindlin-Timoshenko system exponentially stable
under (x)?
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Indirect stabilization

Mindlin-Timoshenko plate

2009: Fernandez-Sare shows that the system is polynomially stable.

2011: Nicaise generalizes and improves Fernandez-Sare result to
account for anisotropic cases, but still, only polynomial stability is
established.

It is well-known that the indirectly damped Timoshenko beam, (N = 1),
is exponentially stable if and only if

kK 2u+X

o e

(%)

Questions: Is the Mindlin-Timoshenko system exponentially stable
under (x)? What happens when (x) fails?
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Indirect stabilization

Energy estimates
Introduce the energy
1
E() = 5 [ {oalvelx O + KIVY(x,0) + 2(x. O} ok
1 .
+3 / {palze(x, D)% + pu|Vz(x, )2 + (X + p)|divz(x, 1)[2} dx, Vi >
Q

Let w satisfy Liu geometric constraint. Suppose that the damping
coefficient a further satisfies

dag > 0: a(x) > ag, a.e. w.
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Indirect stabilization

Energy estimates

@ If (x) holds, then the energy decays exponentially:

IM >0, 3¢ > 0: E(t) < Me “'E(0), Vt>O0.

@ If (x) fails, then the energy decays polynomially:

dM = M(initial data) > 0, 3¢ > 0: E(t) < ED)

provided
(v°.y") € (HA(Q) N H3(Q)) x H(Q)

and
(2°,2") € [(H3(Q) N Hy (NN x [Hy (1",
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Indirect stabilization

Kirchhoff plate-wave

Joint work with Ahmed Hajej (U. Cergy-Pontoise, France) and
Zayd Hajjej (U. Gabes, Tunisia)
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Indirect stabilization

Undamped Kirchhoff plate/ damped wave

Consider the following weakly coupled system of Kirchhoff plate and
wave equations:

Ut — yAug + D%u+av =0 in  Qx(0,00)
Ve —AV+Vvi+au=0 in  Qx (0,00)
u=0,u=0 on T x(0,00)
Au+(1—p)Biu=0 on Ty x (0,00)
AU —~oup+ (1 —p)Bou=0 on Iy x(0,00)
v=0 on I x(0,00)
u(0) =ul e V, u(0) =u' € H{(Q),
[ v(0) =% € H{(Q), v(0)=Vv'e L3(Q).
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Indirect stabilization

Undamped Kirchhoff plate/ damped wave

Q is an open set of R? with regular boundary I = 9Q = ', U Ty such

that TNy =0,

The constant « > 0 is the rotational inertia of the plate and the
constant 0 < p < % is the Poisson coefficient.

The boundary operators By, B» are defined by

2 2
B1 u= 27/1 VZUXy — Uyy — V2UX)(,

BQU = 87- ((V12 — VS)UX}/ + 1 7/2(Uyy — UX)()> y

where v = (v1, 1») is the unit outer normal vector to ' and
T = (-2, 1) is a unit tangent vector.
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Indirect stabilization

Energy estimates.
Introduce the energy, (setting P,u = u — yAu)
E(t) = /{\qu,|2+ AUP + [ + [VV[2 + 2auv)(x, ) dx

We have:

B0 < (1160 1Bisqgy + 116" B2y + 101 By + 1V 120y ) -

FDM, interpolation, good choice of functional inequalities,
Borichev-Tomilov criterion.
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Damped Kirchhoff plate/ undamped wave

u=90,u=0

v=0

Louis Tebou (FIU, Miami)

Indirect stabilization

Utt—’yAUn‘—l-AzU-f—OéV-i-Ut:O
Vi—Av+au=20

Au+(1—p)Biu=0
Oy AU — ~O, Uy + (1 — ,U,)BQU =0

u(0)=ul e V, u(0)=u' € H}(Q),
v(0) = v0 € H{(Q), w(0)=v' e L3(Q).

Simultaneous and indirect control of waves...

in

on
on
on
on

Q x (0,00)
Q x (0,00)
Mo x (0,00)
Mo x (0,00)
M x (0,00)
I x (0, 00)
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Indirect stabilization

Energy estimates.
Introduce the energy
— 1 2 2 2 2
E(t) = 5 {lpyut|= + [Aul® + |vi|© + |V V|® + 2auv}(x, t) dx.
Q
We have:
Ca

E(t) < r (161 + 11" By + [1V01 ey + 1V 120y ) -

(t4+1)=

I
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Extensions and open problems.
@ Obtaining logarithmic energy decay estimates in the case of

simultaneous stabilization in the multidimensional setting when w
is an arbitrary nonempty open subset of .
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Extensions and open problems.

@ Obtaining logarithmic energy decay estimates in the case of
simultaneous stabilization in the multidimensional setting when w
is an arbitrary nonempty open subset of 2.

© What about the case of indefinite damping mechanism?
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Extensions and open problems.

@ Obtaining logarithmic energy decay estimates in the case of
simultaneous stabilization in the multidimensional setting when w
is an arbitrary nonempty open subset of 2.

© What about the case of indefinite damping mechanism?
© The case of nonlinear multi-component systems is also open.
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© The case of nonlinear multi-component systems is also open.
© The fractional versions of those problems are widely open.
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Extensions and open problems.

@ Obtaining logarithmic energy decay estimates in the case of
simultaneous stabilization in the multidimensional setting when w
is an arbitrary nonempty open subset of 2.

© What about the case of indefinite damping mechanism?
© The case of nonlinear multi-component systems is also open.
© The fractional versions of those problems are widely open.
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Final Thought

And if anyone thinks that he knows anything, he
knows nothing yet as he ought to know.

THANKS!
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