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@ Hyperbolic equations with internal coupling.

@ Hyperbolic equations with boundary coupling.



@ Hyperbolic equations with internal coupling.
@ Hyperbolic equations with boundary coupling.

@ Some open problems.



Notations

Q= bounded domain in RN, N > 1,

I'= boundary of Q is smooth,
T>0,Q=0x(0,T)

w = nonvoid open subset in Q.

The coefficients matrix (b;);;, satisfies:

b,'jE C1(Q), bij:bj,', Vi, j= 1,2,...,Iy,
Jag > 0: bj(x)ziz; > apzizi, Y(x,z) € QxRN

The Einstein summation convention on repeated indices is used
throughout.

a, b, c,dliein L0, T; L5(Q2)), s > max(2, N) for N # 2,

and s > 2for N =2.

ki, Iy lie in W) >°(0, T; LS()).
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Hyperbolic equations with internal coupling

Controllability

Consider the controllability problems: Given (z°, z') and (w°, w'), and

e > 0, find a control h such that if (z, w) solves the system

Zip — 8,-(b,-j(x)8jz) +az+ cw — diV(k11Z) - (/11Z)t
—diV(k21 W) — (/21 W)t =hl,inQ

Wy — a,(b,/(X)8/W) + bz + dw — diV(k122) — (/122)1‘
—diV(kggW) — (/22W)1L =0inQ

z=0, w=00onX=00x(0,T)

z(0)=2% z(0)=2z'" w(0)=w? w(0)=w'inQ,
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Hyperbolic equations with internal coupling

then (exact controllability)
z(T)=0, z(T)=0, w(T)=0, wi(T)=0inQ,
or else (approximate controllability)

H2(Dlls +11ze(T)ll2 <&, [w(T)[l1 + [[we(T)[2 < e.
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Hyperbolic equations with internal coupling

Remark

@ For exact controllability, T and w must be large enough.
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Hyperbolic equations with internal coupling

Remark

@ For exact controllability, T and w must be large enough.
@ For approximate controllability, only T must be large enough.
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Hyperbolic equations with internal coupling

Remark

@ For exact controllability, T and w must be large enough.
@ For approximate controllability, only T must be large enough.

@ Lions’ HUM reduces exact controllability to an inverse
(observability) estimate for the adjoint system.
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Hyperbolic equations with internal coupling
Observability estimates
Consider the coupled (adjoint) system

uy — 0,'(b,'j(X)0jU) +au+ bv+ kyq - Vu+ lqu;
+Kkio-Vv+1lpovi=0in Q

Vit — 8,-(b,-j(x)8jv) +cu+ av+ kot - VU + biu;
+koo - VV+ bovi =0in Q

u=0, v=00nX=00x(0,T)

L u(0) =u%  u(0)=u' v(0)=Vv0 v(0)=v'inQ.

The coupled system is well-posed in H}(Q) x L3(Q) x L2(Q) x H~1(Q).
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Hyperbolic equations with internal coupling

Introduce the energies:

Eult) = 5 [ (10,017 + (By(03u(x. Do, ) o

- 1
Eu(t) = 5 (I1UCs Ol + 11Ul Ol [F-1(qy ) -
> ) )

Foreach t € [0, T], set

E(t) = Eu(t) + Eu(1), E(1) = Eu(t) + E(1).
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Hyperbolic equations with internal coupling

Introduce a function h € C?(Q) satisfying for some mg > 4:
i) (2bi/(bkjhxk)xl — b/‘j,x,bk/hxk) Zizj > mob,'jZ,'Zj, V(x,2z) € Q xRN,

ii) min{|Vh(x);x € Q} > 0.
111) 1by(x)hg(X)hg(x) > R2> A2 >0, Wx e,

where Ry = min {w/h(x);x € Q}, and Ry = max{\/h(x);x ¢ Q}. Let
v be the unit normal pointing into the exterior of Q, and set

o= {X € 0, b,'jl/,‘hxj(X) > 0} .
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Hyperbolic equations with internal coupling

Theorem 1

Let w and O be neighborhoods of I'y. Assume that

a, ¢, deL>0,T,;L5(Q)),withs>2for Ne {1, 2} and s > N for
N> 3. Let b e L~(Q), and let k; € (W,°(Q) N L>(Q))V,

lj € W(}’S(O) NL>®(Q), i,j =1,2. Suppose that ki =0, 2 =0,
supp(koo) C wp x (0, T), and supp(ke) C wp x (0, T), where wy is
another neighborhood of 'y whose closure &g is contained in O N w.
Suppose that there exists by > 0 such that b(x, t) > by for almost
every (x,t)in O x (0, T).
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Hyperbolic equations with internal coupling

Theorem 1

Let w and O be neighborhoods of I'y. Assume that

a, ¢, deL>0,T,;L5(Q)),withs>2for Ne {1, 2} and s > N for
N> 3. Let b e L~(Q), and let k; € (W,°(Q) N L>(Q))V,

lj € W3*(Q) N L>(Q), i,j = 1,2. Suppose that ki = 0, h2 =0,
supp(koo) C wp x (0, T), and supp(ke) C wp x (0, T), where wy is
another neighborhood of 'y whose closure &g is contained in O N w.
Suppose that there exists by > 0 such that b(x, t) > by for almost
every (x,t)in O x (0, T).

For every T > 2R, there exists a positive constant C such that for all
(U0, u") € HI(Q) x L3(Q2), and (VO, V') € L2(Q) x H~1(Q), one has the
observability estimate:

E£(0) < C/OT/(|ut\2+ Iu[2) dxalt

for the corresponding solution pair (u, v) of the adjoint system.
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Hyperbolic equations with internal coupling

Some comments

@ No smallness assumption is made on the zeroth order couplings.
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Hyperbolic equations with internal coupling

Some comments

@ No smallness assumption is made on the zeroth order couplings.
@ The controllability time is the same as for a single wave equation.
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Hyperbolic equations with internal coupling

Some comments

@ No smallness assumption is made on the zeroth order couplings.

© The controllability time is the same as for a single wave equation.

© The restrictions k> = 0 and /;» = 0 are for well-posedness
purposes.
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Hyperbolic equations with internal coupling

Some comments

@ No smallness assumption is made on the zeroth order couplings.

© The controllability time is the same as for a single wave equation.

© The restrictions k1> = 0 and /;» = 0 are for well-posedness
purposes.

© The support constraints on k»» and kb, are used in the proof of the
observability estimate to absorb some unwanted terms, but they
may be replaced with smallness constraints instead.
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Hyperbolic equations with internal coupling

Some comments

@ No smallness assumption is made on the zeroth order couplings.

© The controllability time is the same as for a single wave equation.

© The restrictions k1> = 0 and /;» = 0 are for well-posedness
purposes.

© The support constraints on k»» and kb, are used in the proof of the
observability estimate to absorb some unwanted terms, but they
may be replaced with smallness constraints instead.

@ One may fairly wonder whether the observability estimate in
Theorem 1 may be replaced with

T ,
E£(0) < c/ / w2 dxalt.
0 w
But as noted in the case of a single wave equation, that estimate is
false in general, but holds under some constraints on the potential.
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Hyperbolic equations with internal coupling

Some literature

@ Dager (2006), 2 = (0,1), T > 4, b = —10, all other L.o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.
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Hyperbolic equations with internal coupling

Some literature
@ Dager (2006), 2 = (0,1), T > 4, b = —1, all other .o.t vanish.
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Hyperbolic equations with internal coupling

Some literature

@ Dager (2006), 2 = (0,1), T > 4, b = —1, all other .o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.

@ Tebou (2008), multi-d, b = —1¢, all other Lo.t vanish.

@ Rosier-de Teresa (2011), Q = (0,1), T > 4, b = —a(x)?,
a e L>(Q), all other l.o.t vanish.
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Hyperbolic equations with internal coupling

Some literature

Déager (2006), Q = (0,1), T > 4, b= —10, all other l.o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.

Tebou (2008), multi-d, b = —10, all other [.0.t vanish.

Rosier-de Teresa (2011), Q = (0,1), T > 4, b = —a(x)?,

a e L>(Q), all other l.o.t vanish.

Alabau-Leautaud (2012), ¢ = b, d = a are smooth enough, and
|1b]| is small, all other .o.t vanish, w and © may have empty
intersection, and both satisfy

(GCC) [Bardos-Lebeau-Rauch, 1988, 1992]: every ray of
geometric optics enters w, (resp. O) in a time less than T.

But the controllability time blows up as the norm of the coupling
function b goes to zero; this is not natural. One would expect the
controllability cost to blow up as the coupling goes to zero, but not
the controllability time.
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Hyperbolic equations with internal coupling

Some literature

@ Dager (2006), 2 = (0,1), T > 4, b = —1, all other .o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.

@ Tebou (2008), multi-d, b = —1¢, all other Lo.t vanish.

@ Rosier-de Teresa (2011), Q = (0,1), T > 4, b = —a(x)?,

a e L>(Q), all other l.o.t vanish.

@ Alabau-Leautaud (2012), ¢ = b, d = a are smooth enough, and
|1b]| is small, all other .o.t vanish, w and © may have empty
intersection, and both satisfy
(GCC) [Bardos-Lebeau-Rauch, 1988, 1992]: every ray of
geometric optics enters w, (resp. O) in a time less than T.

But the controllability time blows up as the norm of the coupling
function b goes to zero; this is not natural. One would expect the
controllability cost to blow up as the coupling goes to zero, but not
the controllability time.

@ Tebou (2012), nonconservative systems.
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Hyperbolic equations with internal coupling

Proof of Theorem 1: key elements
@ Energy estimates show
E(0) < c/ (luf? + [Vul? + |v[2} dxat,
Qo

where Q) is an appropriate subset of Q.
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Hyperbolic equations with internal coupling

Proof of Theorem 1: key elements
@ Energy estimates show
0)<C [ {luf+|VuP + |vi2) ot
o
where Q) is an appropriate subset of Q.

@ Fu-Yong-Zhang Carleman estimate shows

Jao (Ut + [Vul2 + |v[2) dxdt < Ce " E(0) + C [y r2 [, |v[? dxat
+C Jo [, (Jut? + |uf?) dxat

where A > 0 is large enough, and p > 0 is fixed.
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Hyperbolic equations with internal coupling

Proof of Theorem 1: key elements
@ Energy estimates show
0)<C [ {luf+|VuP + |vi2) ot
o
where Q) is an appropriate subset of Q.

@ Fu-Yong-Zhang Carleman estimate shows

Jo,(lut® + [Vul? + |v|?) dxdt < Ce™**E(0 0)+CJy r2 [.,, [VI? dxadt
+C [ [(jul? + |ul? )dxdt

where A\ > 0 is large enough, and p > 0 is fixed.

@ Use a localizing argument to absorb C [, r2 Jiug |VIZ dxatt.
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Hyperbolic equations with internal coupling

Set
2
8 = ||alloc.s + I[Blloo,s + [[Clloos + [1allco,s + > [[dIV(K))|loo,s
=1
2
+ Z Hlij,t |oo,s
=1
2 2
o= lkjllso + D llljlloc
ij=1 hj=1

where |[.[[oo,s = [|-|[Loc(0,7;L5(02)): @NA [|-[[00 = []-]]L(0)-
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Hyperbolic equations with internal coupling

Theorem 2.

Letw, O, a, d and s be as in Theorem 1, and suppose that

b e L>(0, T;L5(2)), c € L°(Q), and there exists by > 0 such that
b(x,t) > by for almost every (x,t) in O x (0, T). Let

ki € (W, °(Q) nL=(Q)N, Ij € W, °(Q) N L>(Q), i,j = 1,2. Suppose
that ko1 = 0, by = 0, supp(kj) C wo x (0, T), and

supp(lj) C wo x (0, T).
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Hyperbolic equations with internal coupling

Theorem 2.

Letw, O, a, d and s be as in Theorem 1, and suppose that

b e L>(0, T;L5(2)), c € L°(Q), and there exists by > 0 such that
b(x,t) > by for almost every (x,t)in O x (0, T). Let

ki € (W, °(Q) nL=(Q)N, Ij € W, °(Q) N L>(Q), i,j = 1,2. Suppose
that ko1 = 0, by = 0, supp(kj) C wo x (0, T), and

supp(lj) C wo x (0, T).

For every T > 2R, there exists a positive constant

Co = Co(Q,w, 0, T, N, s) such that for all (u°, u') € L2(Q) x H~1(Q),
and (v0, v') € HJ(Q) x L3(Q), one has the observability estimate:

R _2s T ~
E(0)2 < eCO(1+50+53572N) (/ / ’U’z dth) (Eu(o) + EV(O))
0 w

for all solution pair (u, v) of the adjoint system.
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Hyperbolic equations with internal coupling

Proof of Theorem 2;: Main ideas

Step 1. Prove the energy estimates
°

E(t) < [exp Co(1 + do + 6% )|t — || E(7),
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Hyperbolic equations with internal coupling

Proof of Theorem 2;: Main ideas

Step 1. Prove the energy estimates
°

E(t) < |exp Co(1+do + ')t = 7| E(r),  ¥rte[0,T],

T/
" hE(1) dt < Co(1 +5+5O)/ {|ul? + |v[2} dxet,
To o

where his an appropriate cut-off function.
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Hyperbolic equations with internal coupling

Step 2. Derive from Step 1

~ Nis
E(O) < eCo(1+60+6 2s )/O {|U|2 + |V|2} dxadt.
]
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Hyperbolic equations with internal coupling

Step 2. Derive from Step 1
_ Nis
E(O) < eCo(1+60+6 2s )/ {|U|2 + |V|2} dxadt.
Qo

Step 3. Duyckaerts-Zhang-Zuazua Carleman estimate yields

Jao (1ul? + |vI?) dxat < e=CXE(0) + €% [ [ |ul? dxdit
el [T r2 Josg VP dxat,

for some constants Cy = Cy(2, T, N, s,w) > 0, and for all
2s
A > Co(1+ g + 03-21),
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Hyperbolic equations with internal coupling

Step 2. Derive from Step 1
_ Nis
E(O) < eCo(1+60+6 2s )/ {|U|2 + |V|2} dxadt.
Qo

Step 3. Duyckaerts-Zhang-Zuazua Carleman estimate yields

Jao (1ul? + |vI?) dxat < e=CXE(0) + €% [ [ |ul? dxdit
el [T r2 Josg VP dxat,

for some constants Cy = Cy(2, T, N, s,w) > 0, and for all
2s
A > Co(1+ g + 03-21),

Step 4. Use a localizing argument to absorb e€* fOT r? fwo |v|? dxdt.
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Hyperbolic equations with internal coupling

Leta, b, ¢, d € L5(Q2), with s as in Theorem 1. Assume now /; = 0,
and k; =0, /,j=1,2. Letw, O, be as in Theorem 1, and suppose that
there exists by > 0 such that b(x) > by for almost every x in O.
Further assume that either:

a>0, d>0, 2a—|b+c|>0,and2d—|b+c|>0, ae. xcQ
or else

a>0, d>0aexecQ, 1-C2b+cls>0,and)5—|b+cl|s>0,
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Hyperbolic equations with internal coupling

Leta, b, ¢, d € L5(Q2), with s as in Theorem 1. Assume now /; = 0,
and k; =0, /,j=1,2. Letw, O, be as in Theorem 1, and suppose that
there exists by > 0 such that b(x) > by for almost every x in O.
Further assume that either:

a>0, d>0, 2a—|b+c|>0,and2d—|b+c|>0, ae. xcQ
or else
a>0, d>0aexecQ, 1-C2b+cls>0,and)5—|b+cl|s>0,

where )3 is the first eigenvalue of the operator —d;(bj(x)d;) under
Dirichlet boundary conditions, and Cs denotes the best constant in the
Sobolev inequality:

Wiy < C2 /Q by (xX)W(x)aw(x) dx, Yw € H}(Q).
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Hyperbolic equations with internal coupling

Theorem 3

Assume the hypotheses just stated. For every T > 2R;, there exists a
positive constant Cy = Cy(Q2,w, O, T, N, s) such that for all

(U0, u') € HY(Q) x L3(Q), and (v°, v!) € (H?(Q) N HI(R)) x HI(),
one has the observability estimate:

- T
(Eu(0) + E,(0))2 < gCo(1+3%-21) ( / / |ug|? dxdt) (Eu(0) + Ev(0))
0 w

for all solution pair (u, v) of the adjoint system, and where
2E,(0) = V022 gy + IV 120y
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Hyperbolic equations with internal coupling

Sketch of the proof of Theorem 3

For this proof, we shall use Theorem 2, and the following result

Lemma
Let a, b, ¢, and d be given as in Theorem 3. Then there exists a

positive constant Cy = Cy(R2, b + ¢) such that

H = 8,-(b,-,-( )3/ ) + au + bV’|,2_I_1(Q) T H — 8,-(b,-j(x)6jv) + CU + dVHIZ_/_1

> Co [o{bij(x)0judiu + by(x)ojvov} dx, Vu,v e H}(Q).

Louis Tebou (FIU, Miami, USA) Controllability...coupled hyperbolic systems BCAM, 2012

20/33



Hyperbolic equations with internal coupling

Sketch of the proof of Theorem 3

For this proof, we shall use Theorem 2, and the following result

Lemma
Let a, b, ¢, and d be given as in Theorem 3. Then there exists a
positive constant Cy = Cy(R2, b + ¢) such that

|| — 8i(bj(x)dju) + au + va,ﬂ_I(Q) + || — 0i(bj(x)9jv) + cu + dv||?,_,
> Co [o{bij(x)0judiu + by(x)ojvov} dx, Vu,v e H}(Q).

Set W = u; and Z = v;. Then these functions solve the system

Wﬁ - 8,(b,/(x)6,|7v) +aw+bz=0inQ

2y — 6,(b,/(x)612) +ecw+dz=0inQ

=0, z=00nX=00x(0,T)

w(0) = u' € L3(Q);  Wi(0) = 0i(bj(x)oju°) — au® — bv0 € H=1(Q)
2(0)=v' € H}(Q); 2(0) = 0i(bj(x)9;v°) — cu® — advO® € L3(Q).
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Hyperbolic equations with internal coupling
Introduce the following energy associated with that system
Eas(t) = E4(t) + Es(t) vtel[o,T).
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Hyperbolic equations with internal coupling
Introduce the following energy associated with that system
Eas(t) = E4(t) + Es(t) vtel[o,T).

Thanks to Theorem 2, one has:

—~ =25 T ~
EW72(0)2 < glo(1+6%-2N) (/ / ||2/]2 dth) (E#(0) + E5(0)).
0 w
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Hyperbolic equations with internal coupling
Introduce the following energy associated with that system
Eas(t) = E4(t) + Es(t) vtel[o,T).

Thanks to Theorem 2, one has:

—~ =25 T ~
EW72(0)2 < glo(1+6%-2N) (/ / ||2/]2 dth) (E#(0) + E5(0)).
0 w

Some elementary calculations show that
Eq(0) + E5(0) < Co(Eu(0) + E/(0)),
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Hyperbolic equations with internal coupling
Introduce the following energy associated with that system
Eas(t) = E4(t) + Es(t) vtel[o,T).

Thanks to Theorem 2, one has:

_2s _ T .
EW72(0)2 < glo(1+6%-2N) (/ / |W|? dth) (E#(0) + E5(0)).
0 w

Some elementary calculations show that
Eq(0) + E3(0) < Co(Eu(0) + Ev(0)),
while the above Lemma yields
Ei5(0) > Co(Eu(0) + Ev(0)).
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Hyperbolic equations with internal coupling
Introduce the following energy associated with that system
Eas(t) = E4(t) + Es(t) vtel[o,T).

Thanks to Theorem 2, one has:
2s T /\
E.;V72(0)2 < gCo(1+3%=2N) (/ / |W]2 dxdt) (E#(0) + E5(0)).
0 w

Some elementary calculations show that
Eq(0) + E3(0) < Co(Eu(0) + Ev(0)),
while the above Lemma yields
Ei5(0) > Co(Eu(0) + Ev(0)).

Hence
(E(0) + EL(O))F < %137 </ o dxdt) (Eu(0) + Ei(0)
0 Jw
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Hyperbolic equations with internal coupling

Theorem 4

Suppose that the hypotheses of Theorem 3 hold. For every T > 2Ry,
there exists a positive constant C = C(Q,w, O, T, N, s, a, b, ¢, d) such
that for all (u°, u') € (H2(Q) N H{(Q)) x HJ (), and

(vO,v1) € HI(Q) x L3(Q2), one has the observability estimate:

)
E,(0) + E(0) < c/ /{\ut\2 T |ugl?} dxat
0 w
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Hyperbolic equations with boundary coupling.

Controllability
Let f : R — R be a continuously differentiable function with

lim Sup&
sl»o0 |SI(l0g][s])*

= fo,

for some [y > 0, and some 0 < « < 3/2. Consider now the
controllability problem: Given y°, 7° € H}(Q), and y', j' € L3(Q);
q°, §° € [2(Q),and q', §' € H1(Q); and ¢ € L?(Q), can we find a
control v € L2(0, T; L?(w)) such that the corresponding solution pair
(Yo, q) of the cascade system:

Yot — 0i(bji(x)9iy0) + f(¥o) =+ vxw in Q

qr — 0i(bj(x )8 Q) +f(¥)g=0inQ

Yo=0, g= ayBXFo onxr=00x(0,T)

¥0(0) = y%  yoi(0) =y', q(0)=q°% q0)=q'inQ,

satisfies:
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Hyperbolic equations with boundary coupling.

YO(-aT):}?O, in(‘vT):}?17 Q('aT):Elo, qt('vT):Ef in Q7

For this system we have the controllability result:

Louis Tebou (FIU, Miami, USA) Controllability...coupled hyperbolic systems BCAM, 2012 24/33



Hyperbolic equations with boundary coupling.

Theorem 5

Assume that w is a neighborhood of I'y. For every T > 2R;, and for all
y0 e H(Q), y! € 2(Q), ¢° € L3(Q) and q' € H~'(Q), there exists a
control v € L2(0, T; L?(w)) such that

T =7 yul-T)=7". q(.T)=8, a(,T)=§ inQ.

To prove Theorem 5, we're going to follow the classical algorithm for
solving control problems for nonlinear distributed systems:

@ linearize the control problem,
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Hyperbolic equations with boundary coupling.

Theorem 5

Assume that w is a neighborhood of I'y. For every T > 2R;, and for all
y0 e H(Q), y! € 2(Q), ¢° € L3(Q) and q' € H~'(Q), there exists a
control v € L2(0, T; L?(w)) such that

w1 =7 yu(-T)=7", a.T) =8, a(.T)=§inQ

v

To prove Theorem 5, we're going to follow the classical algorithm for
solving control problems for nonlinear distributed systems:

@ linearize the control problem,

© solve the linear control problem,

© use a fixed-point theorem to derive the controllability of the
nonlinear problem from that of the linearized system.
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Hyperbolic equations with boundary coupling.

A bit of History of the controllability of semilinear wave
equations

@ Zuazua (1990-1991), HUM + Schauder fixed-point (linear growth)
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Hyperbolic equations with boundary coupling.

A bit of History of the controllability of semilinear wave
equations

Zuazua (1990-1991), HUM + Schauder fixed-point (linear growth)

Zuazua (1993), HUM + Leray-Schauder (1d, superlinear growth
allowed)

Lasiecka-Triggiani (1991), global inversion theorem (Lipschitz),

Cannarsa-Komornik-Loreti (1999), 1d, iterated log, improves
Zuazua (1993),

Li-Zhang (2000), Carleman estimates, superlinear growth allowed,
Martinez-Vancostenoble (2003), 1d, arbitrarily short time,

Fu-Yong-Zhang (2007), Carleman estimates, hyperbolic
equations,

Duyckaerts-Zhang-Zuazua (2008), improved Carleman estimates,

, f(s)
allows limsup ———— =0, 0<a<3/2
s|—o00 S(lOg|S[)* /
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Hyperbolic equations with boundary coupling.

The linear controllability problem

> (1(5) - 1(0)/
B f(s) —f(0))/s, ifs#0
9(s) = { £(0), if s = 0.
Let w € L>(0, T; L?(Q)). Set
a(x, t) = g(w(x,t)), b(x,t) = f(w(x,t)). The nonlinear controlled
cascade system may be linearized as:

Yorr = 9i(bj(x)9y0) + a(x, H)yo = —f(0) + £ + vxw In Q

qit — 0i(bj(x)9;q) + b(x,1)g=01in Q

=0, g=4%xr,onx

¥0(0)=y% yor(0)=y"; q(0)=q% q:((0)=q'inQ
We shall find a control v so that:

y(M=37% wMH=y", aT)=8 aq(T)=g"inQ.
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Hyperbolic equations with boundary coupling.

To this end, introduce the adjoint system:
pi — 0i(bji(x)9;p) + b(x,t)p =01in Q

zy — 0i(bjj(x)0;z) + a(x, )z =0in Q
p =0, Z:g XroonZ
p(T) =p°; Pt(T) p', z(T)=2% z(T)=2z"inQ

For (0%, p') € HJ(Q) x L2(Q), we have

p € C([0, T]; H(2)) N C'([0, T]; L3(<2)), and

z e C([0, T]; L3(Q)) n C'([0, T]; H~'(R)). For every t € [0, T], define
the energy

AO_L

Ee:0) = 5 (1P Oty + [ (By02p(x. DR, 1 )

N =

Thanks to Lions’ H.U.M, the linear controllability problem will be solved
once we prove the following observability estimate:

Louis Tebou (FIU, Miami, USA) Controllability...coupled hyperbolic systems BCAM, 2012 28/33



Hyperbolic equations with boundary coupling.

Proposition
Let w be a neighborhood of 'y, and let T > 2R;. Let € > 0 with
(N —2)e < 4. There exists

K. = exp | C.(1 + 1|alISF + 1)

such that for all (0%, p') € HI(Q) x L3(Q2) and all
(20,2") € L3(Q) x H1(Q):

R T
E(p;T)+E(z;T) < Kg/ /\z(x, t)|2 dxat,
0 w

where C. = C.(e,Q,w, T,by) > 0, L. = 2+ 4c~1, 9. = eN/(4 + 2), and
|[-lloo,r = [I-l Lo (0, T;L7(2))-
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Hyperbolic equations with boundary coupling.

Proof of Proposition: key elements

Step 1. Establish the energy estimate

1+6¢
E(p;t) < E(p;s)exp <CE <1 + ||b|]O:27,8> |t — s|> , Vs tel0,T].
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Hyperbolic equations with boundary coupling.

Proof of Proposition: key elements

Step 1. Establish the energy estimate
1+0e
E(p;t) < E(p;s)exp <CE <1 + ||b||oof,8> |t — s|> , Vs tel0,T].

Step 2. Use the Duyckaerts-Zhang-Zuazua (boundary) Carleman
estimate and Step 1 to derive the boundary observability estimate

E(p: T) < eC-(+IbITE" ) / /
o

ap(v,t)
GVB

dvdt
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Hyperbolic equations with boundary coupling.

Proof of Proposition: key elements
Step 1. Establish the energy estimate
146e
E(p; t) < E(p; s)exp <CE <1 + ||b|!oof,8> |t — s|> , Vs, tel0,T].

Step 2. Use the Duyckaerts-Zhang-Zuazua (boundary) Carleman
estimate and Step 1 to derive the boundary observability estimate

E(p: T) < eC-O+IBIZE™ o) / /
o

Step 3. Use a localizing argument to derive the partial estimate

op(v, 1)

61/5 dvdt.

T
E(p: T) < K. / / 12(x, t)[2 dxa.
0 w
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Hyperbolic equations with boundary coupling.

Step 4. Use the Duyckaerts-Zhang-Zuazua internal observability

estimate to get

N T T

E(z;T) < KE/ /|z(x, t)[2 dxdt + C(Q, T)/ / (1, 1)
0 w 0 Mo

2
s dvat.
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Hyperbolic equations with boundary coupling.

Step 4. Use the Duyckaerts-Zhang-Zuazua internal observability
estimate to get

N T T
azng&//ﬁmmwm+agn//’a
0 w 0 Mo

Step 5. Use Lions’inequality

WA

in Step 4, and combine the result with Step 3 to get the claimed
estimate. 0

Y

ovg

2
dvat.

mmg&agn,

8UB
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Some open problems.

@ Do we have E(u;0) + E(v;0) < C [ [ |ui(x, t)|? dxdt, with no
smallness assumption on the couplings?
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@ Are the analogues of Theorems 1 to 4 valid forw N O = 0,
assuming w and O both satisfy the Bardos-Lebeau-Rauch
geometric control condition (GCC), and no smallness
assumptions are made on the couplings?
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@ Are the analogues of Theorems 1 to 4 valid forw N O = (),
assuming w and O both satisfy the Bardos-Lebeau-Rauch
geometric control condition (GCC), and no smallness
assumptions are made on the couplings?

© What about different principal operators? An improved version of
Theorem 2 is known to hold for the heat equation, but its boundary
counterpart fails in general (wave and heat). A similar result holds
for two wave equations coupled in cascade internally when the
two operators are proportional & Q is a compact C> manifold with
no boundary; in particular it is shown by
Dehman-Leautaud-Lerousseau that if w N O satisfies GCC, then:

R T
E(u:0)+ E_o(v:0) < c/ /|u(x, |2 dixdt,
0 w
where 2E_5(v; 0) = [[VO[[%, g + V0I5 -
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@ Are the analogues of Theorems 1 to 4 valid forw N O = (),
assuming w and O both satisfy the Bardos-Lebeau-Rauch
geometric control condition (GCC), and no smallness
assumptions are made on the couplings?

© What about different principal operators? An improved version of
Theorem 2 is known to hold for the heat equation, but its boundary
counterpart fails in general (wave and heat). A similar result holds
for two wave equations coupled in cascade internally when the
two operators are proportional & Q is a compact C> manifold with
no boundary; in particular it is shown by
Dehman-Leautaud-Lerousseau that if w N O satisfies GCC, then:

R T
E(u:0)+ E_o(v:0) < c/ /|u(x, |2 dixdt,
0 w
where 2E_5(v; 0) = [[VO[[%, g + V0I5 -

© What about other boundary conditions?
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Final Thought

And if anyone thinks that he knows anything, he
knows nothing yet as he ought to know.

THANKS!

Louis Tebou (FIU, Miami, USA) Controllability...coupled hyperbolic systems BCAM, 2012 33/33



	Hyperbolic equations with internal coupling
	Hyperbolic equations with boundary coupling.
	Some open problems.
	Final Thought

