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In this article, we focus on the life span of solutions to the following system
of nonlinear wave equations:

uy — Au+gi(u) = fi(u,v)
Vi — Av+ g2 (v) = fo(u, v)

in a bounded domain QCR" with Robin and Dirichlét boundary
conditions on u and v, respectively. The nonlinearities fi(u, v) and f>(u, v)
represent strong sources of supercritical order, while gi(#,) and g»(v,)
represent interior damping. The nonlinear boundary condition on u,
namely d,u+ u+ g(u,)="h(u) on I, also features A(u), a boundary source,
and g(u,), a boundary damping. Under some restrictions on the parameters,
we prove that every weak solution to system above blows up in finite time,
provided the initial energy is negative.

Keywords: blow-up; nonlinear wave equations; damping and source terms;
weak solutions; energy identity

AMS Subject Classifications: Primary 35L05, 35L20; Secondary 58J45

1. Introduction
1.1. Preliminaries

Wave equations under the influence of nonlinear damping and nonlinear sources
have generated considerable interest over recent years. As the linear theory has been
substantially developed, many problems for systems with supercritical nonlinearities
remain open. In this article, we study a system of coupled nonlinear wave equations
which features two competing forces, one force is damping and the other is a strong
source. Our main interest here is to investigate the possibility of the finite time blow-
up of solutions, under nominal conditions.

For the sake of clarity, we restrict our analysis to the physically more relevant
case when QCR® Our results easily extend to bounded domains in R”, by
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accounting for the corresponding Sobolev embeddings, and accordingly adjusting
the conditions imposed on the parameters. Thus, throughout this article we assume
that € is bounded, open and connected non-empty set in R* with a smooth boundary
' =09Q.

We study the following system of nonlinear wave equations:

Uy — Au+ g1 (uy) = fi(u, v), in @ x (0,7),

v — Av+ g (v) = fo(u, v), in 2 x(0,7),

o + u + g(u;) = h(u), onI x(0,7), (.
v=0, onI' x(0,7),

u(0) = up € H'(Q), u,(0) = u; € L(Q),

W(0) = vy € H)(2), v,(0) = vy € LX(R),

where the nonlinearities fi(u, v), f>(u,v) and h(u) represent interior and boundary
sources, while g(u,), g»(v;) and g(u,) act as interior and boundary damping. The
source—damping interaction in (1.1) encompasses a broad class of problems in
quantum field theory and certain mechanical applications [1,2], whereas non-
dissipative ‘energy-building’ sources, especially those on the boundary, arise
whenever one considers a wave equation being coupled with other types of
dynamics, such as structure—acoustic or fluid—structure interaction models [3]. In
light of these applications we are mainly interested in higher order nonlinearities, as
described in the following assumption.

AssumMmPTION 1.1

o Interior sources: f{u,v)e C Y(R?) such that
IV, v) < C(lulP~" + P+ 1), j=1,2, withl <p<6.
o Boundary source: h € C\(R) such that
W (s)| < (sl + 1), with1 <k <4.

o Damping: g\, g, and g are continuous and monotone increasing functions with
21(0)=g-,(0)=g(0)=0. In addition, the following growth conditions hold:
there exist positive constants a; and by, j=1,2,3, such that, for all s€R,

1 | .

ar|s|™ < g1(s)s < bylsI™, withm > 1,
1 1 .

asI™ < go(s)s < bols|™,  with r > 1,

az|s|Tt < g(s)s < b3|s|?tY,  with ¢ > 1.
o Parameters: max{p™tl, prtly <6, kL < 4,
q

Let us note here that if the damping terms g,(u,), g>(v,) and g(u,) are removed
from the system, then the presence of any of the source terms should drive the
solution of (1.1) to blow-up in finite time. In such a case, one can appeal to a variety
of methods (going back to the work of Glassey [4], Levine [5] and others) to show
that most solutions to the problem blow up in finite time. In addition, if the source
terms are removed from the system, then damping terms of various forms should
yield existence of global solutions, (cf. [6-9]). However, when both damping and
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source terms are present, especially on the boundary, the analysis of their interaction
and their influence on the behaviour of solutions becomes more difficult (see, e.g.
[10—15] and the references therein).

A well-known system, which is a special case of (1.1), is the following
polynomially damped system studied extensively in the literature [16—19]:

{un — AuA " uy = fi(u,v),  in Q x (0,00), (12)
Vir — AV + |Vt|r_1v[ :fZ(us V)s in Q2 x (09 OO), .
where f;(u, v) = 8,F(u, v) and f>(u, v) = 8,F(u, v), and Fe C'(R?) is given by

F(u,v) = alu+v[P*' + 2b|uv|#, (1.3)

where p>3, a>1 and b> 0.

It is worth noting here that systems of nonlinear wave equations such as (1.2) go
back to Reed [20] who proposed a similar system in three space dimensions but
without the presence of damping. Indeed, recently in [16] and later in [17] the authors
studied system (1.2) with Dirichlét boundary conditions on both u and v where the
exponent of the source was restricted to be critical (p =3 in 3D). The more general
system (1.1) with Robin boundary condition has been studied recently in [21], where
the source terms are allowed to be of super-supercritical order (i.e. 1<p<®6,
1 <k <4). Indeed, the authors in [21] used monotone operator theory and nonlinear
semigroups to obtain several results on local and global existence and uniqueness of
weak solutions. The main goal of this article is to complement the work of [21] by
establishing two blow-up theorems for (1.1).

Our results are inspired by the work of [11-13] for their treatment of a single
wave equation. Although the basic calculus in the proofs of Theorem 1.8 and
Theorem 1.9 draw from ideas in [12,13,16] and also from the recent results in [11],
our proofs had to be significantly adjusted to accommodate the coupling in the
system (1.1). For other relevant results on wave equations with source-damping
interplay see [22-25] and the references therein.

It is important to note that the mixture of Robin and Dirichlét boundary
conditions in the system (1.1) is neither essential to the methods used in this article
nor to our results. Indeed, similar existence, uniqueness and blow-up results can be
easily obtained if instead one imposes Robin boundary conditions on both u and v.

To this end, we point out that the following notations will be used throughout
this article:

lully = llullpsey>  Nuly = Null sy, Nullig = llull g gy
(u,v)g = W, V2 q)p (W) = @ V) 2y, @)1 0= U V) g

We also use the notation yu to denote the trace of u on I' and we write %(yu(z))
as yu,. We finally note that (||Vu||§+|yu|§)1/2 is a norm equivalent to the standard
H'(Q)-norm. This fact follows from a Poincaré-Wirtinger type of inequality:

lull3 < C(IVull3 + lyul3), for all ue H' ().
Thus, throughout this article we put,
lullf o= IVul3 +lyul; — and (. v),q = (Vu, Vv)g + (yu, yv)r.,
for u,ve H(S).
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1.2. Existence theory
We begin by introducing the definition of a weak solution to (1.1).

Definition 1.2 A pair of functions (u,v) is said to be a weak solution of (1.1)
on [0, T'] if

e ucC(0,T]; H'(Q), veC(0,T]; H(Q)), u,eC(0,T]; L (Q)nL™"'

(Qx(0,T)), yu, e LT N(I" x (0, T)), v, e C([0, T]; L*(Q) N L2 % (0, T));
o ((0),7(0)) = (uo, vo) € H'(Q) x H{(RQ), 0), vi(0)) = (w1, v1) € LA(RQ) x L(R);
e forall 1€[0, T], u and v verify the following identities:

(1), (1) — (1s(0), 0N + /0 [ (0(2). (D) + (), D)), Q)T
4 /0 fn 1 (D)P(D)dxdr + fo /r ru(D)yd(D)dT dr

:/0 /Qfl(u(t), V(r))qb(t)dxdt—i—/o /rh(yu(t))yqb(t)dr‘ dr, (1.4)

(D), Y(1))g — (v(0), ¥(0)), + '/0 [—(vi(7), ¥i(7))q + (v(7), 1//(77))1’9](11'
+ /OngZ(Vz(T))w(T)dX dr = /Ot /sz(u(r), v(7))Y(r)dxdr, (1.5)

for all test functions satisfying: ¢ C([0,T]; H'(Q)NL" T (Qx (0,T)) such
that ype LY (I x (0, T)) with ¢,e L'([0,T]; L)) and ¢ e C(0,T]; H)(Q)N
L' x (0, T)) such that v, e L'([0, T]; LX()).

In order to state our main results, it is essential to make a connection with the
recent results in [21]. Thus, for the reader’s convenience, we summarize some of the
main results in [21] in the following theorem.

THeorem 1.3 (Local and global weak solutions [21]) Assume the validity of
Assumption 1.1, then there exists a local weak solution (u,v) to (1.1) defined on [0, T],

for some T > 0. Moreover, (u,v) satisfies the following energy identity for all t €[0, T]:

() + fo /Q L1ty + g2(v)vldx de + fo /F ¢(yu)yudr de

= £(O)+/O ];z[fi(u, Vu, + fo(u, v)vt]dxdr—i—/0 /rh(yu)yu,df‘ dr, (1.6)

where the quadratic energy is given by

60 = 3 ([ 2+ |+ o] g+ ) (1.7)

If. in addition, we assume p <min{m, r}, k < q and uy, vy € L’ (Q), yuo € L*(T"), then
the said solution (u,v) is a global weak solution and T can be taken arbitrarily large.

In order to state the uniqueness results in [21], we shall need additional
assumptions on the sources and the boundary damping.
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AssumpTION 1.4

(@) For p>3, there exists a function F(u,v) € C*(R?) such that fi(u, v) = 8,F(u, v),
S, v) = 8,F(u, v), and |D*F(u, v)| < C(|ul”~ + v[" >+ 1) for all multi-indices
la| =3 and all u, veR.

(b) For k=2, he CAR) such that |h'(s)| < C(Is|* ">+ 1), for all s€R.

(c) For k<2, there exists my > 0 such that (g(s1) — g(52))(s1 — 52) = mg|s; — $5|?, for
all 51, s, €R.

The following uniqueness results are based on the validity of Assumptions 1.1
and 1.4. However, in the case when the interior sources f; and f> fail to satisfy
Assumption 1.4(a), as in system (1.2) for the values 3 <p <35; we still can prove
uniqueness of solutions of (1.1), provided the exponents m and r of the interior
damping are sufficiently large.

Tueorem 1.5 (Uniqueness of weak solutions [21])  Assume that one of the following
statements holds:

o Assumptions 1.1 and 1.4 are valid, ugy, vy € Lw(ﬂ) and yuy € L**~(T).
o Assumption 1.1 and Assumptions 1.4(b), (c) are valid, gy, voe L*?~(Q),
yuo € L**DM), and m, r=3p—4, if p>3.

Then, weak solutions of (1.1) are unique.

1.3. Main results

In order to state our blow-up results, we need additional assumptions on interior and
boundary sources and initial data.

ASSUMPTION 1.6

o There exists a function FeCXR?) such that fi(u,v)=0,F(u,v) and
Folu, v) = 8,F(u, v), (u,v)eR>. Moreover, there exist co>0 and ¢, >2 such
that F(u,v) = co(lul’™ + "™ and ufi(u, v)+ vfo(u, v) > e F(u, v), for all
(u,v) e R%.

o There exist ¢»>0 and c¢3>2 such that H(s)> cs|s|"™" and h(s)s > c3H(s),
for all s R, where H(s) = [; h(r)dr.

o The initial energy E(0) <0, where the total energy E(t) is given by

50) = 3 ([ B 4 o] o+ o))

- f Fu(t), (1))dx — / H(yu(2))dr. (1.8)
Q r

Remark 1.7 Tt is important to note here that our restrictions on interior and
boundary sources in Assumption 1.6 are natural and quite reasonable. For instance,
the function F given in (1.3) satisfies Assumption 1.6. Indeed, a quick calculations
show that there exists a constant ¢o>0 such that F(u,v)> co(jul’t + v,
provided b is chosen large enough. Moreover, it is easy to compute and find that
ufi(u, v) +vfr(u, v)=(p+ 1)F(u,v). Since the blow-up theorems below require
p>m>1, then p+1>2, and so, the assumption ¢; >2 is reasonable. A simple
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example of a boundary source term that satisfies Assumption 1.6 is A(s) = |s|*~'s.
In this case, H(s) = ﬁlﬂ"”, and so, h(s)s=(k+ 1)H(s). Again, the statement of
Theorem 1.8 requires k > ¢ > 1, implies that k4 1 > 2. Thus, the restriction ¢; > 2 in
Assumption 1.6 is also reasonable.

Our first blow-up result shows that if the interior and boundary sources are more
dominant than their corresponding damping terms, and the initial energy is negative,
then every weak solution of (1.1) blows up in finite time. In addition, we obtain an
upper bound for the life span of solutions.

THEOREM 1.8 (Blow-up of solutions — Part 1)  Assume the validity of Assumptions 1.1
and 1.6. If p > max{m, r} and k > q, then any weak solution (u,v) of (1.1) blows up in

finite time. More precisely, ||u(t)|h o+ [V({)|l1.o— 00 as t — T, for some 0 < T < c0.

Our second result shows that all solutions of (1.1) blows up in finite time,
provided E(0) <0, and the interior sources dominate both interior and boundary
damping, without any restriction on the boundary source.

THEOREM 1.9 (Blow-up of solutions — Part 2)  Assume the validity of Assumptions 1.1
and 1.6. If p > max{m, r,2q — 1}, then any weak solution (u, v) of (1.1) blows up in finite
time. Specifically, |u(®)| o+ Iv(O)|l1.q— 00 as t— T, for some 0 < T < co.

Remark 1.10  Although the existence and uniqueness results in Theorems 1.3 and
1.5 hold for sources that are super-supercritical (i.e. p <6 and k <4), however the
assumptions in Theorems 1.8 and 1.9 force the restrictions p <5 and k <3. To see
this, we note that both theorems require p >m, and by Assumption 1.1, it follows
that, 6 > p(1 + #) > p(1 +%) = p+ 1, which implies p < 5. By the same observation,
we conclude k < 3 in Theorem 1.8. Although k > ¢ is not required by Theorem 1.9,
we still must have k<3. Indeed, since 2¢—1<p <35, then g <3. Whence, by
Assumption 1.1, we have 4 > k(1 —l—é) > 1k, and so, k <3.

2. Proof of Theorem 1.8

Proof  Let (u, v) be a weak solution to (1.1) in the sense of Definition 1.2. Throughout
the proof, we assume the validity of Assumptions 1.1 and 1.6, p > max{m, r} and k > g.
We define the life span T of such a solution (u, v) to be the supremum of all 7% > 0
such that (u, v) is a solution to (1.1) in the sense of Definition (1.2) on [0, T*]. Our goal
is to show that 7 is necessarily finite, and obtain an upper bound for 7.

As in [11,16], for t€[0, T'), we define:

G(t) = —E(1),
N = [u) 5+ o)

S(t) = /Q Fu(t), v())dx + /l_ H(yu(1)dr.

2
2°

It follows that,

6) = 5 (Ju@[3+ [0 ]2+ W0 [+ PO ) + 50, @D
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and
N(1) =2 fg (D)) + V(£)r,(D)]dx. 2.2)
Moreover, by the assumptions H(s) > ¢»|s|**! and F(u, v) > co(lul’*! + [v["*1), one has
SO = eo( w21+ [51) + calyuolit (2.3)

Let

| | | | 1 p—1
m+1 p+1"r+1 p+17g+1 k+12(p+1)

In particular, o < % To simplify the notation, we introduce the following constants:

I<a< min{

}. 2.4)

p—i L L k— 1L
Ki = by | Q[ e, 7, Kz — by | Q[T '0"“, K = bs|T[@eme, 1
A NS 11 11 (2.9

81 — gG(O)HH»I p+l’ 32 — gG(O)/~+l p+l’ 83 — gG(O)tﬁ»l Av+l’

where A =min{c; —2,¢3—2} >0, and ||, |T'| denote the Lebesgue measures of Q
and T.
Note that the energy identity (1.6) is equivalent to

G(1) = G(0) + /0 /Q L1 (u)ty + g2(v)vJdx de + /0 /r e(yu)yu, drdr.

So, by Assumption 1.1 and the regularity of the solution (u, v), we conclude that G(¢)
is absolutely continuous and

G0 = [ a0 + 20w Okx + [ gtm@)puioar
> ai |u )| a0 ey =0, ae [0,7).  (2.6)
Thus, G(¢) is non-decreasing. Since G(0) = —E(0) > 0, then it follows that
0<G0)<G()y<S@t) forO0=<t<T. 2.7
Now, put
Y(1) = G(1)' ™ + eN'(1), (2.8)

where 0 <e < G(0). Later in the proof we further adjust the requirements on e.
We shall show that

Y1) = (1 — )Gy “G'(1) + eN' (1), 2.9)

where
V'@ =23+ w@]3) = 2(Juo]} g+ 07 o)
- t t d - t d
2/Q(g1(u i+ ga(v)dx 2/Fg(yu yyudr

+2 / (fi(u, vu + fo(u, v)v)dx + 2/ h(yu)yudl', a.e.[0,T). (2.10)
Q r
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In order to obtain (2.10), we first verify u e L™ (2 x (0, 7)) for all 1€ [0, T'). Indeed,
since both u and u, € C([0, t] Lz(Q)) we can write

m+1
/ / lul"'dxdr = u[(s)ds + up

dxdr
m+1 1
§2m|: dxdr+/ / |u0|”7+ldxdr]
0 0 Ja

Q
! !

<[ [ [ [ woriasarar + izt |
0 JQJO

1 1 1
< 2’71(tm+ ||ur||?;_+1(gx(0,,))+t”u0||:ZI]> < 00, (211)

u,(s)ds
0

for all +€[0,T), where we have used the regularity enjoyed by u, namely the fact
u e "2 % (0,7)), and the assumption wuye H'(Q) — L") since m<p <35,
as stated in Remark 1.10. Hence, ue L™ (Q x (0, 1)) for all 1[0, T). Likewise,
one can show that ve L"(Q x (0, 7)) for all 1 € [0, T'). Moreover, by similar estimates
as in (2.11), we deduce

I V””zﬁl(rx(o,z))f 2q( a yul”L‘I“(FX(O r))+[|V”0|ZI}> < 0.

Thus, yue LT x (0, 7)), for all 1€[0, T).

The above shows that u and v enjoy, respectively, the regularity restrictions
imposed on the test functions ¢ and ¥, as stated in Definition 1.2. Therefore, we can
replace ¢ by u in (1.4) and ¢ by v in (1.5), and by (2.2), we obtain

—N’(z)—/<u1uo+v1vo)dx+/ /(w + vl )dxdr—/(ﬂmhQ+nv||%9)dr
- /0 /Q (g1 (uu+ g2(vv)dx de — fo /r gu)yudrde
+ /O /Q (3 (s V)t + fou, vv)dox dr + /0 /r hywyudldr, ae.[0,T). (2.12)

By Assumption 1.1, [Vfju,v)| < C(lul’~" +[v/"~" 4+ 1), and so, by the mean value
theorem, one has |f(u,v)| < C(lul”+ v’ +1), j=1,2. Thus, by using Young and
Holder’s inequality, we have

!
[ e+ i sma
0lJe
t
< CT/ /‘(|u|erl + Pthdx dr < oo, (2.13)
0 Ja
for all 7€[0, T), where we have used the fact ue C([0,7]; H'()), the embedding

H'(Q) — L) and the restriction p < 5, as mentioned in Remark 1.10.
In addition, by using the regularity of the solution (i, v) and the assumptions on

the parameters, we infer
1 !
dr + / dr+ /
0 0
(2.14)

!
[ (ertmu -+ gxtuma
0lJe
for all 1 €[0, T'). Hence, it follows from (2.12)—(2.14), and the regularity of (u, v) that
N'(¢) is absolutely continuous, and thus (2.10) follows.

!
dr < C/ /(Iul” + P + D(Ju| + |v))dxdt
0 Ja

dr < o0,

f g(yu)yudrl’
r

/ h(yu)yudD’
r
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Now, note that (2.1) yields

|u)]} o+ 7O o= —(Ju@ 3+ v0]3) +25() - 2G(0). (2.15)

So, by (2.9), (2.10), (2.15) and the assumptions ufi(u,v)+ vf>(u,v) > c1F(u, ),
h(s)s > c3H(s), we deduce

Y(0) = (1= GO ™G (@) +4e(Ju |5+ v(0)]3) + 460
+ 2¢e(c) — 2)/ F(u(t), v(t))dx + 2e(c3 — 2)/ H(yu(t))dl’
Q r
- 26 [ s~ 2¢ [ exvoox - 2¢ [ goupuodr. @16
Q Q r
We begin by estimating the last three terms on the right-hand side of (2.16). First, by

using the assumption g,(s)s < b;|s|™"", Holder’s inequality, the fact p >m and the
inequality (2.3), we have

‘ / ()
Q

= /Q @l OF"dx < b [u@)],, |,

luo)|,,  (2.17)

m+1—

Kl S(Z‘)/H»l

< bl |Q|(p+ﬂlizlr+l) ” u([) H[)+1 ” Z/l,(l) “

where K is defined in (2.5). Observe, the definition of « implies p+1 m+1 +a<0.
Therefore, by using (2.6)—(2.7), Young’s inequality and recalling the definition of &,
85, 83 in (2.5), we obtain from (2.17) that

‘ / g1 (D)u(r)dx| < Ky S(eym e S(rymT ||Uz(f)”m+1

< Gty mH((;lS(,)_,_ Cs K ||uz(l)||ZI:>
< 81G(y T TS(1) + Cy, KlTa;lG’(z)G(t)*“G(z)#—#ﬂ
< SIGOFTTIS() + Cy K a7 ' G/(0G (1) GO+, (2.18)

By repeating the estimates (2.17)—(2.18), replacing u(¢) by v(¢) and m by r, we deduce

‘ / o (D)()dx| < 52G(0)#—$S(z)+CSZK;%;IG'(z)G(:)*“G(O)m—mW (2.19)
Q

Likewise, by replacing u(t) by yu(t), Q by I', p by k, m by ¢ in (2.17)—(2.18), we obtain

‘ / g(yu,(z»yu(t)dr‘ < 855GV T1S(1) + Cs,Ky' a ' G/ ()G(1) GOy 7T+,
I
(2.20)

Now, since 0 < & < 1, we may choose 0 <€ < 1 small enough such that
| 11y
L = l — 0 — 2€(C51K1'” Cl? G(O)/7+] T

e it % —1 A—Lto
+ Co, Ky a3 GO + Cy K, a3 G(OYFT#1 )z 0. (@21
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In addition, since A =min{c; — 2, c3 — 2}, then
(c1 — 2)/ Fu(t), v(1))dx + (¢c3 — 2) / H(yu(t))dl' > AS(1). (2.22)
Q r

Hence, by inserting (2.18)—(2.20) into (2.16) and using (2.21), (2.22) and (2.5),
we conclude

Y(1) > LG(1)™*G'(1) + 4e<|| u ()34 () ||§> + 4€G(1) + 1eS(1)

> 46(“14,(1) I3+ vl(t){|§~|—G(t)) + AeS(D). (2.23)
In particular, the inequality (2.23) shows that Y(¢) is increasing on [0, 7), with
Y() = G(1)' ™ + eN'(1) > G(0)' ™ + eN'(0). (2.24)
If N'(0) > 0, then no further condition on € is needed. However, if N'(0) <0, then we
further adjust € so that 0 < e < — (;(j?,)(]g; In any case, one has

Y(t) > %G(O)l’“ >0 forte0, 7). (2.25)

Finally, we show that
Y'(1) > Ce'™¥(1)" for t€[0,T), (2.26)

where

1 2
1 e 2 -1--
DA P d—2a)(p+1)

and C> 0 is a generic constant independent of €. Notice that o > 0 follows from the
assumption o < 52—

2(p+1y
Now, if N'(7) SPO or some ¢ €0, T'), then for such value of 7 we have

0,

Y(1)" =[G()'™ +eN'(1)]" < G(1) (2.27)
and in this case, (2.23) and (2.27) yield
Y'(1) > 4€G(1) > 4€'7°G(1) = 4! Y(0)".

Hence, (2.26) holds for all 7 €[0, T') for which N'(¢) <0. However, if 1€ [0, T') is such
that N'(¢) > 0, then showing the validity of (2.26) requires a little more effort. First,
we note that Y(1)=G(1)' ™ +eN'(1) < G(1)' ™ + N'(1), and so

Y(0)" < 2" [G(r) + N'(1)"]. (2.28)

We estimate N'(7)" as follows. By using Holder and Young’s inequality and noting
that 1 <n <2, we obtain from (2.2) that

N = 2'(Ju] Juo |+ )] v0l)’
= ([ 3w+ o3 bol),,)

< (L34l + o3+ o). (229)
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Since n = ﬁ and o > 0, it is easy to see that
2n B 2

C-mp+1D (1 =2a)(p+1)

Therefore, by (2.3), (2.7), (2.30), and by recalling € < G(0), we have

—1=-0<0. (2.30)

2n
0135 = (o)< st
=< CS([)(Z—ni(UHI)_]S([) < CG(O)_GS(Z) < Cefas(l)- (2.31)
Similarly,
[v(2) ;,11< Ce?S(1). (2.32)

By (2.29) and (2.31)—(2.32) and noting ¢ ° > 1, we obtain
N < c(||u,(t)||§+{| OIR +e“’S(z))

< ce (a3 + [v]5+S0). (2.33)
Finally, the estimates (2.23), (2.28) and (2.33) allow us to conclude that
Y() > Ce[G(t) + w0 +] v,(z)||§+5(r)] > Ce[G(1) + € N'(1)"]

> Ce'*[G(f) + N'(1)"] = Ce' o y(r)"

for all values of 7€[0,7T) for which N'(f)> 0. Hence, (2.26) is valid. By simple
calculations, it follows from (2.25)—(2.26) that T is necessarily finite and

T < Ce 1+ y(0) ™ < Ce M9 G(0) ™. (2.34)
As a result,
Y(1) = G(1)' ™ +eN(f) > 00 ast— T . (2.35)

It remains to show |lu(?)|l1.q+ [[v(®)|l1.o — o0 as t — T . Indeed, by the definition
of Y(¢) and the first inequality in (2.33), one has

Y(0)" < 2"7'[G(¢) + €'N'(1)"]
< 2! [G(t) - e”C(H ()] 3+] v,(z)||§+(“5(z))].

By recalling (2.1), and by further adjusting € so that —1+€’C <0, then (2.36)
implies

(2.36)

Y(0)" < 2771 [S(1) + Ce™ 7 S(1)]. (2.37)

However, by using the assumptions on the sources and employing Holder’s
inequality, we have

S(1) = fQ Fu(t), v())dx + /F H(yu(1))dT
1
< [ A0, 50) + 90 L0 0]+ [ Houoputoar
1Ja ¢ Jr

< (ol + o +Hyuord)
= c(Juo )+ PO+ o] 5 ). 2.39)
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where we have used the fact p<5 and k<3, as mentioned in Remark 1.10.
Consequently, by combining (2.37) and (2.38) one has

Y@y = C(Juo {5+ o5+l

and along with (2.35), we conclude [u(®)|; o+ IV(?H)l1gq— 00 as t— T . This
completes the proof of Theorem 1.8. |

3. Proof of Theorem 1.9

The proof of Theorem 1.9 goes along the same lines as the proof of Theorem 1.8;
except for the estimate of the last term on the right-hand side of (2.16). Here, we shall
utilize the following trace and interpolation theorems:

e Trace theorem (see e.g. [26]):

1
|yu|q+1 < C||u||W.\q+1(Q), where s > m (31)

e Interpolation theorem [27]:
W) = [H'(Q), "1 (Q)),, (3.2)

. 2(p+1)
where r = W’

bracket.

0 €0, 1], and as usual [+, -]y denotes the interpolation

We select 6 such that

1 1
= > for some <B<l 33
Blg+1) ~ g+1 qg+1 p (3-3)
Additionally, we require that
Ap+h (3.4)

TA—0(p+h+207"
Note p>g since by assumption p>2¢g—1=¢g+(q—1)>¢. So, inserting (3.3)
into (3.4) yields the following restriction on f:
-1
‘B > -
2(19 )
1

However, since ¢ > 1, and by assumption, p > 2¢ — 1, it follows that 1 > 2(p q) > o
Thus, it is enough to impose the followmg restriction on f:

> 0. (3.5)

p—
2Ap—q

Now, we turn our attention to the proof of Theorem 1.9.

)_ﬂ<1 (3.6)

Proof Under the above restrictions on the parameters, we first show that

c/%H (qu»ll)ﬂ
lyulgir = Crl llullTg+lull,yy ), (3.7

for some B satisfying (3.6), where C; is a generic constant.
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In order to prove (3.7), we use (3.1)—(3.4) and Young’s inequality to obtain

—60
yulgsr < Cllull oy < Cllullpr-ongy < Cllully g llullp

28 Zﬁ‘(tﬁ—l 28
= Cllullﬁ“’*”ll ||,,+’f“’“’ = C1<|Iull‘“' Hlully ”‘“”>. (3.8)

By comparing (3.7) and (3.8), it suffices to show that there exists B satisfying (3.6)
such that ff;;ﬁ;&;ﬁﬁ = (1:;_11),3. We note that the latter is equivalent to
2p+ DB =2(g+1)B—(p—1)=0. By the assumption 2¢g < p+ 1, the positive root
of the above quadratic equation satisfies:

2 2 2
R R e e I G R A AT
4p+1) 4p+1)
Additionally, we must show that

2(q+1)+\/4(q+1)2+8(p2—1)> bl (3.10)
4p+1) T2p-q)
as required by (3.6). Indeed, by routine calculations, it is easy to see that (3.10) is
equivalent to

(p=D(p+1D*p—-2¢+1)>0. (3.11)

Obviously, (3.11) is valid since p>1 and p > 2¢ — 1. Hence, (3.7), verified.
Now, we turn our attention to estimating the last term on the right-hand side
of (2.16). First, we note that (2.15) yields

Ju)|]} o < 250). (3.12)
By Holder’s inequality and the estimates (2.3), (3.7) and (3.12), we obtain

[ strutomonr < b: [ uolyuoar < bl avuo.

28 (pthB

< bC, <||u||“*‘ +lull 5 )Iyu,(t)qu

< b3C <2"+IS(1)4+' +¢ ‘”'S(l)‘”') (D)l

= K4S(l)‘/*‘ lyu0)lg (3.13)

q+1°

z/+l

where Ky = b3C - mdx{2ﬁ c }. In addition to the restriction on « in (2.4), we
further require o < }] +‘f, . +1 ! 4+ o <0. Thus, by using (2.6)~(2.7) and Young’s
inequality, we can continue the estimate in (3.13) as follows.

< KiS(F S(1y yuD)lg

/ gy D)yu(H)dr

A1 g+l
< G(1)y (545(0 + Cs, Ky |yuz(z>|q+1)
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< 8GOS + Co, Ky a3 G (0G0 G(0FT™

g+l p-1

< 8G(0)FS() + Cs, K, a3 G (DG(1) GOy, (3.14)

where 84 = 2 G(O):/%f.
Now, instead of estimate (2.20) we use (3.14), and instead of (2.21) in
Theorem 1.8, we choose 0 <€ <1 small enough so that

mil 1 el L1
Li=1—a—2¢(Cs K" a7 ' GOy 4 Cy K a;y GOy 71
174 1 22 M2
g+1

+ K a3 GOFT) = 0.

After replacing L with L in (2.23), the rest of the proof continues exactly as in the
proof of Theorem 1.8. |
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