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1. Problem formulation and statement of
the main result

() = bounded domain in R%, d > 1,

I' = boundary of () class C?, v =unit nor-
mal pointing into the exterior of €2.
Ig={zel;(xz—2°)- v>0}
T>0,Q=0x(0,T)

w = nonvoid open subset in ).
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f : R — R is a continuously differentiable
function with

F0) =0, 1m —218)

s|=o0 s4/log ||

Let £ € L?*(Q), and consider the wave
equation:

(e — Ay + f(y) =&+ vxw in Q
y=0o0n =00 x(0,T)

Ly(0) =y + 709" 3 (0)=y' + 79" inQ

(1)
where (y°,y') € H}(Q) x L*(Q) are given,
(9°,91) € Hi(Q) x L*(Q) have unit norm
and are unknown, and 79 and 7y are small
unknown real numbers.

We want to find a control v that desen-

/"
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sitizes the functional ® defined by

1 [t oy(~,1t
o=y [ [ 1P aa @

that is to say, we are going to construct a
control v satisfying for all (9°, §) € H}(Q) x
L?(Q) with unit norm:

0P (y)
(97'()

0P (y)

:O:
(97'1

, (3)

’7'0:7'1:0

’7'0:7'120

Historyl: controllability of semilinear wave
equation

a) Cirina (1969)

b) Chewning (1976)

Russell (1978),

c¢) Zuazua (1990-1991), HUM + Schauder
fixed-point (linear growth); Zuazua (1993),
HUM + Leray-Schauder (1d, superlinear
growth allowed)



d) Lasiecka-Triggiani (1991), global in-
version theorem (Lipschitz),

e) Li-Zhang (2000), Carleman estimates

f) Komornik-Loreti (2002), iterated log,
improves Zuazua (1993)

g) Li-Rao (2003), quasi-linear hyper-
bolic equations,

h) Martinez-Vancostenoble (2003), 1d,
arbitrarily short time,

i) Fu, Yong& Zhang (2007), Carleman
estimates, hyperbolic equations,

j) Duyckaerts, Zhang & Zuazua (2008),
improved Carleman estimates, allows

lmsup 2% _ 0 g<a< 3/2.
|s|—o0 S(log‘SDa

History2: control4+incomplete data
a) J.L. Lions (1990), parabolic equa-
tions.



b) Bodart & Fabre (1995), de Teresa
(1997), Bodart & al 2004, Fernandez-Cara
& al (2005), ...

c¢) Desensitizing control concept ill-known
for second order evolution equations,

d) Déager (2006), desensitizing controls,
one dimensional wave equation. The proof
technique developed by Dager critically relies
on the fact that the one dimensional wave
equation is time periodic, which is not the
case in higher dimensions.

e) Tebou (2008), constructs desensitiz-
ing controls for the multidimensional wave
equation using Carleman estimates, and suit-
able localizing techniques.

The functional that the control desen-
sitizes in both Dager and Tebou papers, as
well as in almost all the papers dealing with
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parabolic equations is

d(y) = %/OT/(Q\y(x,t)Idedt,

where O is another open subset of ().
Motivation. To examine what happens in
the case of the new functional involving the
normal derivative, and also to explore the
case of a semilinear wave equation.



Our main result:
Theorem. Let xp € R4 \ Q. Set Ty =
{r € T(x — xg) -v > 0}. Assume that
w s a neighborhood of I'y. There exists a
positive time T5 depending only on €2 and
w such that for every T > 17, and for all
) € Hi(Q) and y' € L*(Q), there exists a
control v € L*(0,T; L*(w)) that desensitizes
the functional ®. Moreover, there exists a

positive constant C' independent of the ini-
tial data such that:

HUHLQ(O,T;LQ(M)) < CHS L2(Q)

(4)
+C (H?JOHHg(Q) + ||y’ L2(Q)) :

Remark 1. A precise structure of the con-
stant Tij may be found in Duyckaerts-Zhang-
Zuazua (2008).



2. Basic ideas for proving Theorem

The main ingredient for proving the ex-
istence of a desensitizing control is to reduce
the problem to a controllability problem. To
this end, consider the following cascade con-
trolled wave equations:

(yorr — Ayo + f(yo) = &+ vy in Q
yo =0 on X =900 x (0,T) (5)

L10(0) =% 90:(0) = y' in Q

/"

(g — Ag+ f'(yo)g= in Q
{ ¢ =1YoxT, on X =092 x (0,T) (6)
Lq(T)=0; @(T)=0inQ,

where 3" and ¢! are the same as in Theorem.
We hayve:



Proposition 1.4 control v desensitizes the
functional ® if and only if the solution pair

(1o, q) of (5)-(6) satisfies:

q(0) = 0, q:(0) = 0. (7)
Remark 2. Proposition 1 reduces the proof

of Theorem to showing that the nonlinear

cascade system (5)-(6) is exactly control-
lable.

Set
() = f(s)/s, if s #0
T 1100y, if s =0,

Let w € L>(0,T; L*(Q)). Set

a(z,t) = g(w(z,1), bz, t) = f'(w(z,1)).
System (5)-(6) may be linearized as:
( you — Ayo + ayo = &+ vxw in Q

Yo =0 on 3 =0 x (0,T) (8)
Ly0(0) =% you(0) =y' in O

N\
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(gt —Ag+bg=01in Q

Yo

q — EXFO on X = 0f) X (O,T) (9)

Lq(T)=0; ¢(T)=0in £,
Introduce the adjoint system to (5)-(6):

pet —Ap+bp=01in Q
p=0on X =0900x(0,T) (10)

p(0) =p% p(0) =p' in O

Zie — Az +az=01in )
Op
¢ = 5 X, ol Y =00 x(0,T) (11)
v

2(T)=10; 2/(T)=0in €.
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For (p°, p') € H} () x L*(Q2), we have:

p € C([0,T]; Hy () N C*([0,T]; L*()),
2 € C([0,T]; L*(2)) N CH([0, T]; HH(2)).

For every t € [0,T], set

1

Sketch of the proof of Theorem. The
proof of Theorem essentially relies on

Proposition 2. Let O, w, and 1" be given as
in Theorem. There exists C1 > 0 such that
for all (p°,p') € L*(Q) x H~1(Q):

E(p: 0) < C /0 / (o) 2 dedt. (10)
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Introduce the functional

T L) xH Q) —R
(p°,p") = T (", p")

1 T
T, pt) = 5/ /!zt(a:,t)IQdazdt
0 w

(11)
_|_/y0(:13)zt(513,0) dz — (y', 2(.,0))

Q
— [ &(z,t)z(x,t) dzdt,
Q

where (.,.) is the duality product between
H=1(Q) and H}(Q). The functional J is
strictly convex, and continuous. Further, J
is coercive thanks to Proposition 2. There-
fore, J has a unique minimizer (p’, p'), and
if Z is the corresponding solution of (9), then
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we have the Euler equation:

//ztxtzta:tdxdt

/ (2)z1(z,0) dx — (5!, 2(,0))  (12)
—/ E(x,t)z(x, t) dedt = 0,
Q

for every z solution of (9). On the other
hand, we have the duality identity:

(', (.,0)) — / P (2)a1(z, 0) da
— (4}, 2(,0)) — / y ()2 (x,0) da

// (x,t)z(x,t) dxdt

+ /Q E(x,t)z(x, t) dadt,

(13)
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Choosing the control

v=~2y € |[H'(0,T; LZ(Q))}/ in (5), we derive
from (12) and (13), for all(p®, p') € L?(Q) x
H=1(Q):

(', q(.,0)) — / P (2)ge(x,0)dz = 0, (14)

Q

hence (7). Therefore v = Z;; desensitizes the
functional ®, thanks to Proposition 1. It re-
mains to show that v satisfies (4); this is eas-
ily done by setting z = 2 in (13), and noticing
that:

|26l o,72 ) < N2elln2@)- O
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Sketch of the proof of Proposition 2.
Let wg and w; be two neighborhoods of I'y
with wg C w; CC ONw. Let r € C§°(0,T)
denote the cut-off function defined in |[DZZ,
(2.33)], and set p = rp. Applying Theorem
2.4 of |DZZ] with u = p, we derive the exis-
tence of positive constants C', u, and A\g > 1
such that for all A > Ag :

7
/ / p(z, 1) 2 dud

< Che " E(p;0) (15)

+ C’e(D‘/ ]p r,t)|* dxdt,

where, here and in the sequel, the positive
constant C' may bear different values, and
the constants Ty and Tj) are given by |DZZ,

15



(2.29)]. On the other hand one checks that:

E(p;0) < C /T ’ / p(,0)[2 dxdt.  (16)

The combination of (15) and (16) yields for
A large enough:

E(p;0) §C’/O r2/ ip(x,t)|* dedt. (17)

Introduce the function n, which satisfies: n €

C>(Q),
0<n<1 nm=1linwy, n=0,inQ\
w1, |V ECO(Q), |An ECO(Q).

n
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Set 2 = r?nz. One checks that for all € > 0:

/ rn|p|? dedt
wiT

— —4/ rr'nzyp dzdt
—I—/ {—2n(rr" + \r’]Q)zp} dxdt
+ / r?(2Vn - Vz + zAn)p dxdt

< s/ r°n|p|® dxdt
wiT

+C. 2 + |2e)® + 72| V2]?} dadt.
17T (18)
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Choosing € = 1/2, we draw from (18):

T
/ r p|? ddt
0

wo
<C {2 + |2e)® + 72| V2]?} dadt.

1T (19)
Introduce the function (, which satisfies €

C®(@Q), 0<C<1, (=linw, =
0, in 2\ (ONw). Set 2 = r%Cz. One shows
that:

—/ 2124 da:dt—l—/ Vz- -Vzdxdt

Q Q

_ / et oz + 2C(rr" + |1 |2)22) dadt
Q

— / r?(22V( - Vz + 2°AC + Czpyxo) dadt.
’ 20)
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It follows from (20), integrating by parts
where needed, that for every ¢ > O:

/ r?|V 2| drdt

T

< C’(;/ / {217 + |2|*} dzxdt
0 w

+ 20T E(p;0).

Combining (17), (19), (21), choosing § =
1/4CT (with C' as the product of the con-
stants in (17) and (19)), and using the
Poincaré inequality (as z(7T) = 0), we get
the claimed estimate (10). 0

(21)

Open problem. Does there exist a control
that desensitizes the functional:

Uy, u) = [ [o{ly? + |VGy|?} dadt?

where G is the inverse of —A with Dirichlet
boundary condition.
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