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Background

Dafermos (1968): Strong stability for the thermoelasticity system
in special domains.

Slemrod (1981): exponential stability for a non-linear one
dimensional thermoelasticity system.
Lagnese (1989): exponential stability for a Kirchhoff thermoelastic
plate with free boundary conditions and boundary mechanical
damping; Conjecture: exponential decay not likely for higher
dimensional thermoelastic systems without extra mechanical
damping.
Kim (1992): exponential stability of thermoelastic plates with
clamped boundary conditions without mechanical damping.
Avalos-Lasiecka (1998): exponential stability for a Kirchhoff
thermoelastic plate with free boundary conditions without
mechanical damping.
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Problem formulation

Let Ω be a bounded open subset of RN , with smooth enough boundary
Γ. Let ν denote the unit outward normal to Γ. Let γ ∈ (0,∞) be a
parameter. Consider the perturbed thermoelastic plate equations:

yγ,tt + ∆2yγ + α∆θγ = 0 in Ω× (0,∞)
θγ,t − κ∆θγ − β∆yγ,t = 0 in Ω× (0,∞)
yγ = 0, γ∆yγ + ∂νyγ = 0, θγ = 0 on Σ = Γ× (0,∞)
yγ(0) = y0

γ ∈ V , yt (0) = y1 ∈ H, θγ(0) = θ0 ∈ H,

where V = H2(Ω) ∩ H1
0 (Ω), H = L2(Ω). Set W = H1

0 (Ω).
Introduce the Hilbert space over the field of complex numbers
Hγ = V × H × H equipped with the norm:

||(u, v ,w)||2γ =

∫
Ω

{
|∆u|2 + |v |2 +

α

β
|w |2

}
dx +

1
γ

∫
Γ
|∂νu|2 dΓ.
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Problem formulation

Setting Zγ =

 yγ
yγ,t
θ

, our system may be recast as:

Żγ −AγZγ = 0 in (0,∞),

Zγ(0) =

y0
γ

y1

θ0

 ,

where the unbounded operator Aγ is given by

Aγ =

 0 I 0
−∆2 0 −α∆

0 β∆ κ∆
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Problem formulation

D(Aγ) =
{

(u, v ,w) ∈ V × V ×W ; ∆2u + α∆w ∈ L2(Ω),

β∆v + κ∆w ∈ L2(Ω); γ∆u + ∂νu = 0 on Γ
}

=
{

(u, v ,w) ∈ (H4(Ω) ∩ V )× V × (H2(Ω) ∩W );

γ∆u + ∂νu = 0 on Γ
}
.

The questions to be addressed are the following:
Does the operator Aγ generate a C0 semigroup?

If so, is that semigroup uniformly analytic with respect to γ?
Is that semigroup uniformly exponentially stable with respect to γ?
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Problem formulation

Main Theorem

Theorem
For every γ > 0, the linear operator Aγ generates a C0-semigroup of
contractions (Sγ(t))t≥0 that is uniformly, with respect to γ, analytic:
there exists a positive constant K independent of γ such that for every
t > 0, one has:

||AγSγ(t)Z 0||γ ≤
K ||Z 0||γ

t
, ∀Z 0 ∈ Hγ , ∀γ > 0.

Furthermore, for each γ > 0, the semigroup (Sγ(t))t≥0 is uniformly
exponentially stable; more precisely there exist positive constants M
and λ that are independent of γ such that for every t ≥ 0, one has:

||Sγ(t)Z 0||γ ≤ M exp(−λt)||Z 0||γ , ∀Z 0 ∈ Hγ , ∀γ > 0.
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Some literature

1992: Liu and Renardy established the first analyticity result for
thermoelastic plates with clamped or hinged boundary conditions.

1997: Liu and Liu establish the analyticity of some abstract
thermoelastic plates including hinged and clamped plates.
1998 (4 papers): Lasiecka and Triggiani establish the analyticity of
various thermoelastic plates including the more challenging case
involving free boundary conditions.
Some other works include Huang and Zhang (2003: thermoelastic
plate with dynamical bcs), Fernandez Sare and Munoz Rivera
(2011, transmission thermoelastic plates),...

All those works are closely connected to Lagnese book on the
stabilization of thin plates [SIAM, 1989].
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Asymptotic behavior

One can show that as γ →∞, the unique weak solution of the
perturbed system converges in a suitable sense to the unique weak
solution of the system

ytt + ∆2y + α∆θ = 0 in Ω× (0,∞)
θt − κ∆θ − β∆yt = 0 in Ω× (0,∞)
y = 0, ∆y = 0, θ = 0 on Σ = Γ× (0,∞)
y(0) = y0 ∈ V , yt (0) = y1 ∈ H, θ(0) = θ0 ∈ H.
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Some comments

The theorem shows that the dissipation induced by the heat
component of the system is robust enough; its action is not altered
by the presence of the perturbation considered.

Earlier results about the exponential decay and the analyticity of
the semigroup in the case of hinged or clamped boundary
conditions [Kim, SIMA 1992, Liu-Renardy, AML 1995] may be
recovered by either letting γ go to infinity or zero; this is feasible
because our proof below clearly shows that the constants in our
estimates are independent of γ.
We improve on the result in Liu-Renardy in the case of clamped
boundary conditions, as we work in the usual functional space
H2

0 (Ω)× [L2(Ω)]2 while those authors worked in an ad hoc
functional space X = {u ∈ L2(Ω); ∆u = 0}⊥ × [L2(Ω)]2.
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Some comments

We also note that the system considered in Lasiecka-Triggiani
[Abst.App.An., 1998] is very close to the system being discussed;
however their approach for proving the analyticity is different from
ours; in particular given that they use the usual norm on H2(Ω),
their constants would explode as γ goes to zero. Besides, as we
shall see below, the desire to establish estimates that are uniform
in γ involves more technicalities than otherwise.
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Proof of Theorem

First, we shall prove that for each γ > 0, the unbounded operator Aγ
generates a C0 semigroup of contractions (Sγ(t))t≥0.
We have:

the operator Aγ is dissipative as:

< (AγZ ,Z ) = −ακ
β

∫
Ω
|∇w |2 dx ≤ 0, ∀Z = (u, v ,w) ∈ D(Aγ).

I − Aγ is onto, by Lax-Milgram Lemma, (I denotes the identity
operator).

Consequently, the operator A generates a C0 semigroup of
contractions on H by Lumer-Phillips Theorem [Pazy, 1983]. Since
D(Aγ) is dense in Hγ , one checks that Aγ has a compact resolvent;
therefore its spectrum is discrete.
Further σ(Aγ) ∩ iR = ∅.
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Proof of Theorem

Now, according to Theorem 5.2 in Chap. 2 of Pazy book, for analyticity,
and Theorem 3 in [Huang, 1985] or Corollary 4 in [Prüss, 1984], for
exponential stability, it remains to show that there exists a positive
constant C0 independent of γ such that

sup{||b(ib −Aγ)−1||L(Hγ); b ∈ R} ≤ C0,

and
sup{||(ib −Aγ)−1||L(Hγ); b ∈ R} ≤ C0.
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Proof of Theorem

To prove those estimates, it’s enough to show that there exists C0 > 0
such that for every U ∈ Hγ , one has:

||b(ib −Aγ)−1U||γ + ||(ib −Aγ)−1U||γ ≤ C0||U||γ , ∀b ∈ R, ∀γ > 0.

Let b ∈ R, U = (f ,g,h) ∈ Hγ , and let Z = (u, v ,w) ∈ D(Aγ) such that

(ib −Aγ)Z = U. (1)

Multiply both sides of that equation by Z , then take the real part of the
inner product in Hγ to derive:

ακ

β

∫
Ω
|∇w |2 dx = <(U,Z ) ≤ ||U||γ ||Z ||γ .

Equation (??) may be rewritten:

ibu − v = f

ibv + ∆2u + α∆w = g
ibw − β∆v − κ∆w = h
u = 0, γ∆u + ∂νu = 0, v = 0, w = 0 on Γ.

(2)Louis Tebou (Florida International University) Uniform analyticity and exponential decay... Orlando, July 4, 2016 15 / 28



Proof of Theorem

The desired estimate will be established if we show the following
estimate:

(|b|+ 1)||Z ||γ ≤ C0||U||γ , ∀γ > 0, ∀b ∈ R.

Step 1. In this step, we are going to show that for every ε > 0, there
exists a positive constant Cε, independent of γ and b such that

||Z ||γ ≤ ε|b|||Z ||γ + Cε||U||γ .

Multiply the first equation in (??) by ū, apply Green’s formula, take the
real parts, then use Hölder inequality to derive

|∆u|22 +
1
γ

∫
Γ
|∂νu|2 dΓ = <

∫
Ω
{v(v̄ + f̄ )− αw∆ū + gū}dx

≤ |v |22 + C0(||Z ||γ ||U||γ + ||U||
1
2
γ ||Z ||

3
2
γ ).
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Proof of Theorem

Step 1 Cont’ed

If G denotes the inverse of the operator −∆ with Dirichlet boundary
conditions, multiply the third equation in (??) by Gv̄ , apply Green’s
formula, take the real parts, then use Hölder inequality, Young
inequality to obtain

2|v |22 = <
∫

Ω
{−ibv̄Gw − κwv̄ + v̄Gh}dx

≤ ε2|b|2|v |22 + Cε(||Z ||γ ||U||γ + ||U||
1
2
γ ||Z ||

3
2
γ ), ∀ε > 0,

where, here and in the sequel, Cε is a generic positive constant
independent of γ and b.
Hence

||Z ||γ ≤ ε|b|||Z ||γ ||+ Cε(||Z ||γ ||U||γ + ||U||
1
2
γ ||Z ||

3
2
γ ), ∀ε > 0.
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Proof of Theorem

Step 2

Here, we will show that the following estimate holds

|b||w |2 ≤ ε|b|||Z ||γ + Cε||U||γ , ∀b 6= 0. (3)

Set w = w1 + w2, where w1 ∈W and w2 ∈ H, with

ibw1 −∆w1 = h, ibw2 = κ∆w + β∆v −∆w1.

Proceeding as above, one easily derives from the left equation

|b||w1|2 + |b|
1
2 ||w1||W + |∆w1|2 ≤ C0||U||γ .

On the other hand, it follows from the right equation

|b|||w2||H−2(Ω) ≤ C0(|w |2 + |v |2 + |w1|2) ≤ C0(||Z ||γ + |b|−1||U||γ).
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Proof of Theorem

Step 2 Cont’ed

Now, by Lions’ interpolation inequality as well as the last two
estimates, and the fact that ||w2||W ≤ ||w ||W + ||w1||W , we derive

|b||w2|2 ≤ C0|b|||w2||
1
3
H−2(Ω)

||w2||
2
3
H1(Ω)

≤ C0b
2
3 (||Z ||γ + |b|−1||U||γ)

1
3 (||U||

1
2
γ ||Z ||

1
2
γ + |b|

−1
2 ||U||γ)

2
3 .
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Proof of Theorem

Step 3.

Here, we shall prove:

|b||v |2 ≤ ε|b|||Z ||γ + Cε||U||γ , ∀b 6= 0. (4)

For the sequel, we also need to estimate |b|||w2||H−1(Ω). Applying
Lions’ interpolation inequality once more and proceeding as above,
one gets

|b|||w2||H−1(Ω) ≤ C0|b|||w2||
2
3
H−2(Ω)

||w2||
1
3
H1(Ω)

≤ C0|b|
1
3 (||Z ||γ + |b|−1||U||γ)

2
3 (||U||

1
2
γ ||Z ||

1
2
γ + |b|

−1
2 ||U||γ)

1
3 .
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Proof of Theorem

Step 3 Cont’ed

Set v = v1 + v2, where v1 ∈ V and v2 ∈ H, with

ibv1 −∆v1 = g, ibv2 = −∆2u − α∆w −∆v1.

One checks the following estimates:

|b||v1|2 + |b|
1
2 ||v1||W + |∆v1|2 ≤ C0||U||γ ,

and

|b|||v2||H−2() ≤ C0(|∆u|2 + |w |2 + |v1|2) ≤ C0(||Z ||γ + |b|−1||U||γ).

Now, using the heat equation:

ibw − κ∆w − β∆v = h,

one can show:

||v ||W ≤ C0(||U||
1
2
γ ||Z ||

1
2
γ + ||U||

1
2
γ ) + C0|b|||w2||H−1(Ω).
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Proof of Theorem

Step 3 Cont’ed

Applying Lions’ interpolation inequality once more, and using the fact
that ||v2||W ≤ ||v1||W + ||v ||W , we find:

|b||v2|2 ≤ C0|b|||v2||
1
3
H−2(Ω)

||v2||
2
3
H1()

≤ C0b
2
3 (||Z ||γ + |b|−1||U||γ)

1
3 (|b|

−1
2 ||U||γ + ||v ||W )

2
3 .

Combine this estimate with the estimate:

||v ||W ≤ C0(||U||
1
2
γ ||Z ||

1
2
γ + ||U||

1
2
γ ) + C0|b|||w2||H−1(Ω).

to derive:

|b||v2|2 ≤ C0(|b|
1
3 ||Z ||

1
3
γ ||U||

2
3
γ + |b|

2
3 ||Z ||

2
3
γ ||U||

1
3
γ + |b|

8
9 ||Z ||

8
9
γ ||U||

1
9
γ

+ |b|
7
9 ||Z ||

7
9
γ ||U||

2
9
γ + |b|

5
9 ||Z ||

5
9
γ ||U||

4
9
γ + |b|

4
9 ||Z ||

4
9
γ ||U||

5
9
γ

+ |b|
1
9 ||Z ||

1
9
γ ||U||

8
9
γ + ||U||γ).
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Proof of Theorem

Step 3 Cont’ed

Applying Lions’ interpolation inequality once more, and using the fact
that ||v2||W ≤ ||v1||W + ||v ||W , we find:
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2 ||U||γ + ||v ||W )
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3 .

Combine this estimate with the estimate:
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Proof of Theorem

Step 3 Cont’ed

Young inequality then yields

|b||v2|2 ≤ ε|b|||Z ||γ + Cε||U||γ , ∀b 6= 0.
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Proof of Theorem

Step 4

This step is devoted to showing the estimate

b2|∆u|22 +
b2

γ

∫
Γ
|∂νu|2 dΓ ≤ ε2b2||Z ||2γ + Cε||U||2γ .

For this purpose, set u = u1 + u2 with

ibu1 = v1 + f , ibu2 = v2 = −∆2u + α∆w + ∆v1

ib
.

Notice that the right equation may be recast as

b2∆2u = b4u2 − αb2∆w − b2∆v1.
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Proof of Theorem

Step 4 Cont’ed

Multiplying this equation by ū and using Green’s formula, one gets

b2|∆u|22 +
b2

γ

∫
Γ
|∂νu|2 dΓ = b4|u2|22

+ <
∫

Ω
{b4u2ū1 − b2αw∆ū − b2v1∆ū}dx .

Now, one checks

b4
∫

Ω
u2ū1 dx =

∫
Ω

(ibv̄1 + ibf̄ )(−ibv2) dx

= b2
∫

Ω
v̄1v2 dx + ib

∫
Ω

f̄ (∆2u + α∆w + ∆v1) dx

= b2
∫

Ω
v̄1v2 dx + ib

∫
Ω

∆u∆f̄ dx +
ib
γ

∫
Γ
∂νu∂ν f̄ dΓ

+ ib
∫

Ω
(αw + v1)∆f̄ dx .
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Proof of Theorem

Step 4 Cont’ed

Thanks to Hölder and Young inequalities, one derives from those two
equations:

b2|∆u|22 +
b2

γ

∫
Γ
|∂νu|2 dΓ ≤ C0b2(|v1|22 + |v2|2 + |w |22) + C0||U||2γ .

From Steps 2 and 3, it follows:

|b|||Z ||γ ≤ ε|b|||Z ||γ + Cε||U||γ , ∀ε > 0, ∀b 6= 0.

choosing ε = 1/2, and using Step 1, one gets:

(|b|+ 1)||Z ||γ ≤ C0||U||γ , ∀γ > 0, ∀b 6= 0.

The case b = 0 is pretty straightforward.
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Final comments.

In the perturbed system, the Dirichlet boundary conditions for the
temperature θ = 0 on Σ may be replaced with the Newton law:
∂νθ + λθ = 0 on Σ.

Let Ω be a bounded open subset of R2, with smooth enough boundary
Γ. Let ν denote the unit outward normal to Γ. Consider the perturbed
thermoelastic plate equations:

yγ,tt + ∆2yγ + α∆θγ = 0 in Ω× (0,∞)
θγ,t − κ∆θγ + ηθγ − β∆yγ,t = 0 in Ω× (0,∞)
γ(∆yγ + (1− µ)B1yγ + αθγ) + ∂νyγ = 0 on Σ = Γ× (0,∞)
γ(∂ν∆yγ + (1− µ)B2y − yγ + α∂νθ)− yγ = 0 on Σ = Γ× (0,∞)
∂νθγ + λθγ = 0 on Σ
yγ(0) = y0

γ , yt (0) = y1, θγ(0) = θ0 in Ω,

where B1y = 2ν1ν2yx1x2 − ν2
1yx2x2 − ν2

2yx1x1 and
B2y = ∂τ [(ν2

1 − ν2
2)yx1x2 + ν1ν2(yx2x2 − yx1x1)].

Formally letting γ →∞ yields the free-boundary plate system whose
semigroup analyticity was discussed by Lasiecka and Triggiani [Ann.
Scu. Norm. Pisa, 1998].
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