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Abstract

We study a three-dimensional fluid model describing rapidly rotating convection that takes place in tall
columnar structures. The purpose of this model is to investigate the cyclonic and anticyclonic coherent
structures. Global existence, uniqueness, continuous dependence on initial data, and large-time behavior of
strong solutions are shown provided the model is regularized by a weak dissipation term.
© 2020 Elsevier Inc. All rights reserved.

MSC: 35A01; 35A02; 35Q35; 35K40

Keywords: Rayleigh-Bénard convection; Cyclonic and anticyclonic structure; Incompressible; Rapidly rotating tall
columnar structure; Global regularity

¥ Corresponding author.
E-mail addresses: caoc@fiu.edu (C. Cao), yanguo@fiu.edu (Y. Guo), titi@math.tamu.edu,
edriss.titi@damtp.cam.ac.uk (E.S. Titi).

https://doi.org/10.1016/j.jde.2020.06.033
0022-0396/© 2020 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2020.06.033&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2020.06.033
http://www.elsevier.com/locate/jde
mailto:caoc@fiu.edu
mailto:yanguo@fiu.edu
mailto:titi@math.tamu.edu
mailto:edriss.titi@damtp.cam.ac.uk
https://doi.org/10.1016/j.jde.2020.06.033

C. Cao et al. / J. Differential Equations 269 (2020) 8736-8769 8737

1. Introduction
1.1. The model

For the purpose of investigating the cyclonic and anticyclonic coherent structure in the
Rayleigh-Bénard convection under the influence of a rapid rotation, Sprague et al. [10] (see
also Julien et al. [7,6]) introduced and simulated the following asymptotically reduced system
for rotationally constrained convection that takes place in a tall column:

8—w+u~Vhw—8—¢=F9+iAhw, (1.1)
at 0z Re

8—w+u~Vhw—8—w:iAhw, (1.2)
ot 0z Re

%-i-u-vhé-}-wW:LAh@, (1.3)
at Pe

Vi, -u=0. (1.4)

The above system is considered subject to periodic boundary conditions in R? with fundamental
periodic domain 2 = [0, L]2 x [0, 1]. Here, (4, v, w)" denotes the velocity vector field, and u =
(u, v)'" denotes the horizontal component of the velocity vector field. The unknown 6 represents
the fluctuation of the temperature such that the horizontal spatial mean 6(z) = 0, for every z €
[0, 1]. For a function f defined on €2, the notation ? stands for the horizontal mean T(z) =

# f[O‘le f(x,y,z)dxdy for z € [0, 1]. We denote the horizontal gradient by Vj, = (%, a%)"

and denote the horizontal Laplacian by Ay, = % + 36}_22 The unknown w =V, x u=0,v — dyu
represents the vertical component of the vorticity. As usual, the horizontal stream function ¢ is
defined as ¢ = (—A;,) " 'w, with ¢ = 0. Also, a few dimensionless numbers appear in the model.
Specifically, Re is the Reynolds number, I' is the buoyancy number, and Pe is the Péclet number.

System (1.1)-(1.4) is an asymptotically reduced model derived from the three-dimensional
Boussinesq equations governing buoyancy-driven rotational flow in tall columnar structures,
by assuming that the ratio of the depth of the fluid layer to the horizontal scale is large, and
that the rotation is fast. One may refer to [10] for the derivation of this model. In fact, when
deriving model (1.1)-(1.4) from the 3D Boussinesq equations, the state variables, i.e., the veloc-
ity, pressure and temperature, are expanded in terms of the small parameter Ro, which stands
for the Rossby number. For rapidly rotating flow, i.e., Ro < 1, the leading-order flow is hor-
izontally divergence-free (see [10]). Roughly speaking, if the Rossby number is small in the
Boussinesq equations, then the Coriolis force and the pressure gradient force are relatively large,
which results in an equation that indicates that the leading order flow is in geostrophic bal-
ance: the pressure gradient force is balanced by the Coriolis effect. Then taking the curl of
the geostrophic balance equation implies that the horizontal flow is divergence-free, namely,
Vi-u=uy +v,=0.

We would like to stress that in model (1.1)-(1.4), the variable z stands for a large vertical scale,
which is a scale different from x and y. More precisely, the original Boussinesq equations are
considered in a tall column [0, L]2 x [0, £], where the aspect ratio £/L > 1. We let (x,y,2) €
[0, L]? x [0, £] and rescale 7 = £z. Notice that the large vertical scale z € [0, 1], whereas the
small vertical scale z € [0, £], for £ > 1. Set u(x, y,z) = u(x,y,2), v(x,y,2) = v(x, y,Z) and
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w(x,y,z) = w(x,y,Z7), where (i, D, w)"" represents the velocity vector ﬁeld for the original

Boussinesq equatlons Note the divergence-free condition of (i1, U, )" reads 2 rs + + %‘; =0,

which implies that + + 112 "a'f 0. Then, for £ >> 1, one can ignore the term 1 %’” and obtain

that 5% du s g” =0. In sum, the fast rotation and the tall columnar structure both lead to that the hor-
1Z0ntal ﬂow is divergence-free. Moreover, the absence of vertical diffusion in system (1.1)-(1.4)
is also a consequence of the large aspect ratio of the fluid region. Furthermore, it is remarked
in [10] that in the classical small-aspect-ratio (flat) regime, the strong stable stratification per-
mits weak vertical motions only, while in the present large-aspect-ratio (tall) case, the unstable
stratification permits substantial vertical motions.

The global regularity for system (1.1)-(1.4) is unknown. The main difficulty of analyzing
(1.1)-(1.4) lies in the fact that the physical domain is three-dimensional, whereas the regularizing
viscosity acts only on the horizontal variables, and the equations contain troublesome terms g—f

and %—‘; involving the derivative in the vertical direction.
In this work, we regularize the convection model (1.1)-(1.4) by imposing a very weak vertical

2
dissipation term €2 E;Tf to the vorticity equation (1.2), namely, we consider the regularized system

3—w+u-Vhw—%:F9+iAhw, (1.5)
ot 0z Re

8—w+u~Vha)—8—w ! —Apw +€32_¢ (1.6)
ot 9z Re 972°
%-i-u'vh@—i—wW:LAh@, (1.7)
at Pe

Vi -u=0. (1.8)

The main goal of this paper is to prove the global regularity of system (l 5)-(1.8). We remark that,

as a dissipation, 222 PP ¢ is much weaker than the vertical viscosity €2 a 22 since w = —Ap¢. The

purpose of introducing and analyzing (1.5)-(1.8) is to shed some light on the global regularity
problem for the 3D rotationally constrained convection model (1.1)-(1.4), a subject of future

. . . . . . 2
investigation. Notably, there is no physical meaning for the dissipation term 62‘37?, however,
it can be viewed as a numerical dissipation. On the other hand, if one replaces the numerical

dissipation 62327? by the vertical viscous term 62%27‘2", then the global regularity still holds but the
analysis will be simpler. See Remark 3.2.

In order to prove the existence of strong solutions for (1.1)-(1.4), we introduce a “Galerkin-
like” approximation scheme. In fact, the Galerkin-like system consists of a system of ODEs
coupled with a PDE, and it is set up in the format of an iteration. This special Galerkin scheme
represents a “novelty” of the paper.

For the original model (1.1)-(1.4), the local well-posedness of strong solutions can be estab-
lished. But whether the local strong solution can be extended globally or forms singularity in
finite time is unknown. Furthermore, system (1.1)-(1.4) does not contain any vertical diffusion,
which results in a lack of necessary compactness, thus it is not clear how to establish global exis-
tence of weak solutions. Even with the help of the weak dissipation 62 ¢ in system (1.5)-(1.8),
the global existence of weak solutions is still unknown, but this can be an 1nterest1ng problem for
future study.
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It is worth mentioning that the three-dimensional Hasagawa-Mima equations [8,9], describing
plasma turbulence, share a comparable structure with the convection model (1.1)-(1.4). Although
the well-posedness problem for the 3D inviscid Hasagawa-Mima equations is still unsolved, in
a recent work [3] we established the global well-posedness of strong solutions for a Hasegawa-
Mima model with partial dissipation. Also, Cao et al. [2] showed the global well-posedness for
an inviscid pseudo-Hasegawa-Mima model in three dimensions.

The paper is organized as follows. For the rest of section 1, we introduce suitable function
spaces for solutions and provide some identities related to the nonlinearities of model (1.5)-(1.8).
Then we state the main results, namely, the existence, uniqueness, continuous dependence on
initial data, and large-time behavior of strong solutions to (1.5)-(1.8). Section 2 features some
inequalities which are essential for our analysis. In section 3, we prove the existence of strong
solutions by using a Galerkin-like approximation method. In section 4, we justify the uniqueness
of strong solutions and the continuous dependence on initial data. Finally, we study the large-time
behavior of solutions in section 5.

1.2. Preliminaries

Let Q = [0, L]* x [0, 1] be a three-dimensional fundamental periodic domain. The standard

LP(2) norm for periodic functions is denoted by || f|l, = (fQ |f|pdxdydz)% for p > 1. As
usual, the L2(€2) inner product of real-valued periodic functions f and g is defined by (f, g) =
fQ fegdxdydz. Also H*(R2), s > 0, denotes the standard Sobolev spaces for periodic functions.
In addition, we define the space

H (@) = feLz(SZ):/|Vhf|2dxdydz<oo ,
Q

endowed with the norm || f1| ;1 () = [[oUf1*+ IVhf|2)dxdydz]l/2.
Let f € H} (Q) with zero horizontal mean, i.e. f =0, then the Poincaré inequality holds:

I£13 <ylIVifl3, where y = L?/(4n?). (1.9)

For sufficiently smooth periodic functions u, f and g, such that V; - u = 0, an integration by
parts shows

(w-Vpf,g)=—@-Vpg, f) (1.10)
This implies

(- Vi f, f)=0. (1.11)

Note that the horizontal velocity u, the vertical vorticity w, and the horizontal stream function ¢
such that ¢ = 0 have the following relations:

0=V Xu=vy —uy, ®=—0pp, u=_(¢y,—¢x)". (1.12)
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It follows that

(@, $) = |ul3. (1.13)

Also, ||lw|l2 = || Vpu|l2. In addition, by (1.10) and (1.12), we have

W-Vif,¢)=—-Vpo, f)=0, (1.14)

for sufficiently regular functions u, ¢ and f such that u = (¢, —¢x)"".

We remark that, since V;,-u=0and o =V, xu=vy —u,, thenu = (—Ah)_la)y and v =
A;la)x, if w = 0. Thus, the horizontal velocity u and the vertical component w of the vorticity
determine each other uniquely, provided V;, -u=0and u=0.

1.3. Main results

Before stating our main results, we shall give a precise definition of strong solutions for sys-
tem (1.5)-(1.8). Let us first introduce a suitable function space for strong solutions to (1.5)-(1.8).
Specifically, we define the following space of H'! periodic functions on Q with horizontal aver-
age zero:

V={ww6"eH @) :V,-u=0, u=0, w=0=0}. (1.15)

Here, the fundamental periodic domain Q2 = [0, L]2 x [0, 1]. Also, recall the notation ? stands
for the horizontal mean of f, that is, 7: # f[O’le f(x,y,z)dxdy for z € [0, 1].

According to the derivation of model (1.1)-(1.4) in [10], all of the quantities including the
velocity and temperature are “fluctuating” quantities about the horizontal mean, i.e., the original
quantities subtracted by their horizontal means. Therefore, in the space V defined in (1.15), all
quantities are demanded to have horizontal average zero. Also, we remark that these fluctuating
quantities contain the essential information of the dynamics.

In addition, by assuming that wy = 0, @y = 0 and Wy = 0, and assuming that ¢ =0 and 6 = 0
for all + > 0, then we can derive formally from equations (1.5)-(1.8) that w = 0, @ = 0 and
u =0 for all r > 0. Indeed, since Vj, - u =0, it follows that u - V}, f = 0 for any smooth periodic
function f defined on 2. Therefore, by assuming E =0and 0 =0 for all ¢+ > 0, we can take
the horizontal average of each term in equation (1.5), to obtain that 3,w = 0, which implies that
w =0 for all + > 0 provided that wy = 0. Next, by taking the horizontal average of each term
in equation (1.6) and using W = ¢ = 0, we obtain that 3, = 0, which implies that @ = 0 for all
t > 0 provided that @ = 0. Also, W = 0 since u = (¢, —¢,)"". Finally, by taking the horizontal
mean of each term in equation (1.7) and using w = 0, one has 9,0 = 0, which is consistent with
the assumption that @ = 0 for all # > 0.

Definition 1.1. Let 7 > 0. Assume (ug, wo, 6p)"" € V, thus wy = Vj, x ug € L2(2). We call
(u, w, 0)"" € V with w € L?(2) a strong solution for system (1.5)-(1.8) on [0, T'] if
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(i) u, w, 6 and w have the following regularity:

w,w,0eL>®0,T: H(Q) N C(0, T1; LZ(Q)):
we L>®(0,T; L*()) N C([0, T1; (H, (2)));
Viw, Apw, Apf € L2(2 x (0, T));

oz, Viws, Vibs., ;. € LH(Q x (0, T));

w, wy,0; € L2(Q % (0, T));

wr € L2(0, T; (HH(Q)).

(1.16)

(i1) equations (1.5)-(1.7) hold in the following function spaces respectively:

W+ Vyw — ¢, =00 + = Apw, in L2(Q x (0,T));
o+ - Vho — w; = go Ao+ €y, in L2(0, T; (Hy (Q)); (1.17)
O +u- Vi + wwd = 4-Apf, in L2(Q x (0, T)),

suchthat Vj, - u=0, w = V), x u= —A,¢, with ¢ =0.
(ii1) w(0) =up, w(0) = wo, @(0) = wo, §(0) = bp.

Now we are ready to state the main results of the manuscript. Our first theorem is concerned
with the global existence and uniqueness of strong solutions as well as the continuous depen-
dence on initial data.

Theorem 1.2. Let T > 0. Assume initial data (ug, wg, 09)'" € V, thus wg = Vi X ug € LZ(Q).
Then system (1.5)-(1.8) admits a unique strong solution (u, w,8) € V with w € L*(2) on [0, T]
in the sense of Definition 1.1. Moreover, the energy identity is valid for every t € [0, T']:

| =

t
(1w + fu i3 + 1013) + [ 1w13as
0

t

+f = (14wl + 191B) + - 194015 + €13 | ds
Re Pe
0

N =

t
(ol + ol -+ 60l3) + [ @. wyas. (118
0

Also, if (u, wyy, 00)"" is a bounded sequence of initial data in V and of = V), x uj is a bounded
sequence in L*(Q) such that (ug, wg, 9(’)1)" converges to (g, wo, 6o)'" with respect to the L*(S2)-
norm and wy, converges to wy in (th (), then the corresponding strong solution (0™, w", ™)!"
converges to (u, w,0)"" in C([0, T1; (L*(2))*), and o™ converges to w in C ([0, T1; (H}} ).

The next result is concerned with the large-time behavior of strong solutions for system
(1.5)-(1.8). It shows the energy decays to zero exponentially in time. Also, the L2-norm of
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as well as the L?-norm of the horizontal gradient of w and 6 approach zero exponentially fast.
However, the L2-norm of the vertical derivative of (u, w, #)"" grows at most exponentially in
time. Recall we have defined y = L?/(47?) in (1.9).

Theorem 1.3. Let « > 1 such that Pe # 2k Re. Assume (u, w,0)"" € V with o € L2(Q) is a
global strong solution for system (1.5)-(1.8) in the sense of Definition 1.1. Then, for all t > 0,

1612 < e 77" 16013, (1.19)
la@13+ N @13 < % (Iluoll3 + wol3) +C (777" + ™5 ) gy, (1.20)
In addition, for large t,
o113 + IVaw® 113 + Va0 (0113

1

__2 1
= (777" + &) Clluolla, Jwollz, 6ol 13:6011). (1.21)
Moreover, for all t > 0,

2 2
I, ()13 + w13 + 16013 < Coll g1, lwoll 1, 160]l 1) oI+ 18:00115+ 1)1
(1.22)

2. Auxiliary inequalities

In this section, we provide some inequalities which are essential for analyzing model
(1.5)-(1.8). The first one is an anisotropic Ladyzhenskaya inequality which will be used repeat-
edly in this manuscript.

Lemma 2.1. Let f € H'(Q), g € H(Q) and h € L*(). Then

1 1 1 1
/Ifghldxdydz <CUfl2+UVafll)2 A fllz + 1022 lglls Algla + 1Vagli2) 2 1]l
Q

We have proved Lemma 2.1 in [3]. Also, a similar inequality can be found in [4].
The next inequality is derived from the Agmon’s inequality.

Lemma 2.2. Assume f, f. € L>(R), then

SE?)P” / |f (e, y, 2)Pdxdy < ClIfll2 (1 f 2+ 11 f2ll2) - 2.1
z€lL,
[0,L1?

Proof. Recall the Agmon’s inequality in one dimension (cf. [1,5,11]):

1/2 1/2
1 llqon = CIV I s 1) 1 i go.1yy» fOrany ¥ € H'([0, 11).

Then, we have, for a.e. z € [0, 1],
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/ |f(x,y,2)*dxdy

[0,L1?

1
§C/ f|f|2dz

[0,L]> \O

=Clifll2difll2 + 1 fzl12)

1/2 1/2

1
/(|f|2+ |f1Pdz | dxdy
0

where we have used the Cauchy-Schwarz inequality in the last step. O

Next, we derive an elementary Gronwall-type inequality which will be used to deal with the
temperature equation (1.7) in section 3.2.7.

Lemma 2.3. Given continuous non-negative functions n, f, g, h : [0, 00) — [0, 00) such that
n € C([0, 0)). Suppose

dn

o Th=[f+gn forall 1>0, (2.2)

n

then

1 t 1 2

nz(t)+2/h(s)ds§C n2(0)+/f(s)ds+ /g(s)ds , forall t =0. (2.3)
0 0

0

Proof. Set £(¢) =n(t) — fot g(s)ds. Since n € C! and g is continuous, then & is also C'.
Let us fix an arbitrary time 7 > 0.
If £(T) <0, then

T

n(T) < /g(S)dS- (2.4)

0
If £(T) > 0, then we consider the following two cases.

Case 1: £(t) > O forallt €[0,T].
By (2.2) and the assumption that 4 is a non-negative function, one has nn’ < f + gn, that is,

t
§§’+s//g(s)ds < f, forallz [0, T]. (2.5)
0

On the one hand, if & > 0 on some interval [a, b] C [0, T, and since g is non-negative, then
(2.5) implies that £’ < f on [a, b]. Thus
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t
E2(1) <E%(a) + 2/ f(s)ds, forallt € [a,b]C[0,T]. (2.6)
a

On the other hand, if £ < 0 on some interval [a, b] C [0, T'], then £(¢) < &(a) for all ¢ € [a, b],
thus Sz(t) < éQ(a) for all ¢ € [a, b], as &£(¢) is positive on [0, T']. Therefore, (2.6) also holds. As
aresult, we have £2(t) < £2(0) +2 [y f(s)ds for all ¢ € [0, T], which implies

; 1/2
E(t) <£(0) + Z/f(s)ds , forallt € [0, T]. 2.7)
0

Since n(t) = &(t) + fol g(s)ds and along with (2.7), we obtain

12,

t
n(t) <&0) + 2/f(S)ds +/g(S)ds
0 0
' 72
=n(0) + Z/f(s)ds +/g(s)ds, forallt € [0, T]. (2.8)
0 0

Case 2: £(t) is not always positive on [0, T].

In this case, since &(T) > 0 and £ is C!, there exists t* € [0, T) such that E(t*) =0 and
&) > 0 for all ¢ € (+*, T]. Then, by using similar estimates as (2.5)-(2.7) from Case 1, we
obtain

; 1/2

s <k + 2 / F(s)ds
t*
12 12

t t
= Z/f(s)ds < Z/f(s)ds , forallt e[t*, T). 2.9)
t* 0

Since n(t) = &(t) + fol g(s)ds and together with (2.9), one has

t 12 t
n() < 2/f(s)ds +/g(s)ds, foralls € [¢*, T]. (2.10)
0

0

Notice that (2.8) and (2.10) hold at r = T'. As a result, for both Case 1 and Case 2, the follow-
ing inequality is valid:
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12
n(T) <n0)+ Z/f(s)ds +/g(s)ds. (2.11)

0

Due to (2.4) and (2.11), we see that, no matter what the sign of £(T') is, (2.11) always holds.
Furthermore, since 7 > 0 is an arbitrary time, (2.11) can be expressed as
13 1/2 t
n() <n@) + 2/ f(s)ds +/g(s)ds, forallr > 0. (2.12)
0

0

Next, we substitute (2.12) into the right-hand side of (2.2). Then

i, t " t
S O1+h() = (1) +80) 10+ (2 f f@)ds) "+ / g)ds |, @13)
0

for all ¢ > 0. Integrating (2.13) over [0, ¢] yields

t

1 2
ROR: / h(s)ds
0

t s

<Lro+ / Fls)ds + / ) [ no) + f f@ar). / ¢yt | | ds
0

0

[\

t t

1
=37 (0)+/f(S)ds+ n(0) + /f(f)df /g(f)df /g(S)dS
0 0
p 2

t
<c| o+ / Fls)ds + / swads | |

0

where in the last step we use Young’s inequality. 0O

Finally, we state a well-known uniform Gronwall Lemma. The proof can be found, e.g., in

[I1].

Lemma 2.4. Let g, h, 1 be three positive locally integrable functions on [0, 00) such that n' is
locally integrable, and which satisfy

dn
— < h, t>0.
dt_gn+ for t>

Then,
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1+1 1+1
fH—l g(S)dX
nt+1)<e' n(s)ds+ | h(s)ds |, forall t >0.

1 t

3. Existence of strong solutions

Our strategy for proving the existence of strong solutions for system (1.5)-(1.8) is a “modified”
Galerkin method. The a priori estimate for 6 involves L°° norm in the vertical variable, which is
not easy to obtain with the standard Galerkin approximation scheme. To overcome the difficulty,
we propose a “Galerkin-like” system, which consists of a Galerkin approximation for velocity
equations only, coupled with a PDE for the temperature.

3.1. Galerkin-like approximation system

We assume initial data wg, wg, 6y € H () withag =0, wg =0y =0, and wy = V), X ug €
L2(Q).

Let ej = exp Qmi[(jix + joy)/L + jaz]) for j = (ji, j2. j3)'" € 73, which form a basis of the
L2(§2) space of periodic functions in Q2 = [0, L1* x [0, 1]. For m € N, denote by Py, (LZ(Q)) the
subspace of L3() spanned by {ej}|jj<m. Also, for an L?(Q) function f = ZjeZ3 fiej» where
fij = (f, ej), we denote by Py, f = mem fjej the orthogonal projection.

In order to prove the existence of strong solutions for system (1.5)-(1.8), we introduce the
following “Galerkin-like” approximation system, for m > 2,

1
Btom + Pon (U - Vitom) = 2o = TP~ 4 —— Ay, (.1)
1
0t wm + P (U, - Viwy,) — azwm = EAhwm + Gzazz‘f’m, (3.2)
Vi uy =0, (3.3)
Om = Vi X Uy = —Apdpm, With g, =0, (3.4)
—
30" 4w, - V40 4wy w, 00 = EA;,O(’"), 3.5

where @y, Wy, @, Wi € Py (L?(R)), with the initial condition
O (0) = Ppwo, Up(0) = Puutg, wy(0) = Pywo, 6 (0)=6. (3.6)

Since (3.1) includes the term 0= for m > 2, we have to specify oM Here, we let 6D satisfy
the heat equation

1
3,0 — P—A,,e“) =0, with 60(0) = 6y. (3.7)
e

For a given "~ velocity equations (3.1)-(3.4) are genuine Galerkin approximation at level
m, which can be regarded as a system of ODEs, whereas the temperature equation (3.5) is a
PDE. On the one hand, w,,, u,,, w, are in the subspace P, (LZ(Q)), namely, they are finite
linear combination of Fourier modes. On the other hand, we do not demand 8 to be finite
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combination of Fourier modes, so the superscript m is adopted to emphasize the distinction
between 8 and (wp,, Wy, W)

It is important to notice that the “Galerkin-like” system (3.1)-(3.6) is set up in the for-
mat of an iteration. Let 7 > 0. We claim, for any m > 2, system (3.1)-(3.6) has a unique
solution on [0, T']. This can be seen by an induction process described as follows. To begin
the induction, a function 8 € C([0, T1; H (Q)) is given satisfying (3.7). Now, we assume
0m=b e C([0, T]; H'(R)) is known for an m > 2, and show that system (3.1)-(3.6) possesses a
unique solution (w,, Wy, Wy, 6™ on [0, T]. Indeed, since the velocity equations (3.1)-(3.4)
form a system of ODEs with quadratic nonlinearities, by the standard theory of ordinary differ-
ential equations, a unique classical solution (@, , Wy, wy,)™" for (3.1)-(3.4) exists for a short time.
Furthermore, one can show that the L2 norm of (u,,, w,,)"" has a bound independent of time (see
(3.15) below), thus (wy,, Wy, wy,)"" can be extended to [0, T']. Because u,, and w,, have finitely
many Fourier modes, they are analytic in space. Next we input u,, and w,, into the temperature
equation (3.5) and solve for 0 At this stage, u,, and w,, are known smooth functions, thus
(3.5) is a linear PDE, which has a unique solution

6™ e ([0, T1; H () with 9,0, A,0"™ v,0,6" € L2 (2 x (0,T)),  (3.8)
and 8,9.0" € L*(0,T; (H!(R))), (3.9)

so that (3.5) holds in the space L%(Q x (0, T)). Then, we can put 6 back into (3.1) to repeat
the procedure to obtain (w41, Upm+1, Win+1, 6m+Dyr In conclusion, given oM satisfying (3.7),
by induction, the “Galerkin-like” system (3.1)-(3.6) has a unique solution (wy,, ,, Wy, gumytr
on [0, T], for any m > 2.

We aim to show that the H'!(2) norm of (u,,, wy,, 8)" is bounded on [0, T'] uniformly in
m, and there exists a subsequence converging to a solution (u, w, #)"" of system (1.5)-(1.8).

Remark 3.1. By assuming iy = 0, wy = 0 and 6y = 0, we have
u,=0, w,=0, 00m =0, forallt €[0,T], m>2. (3.10)

Indeed, since (3.3)-(3.4) hold, it is required that w,, =0, u,, =0, and ¢_m =0 forall m > 2. To
see that w,, = 0 and 6m) = 0 for all m > 2, we use induction. First, note that@ =0, due to
(3.7) and 6y = 0. Now, we assume 6~ = 0 for an m > 2, and show w;, =0, 6 = 0. In fact,
by taking the horizontal mean of each term of (3.1) and using Vj, - u,, = 0, we obtain d;w,, = 0.
Then, because w;, (0) = P, wo = 0, it follows that Wy, =0. Next we take the hﬂontal mean
of each term of the temperature equation (3.5) to get 9,0(") = 0, which implies 6" = 0, since
W(O) =6y = 0. Finally, to check whether (3.10) is consistent with equation (3.2), we take the
horizontal mean on (3.2), then all terms vanish, if (3.10) holds.

3.2. Uniform bound for (W, w,, 0" in H'(Q)

This section is devoted to proving that (w,,, wy,, 9(’"))” has a uniform bound in L*°(0, T;
H'(Q)) independent of m. It implies that w,, is uniformly bounded in L>(0, T'; L?(R2)). The
calculations in this section are legitimate, because solutions for (3.1)-(3.6) are sufficiently regular.
More precisely, w,,, u,, and w,, are trigonometric polynomials satisfying (3.1)-(3.4) in the classic
sense, while 6™ has regularity (3.8)-(3.9) so that equation (3.5) holds in L2(2 x (0, T)).
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3.2.1. Estimate for |63
For any m > 2, we multiply (3.3) with #™ and then integrate it over £ x [0, 7] to get

t
1 1 1 1
—||9<"”<r)||§+/ — VRO ™13 + wn8™ 13 ) ds = = 16" 0) 15 = = 160ll3, (3.11)
2 Pe 2 2
0

for all 7 € [0, T']. Also, for 91, we obtain from (3.7) that

t
1 1 1 1
~16V 0113 + / — Va0V |3ds = <110V 0)[5 = = [160]13. forallz [0, T]. (3.12)
2 Pe 2 2
0

3.2.2. Estimate for w13 + [y I3
Taking the L2(2) inner product of equations (3.1)-(3.2) with (wy,, @) shows
1d
3 (1w B+ N 13) + 2 (1900m 13+ 19300 1) + €160 13
=T©O" ", w,) (3.13)

where we have used identities (1.11), (1.13) and (1.14).

Since the horizontal mean w,, = 0 by (3.10), one has the Poincaré inequality [w,|> <
Y IVhwn 2. Then TO =, wy) < TN0 D lallwinll2 < 535 [ Vawn 15+ ClIO V5. As are-
sult,

d 1 _
= (1w + 0 13) + 2= (18w 13+ 1900 13) + €20:0 13 < CllO ™.

(3.14)
Integrating (3.14) over [0, ¢], we obtain, for m > 2,
/1
Im 1B+ 01 + [ (ﬁ (Va3 + 100 13) + e2||az¢m||%) ds
0
t
< llwoll3 + lluol3 + Cf 16"~V 13ds < llwoll3 + lluoll3 + Cll6oll3, (3.15)
for all ¢ € [0, T'], where the last inequality is due to (3.11) and (3.12).
3.2.3. Estimate for ||wn |3
Taking the inner product of (3.2) with w,, yields
1
37 —lloml3 + — e IVh@mll3 + €110 13 = (9w, 0m), (3.16)

where (1.11) and (1.13) have been used. Thanks to (1.12), after integration by parts, we have
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(32, ) = / 0, (— A )dxdydz = — / Vi - Vadogmdxdydz
Q Q

2
€ 1
< IVawn 20IVR0:0m 2 = I Vawn 210,05 112 < 7||azum”% + 26_2”Vhwm||% (3.17)

C()mblnlng (-; l()) al’ld (-’)l ;) lmphes

By integrating (3.18) over the interval [0, ¢], we obtain, for m > 2,

1 1
2 2 2, .2 2 2, 1 2
llom @2 + [ 2o IVhomlz2 + €7l0:0nlz ) ds < llon Ol + = [ IVawnlizds
0

< lool3 +C (Ilwol3 + luoll3 + 160113) . forall ¢ € [0, T, (3.19)
where the last inequality is due to (3.15).

3.2.4. Estimate for | Vywpm |3
Taking the inner product of (3.1) with —Apw,, yields

| =

IV, w ||2+i||Ahw 13
mil2 Re mil2

N =
QU

t

< f |y - Viwn) Apwi |dxdydz + |9:0m 121l Apwi |2 + TINO™ VY2 | Apw |12
Q
1/2 1/2 3/2
< Cllom 13 (umll2 + 1920 12) 2195w 15 | A w1y
+ 18 0m 2| Apwp ll2 + IOV 2| Ap w2, (3.20)

where we have used Lemma 2.1 to establish the last inequality. Then, employing the Young’s
inequality, we obtain

d 2 1 2
I Vhtm 3+ —— A3
= Cllom Bun 13+ 100131 Vawnl3 + € (19:8m 13+ 16"~ "13) . G21)

Thanks to the Gronwall’s inequality, we have, for m > 2,

t
2 1 2
IViwm (N5 + — | |Apwnllzds
Re
0



8750 C. Cao et al. / J. Differential Equations 269 (2020) 8736-8769

t

_ t 2 24 ¢ 2y J¢
< [ IVawn @13 +C / (19:0 13+ 16D ) dis | o Clem bz bl s
0
< C(IVhwoll2. oo, 60ll2). forall € [0, 7], (3.22)

where the last inequality is due to estimates (3.11), (3.12), (3.15) and (3.19).

3.2.5. Estimate for ||| |2 ;o

We multiply (3.3) by 6™ and integrate the result with respect to horizontal variables over
[0, L]?. Recall the notation for the horizontal mean ? = # f[o, LP fdxdy. Since Vj, -u,, =0, it
follows that

19— 1l — -2
—— 10 2(z) + — Va0 2(2) + (w60 =0, 3.23
28t| 1*(2) Pel n0"1(2) (wm ) (2) (3.23)

for a.e. z € [0, 1]. Integrating (3.23) over [0, ¢] gives us

t

l|9<m>|2(z,t)+/ i|vh9<m>|2(z)+(w,,,e(m))z(z) ds
2 Pe

0

1—— 1=
= S0P 0) = 563 < € (160l + 12:60113) (3.24)
fora.e. z € [0, 1], for all ¢ € [0, T], m > 2, where the last inequality is due to Lemma 2.2.

3.2.6. Estimate for || V4,60 |3
Recall the regularity of 6 given in (3.8). Thus, we can take the L2(2) inner product of (3.3)
with —A,0 and after integrating by parts, we obtain

||v 9<’">||2+ ||Ahe<’")||2

1
5/‘(um-Vhe(m))Ah@(m)‘dxdydz—i—/‘wme('”)‘ / 16 A wnldxdy | dz

Q 0 0,L71?
1/2 3/2
< ClIViun 13 (1 ll2 4 19,0 1) 1 V60 11 2,611
1 2
w6 12| A w2 11160 2] /2 (3.25)

where we have used Lemma 2.1, the Cauchy-Schwarz inequality, and Poincar€ inequality (1.9).
Employing the Young’s inequality implies

d 1
SV + 1840 13 = ClIVaun 3 ([0 3 + 100,13 194613

+ 1w 31109 2| oo + | Apwi 5. (3.26)

Applying the Gronwall’s inequality to (3.26), we have, for m > 2,



C. Cao et al. / J. Differential Equations 269 (2020) 8736-8769 8751

t
1
IV,6 (1) 115 + Bo / | AR ™3ds
e

t

1 2 2 2
< | 16013 + / (10O BNOTIP Lo + | Apw3) ds | € o IVrtm 5 (00n 0 2)ds
0

= CUfll g1, IVawoll2, lwoll2), fort [0, T], (3.27)

due to the bounds (3.11), (3.19), (3.22) and (3.24).

3.2.7. Estimate for ||9;wp |3 + 18,0y |13 + 118,013

We differentiate (3.1)-(3.2) with respect to z and multiply them by d,w,, and 9,¢,, respec-
tively. Integrating the obtained equations over 2 x [0, ] yields

t

t
1 1
3 (12 @I + 100, 013) + oo [ (194000 1B+ 10.0013) s + €7 / 19:e b 3s

0

<|I3 wm(o)”2+”azum(0)”2 //|(8zum Vhwm)d;wm|dxdydzds
0
t

1
[ 1w Vidgmraconlarayazds + 5 [ (180715 + P ocwnlF) ds. 328)
Q 0

+

o _

for t € [0, T'], where we have used (1.11) and (1.14).

Now, we estimate each nonlinear term in (3.28). By Lemma 2.1 with f = V,w,,, g = d;u,,
and h = d; wy,, we have

/ [(0z0y, - Viywy) 0w |dxdydz

1/2 1/2
< Cl AR w1y (VR w12 + 1190, w0 12072 10,005 13 219200 1132 12w 12
<anhwm||2||azumn2 ||awm||2 210wl

1/2 1/2
+ CUUAKRW 1Y 1V10, w50 1y 1050 113 119,00 113119, w00 12

1
= o (1988013 4 :0m13) + 0013 + € (1 Anwn 13 + 13:0n113) o 1.
(3.29)

Also using Lemma 2.1 with f =u,,, g = V,0,¢,, and h = 9, w,,, we obtain

/ [ - Vi 0,Pm)0;0m|dxdydz

1/2 3/2
< Cllom 13 (lumll2 + 1920 122 10,00 132119, 00 113/
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1 , o X i
= m”azwm”z + C”(X)m”z (“um“Z + ”azumnz) ”azum|l2. (3.30)

Applying (3.29)-(3.30) to the right-hand side of inequality (3.28) yields

t t
2 2, |1 2 2 2 2
19z ()13 + 19z 0m (D112 + = (IIVh Oz wm |3 + 19z 0m ||2) ds + € | |0::@mll2ds
0 0

t

< 10w ()13 + 13:um (O) 113 + Cf (Neom 31013+ Nleom 31020113 4+ 1) 1003l
0

t 1

+C f (NAkwn 3+ N0wal3 4 1) 0w 13ds + / l0:0""~V3ds, (3.31)
0 0

forall t € [0, T].

Next, we estimate ||3,6 ™ ||%. Since 6™ has regularity (3.8)-(3.9) and u,,, w,, are analytic,
we can differentiate (3.3) with respect to z, and then multiply it by 9.0, and finally integrate
the result with respect to horizontal variables over [0, L1? to obtain

1d

T 10,0 > dxdy + / (01 - V,0™)3.0" dxdy

[0,L]? [0,L]?
+ W, O / (3, W) (3,0"™)dxdy + (3,w,,)0 ™ / Wi (8,0 dxdy
[0,L]? [0,L]?
+ 0 (3.6 / Wi (3:6)dxdy
[0,L]?

1
= / V43,0 2dxdy, forae.zel0,1].
e

[0.L]?
Recall the notation for the horizontal mean f = # /[0 LR fdxdy. Therefore,

1d

1 -2
S 10,07 *dxdy + - / V43,0 2dxdy + L? ‘wm(E)Z@(’”))’
e

[0,L1? [0,L1?

< / ‘(Bzum-Vhé(m))aze(m)‘dxdy—i—‘wme("’)‘ / 18, w1130 |dxdy

[0,L1? [0,L1?

e ‘(azwm)e)(m)‘ ‘wm(BZO(’”)) , forae. zel0,1]. (3.32)

Note,
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12 <‘(azwm)0(’")‘ ‘wm(BZO(’”))D () < 1.2 ((azwmw(m))z () + L2 ‘wm(azmm))‘z )

- )
< |0M|2(z) / |8Zwm(x,y,z)|2dxdy+L2‘wm(aze(m))‘ (z), forae.zel[0,1].

[0,L]?
Thus, (3.32) implies

1d 1
—— 10,0 (x, y, 2)|*dxdy + — / V430 (x, v, 2)|>dxdy
2dt Pe

[0,L1? [0,L1?

< / |Gcwn - V160 (x, 3, )dxdy +10P@) [ (0w (x, v,2)Pdxdy
[0.L? [0.L?

1/2 1/2

+‘u)m9(’”)‘(z) /|8Zwm(x,y,z)|2dxdy /|8Z9(m)(x,y,z)|2dxdy ,

0,L]? 0,L)?
(3.33)

for a.e. z € [0, 1]. Applying Lemma 2.3 to (3.33) with 5(z,1) = (f[o,“z 19:60™ (x, y, 2, t)|2dxdy>l/2,
and using Cauchy-Schwarz inequality, we deduce

t
2
f |8Z9(m)(x,y,z,t)|2dxdy+P—ef f IV,0.0" (x, y,z, ) >dxdyds
0,212 0 [0,L12

t
<C f |aze<m>(x,y,z,0)|2dxdy+C/ / ‘(azum-vw(m))aZe(m) (x,y,2z,5)dxdyds
[0.L]2 0 0,12

t
+C/ 1612(z, 5) |9, wim (x, ¥, 2, 8)[*dxdy | ds
0 [0,L]2

t t
—)
e /‘wme(m)‘ (z. $)ds //|Bzwm(x,y,z,s)|2dxdyds, (3.34)
0 O[O,L]Z

fora.e. z €[0, 1], and for all r € [0, T'].
Then, we integrate (3.34) with respect to z over [0, 1] to get

t
2
196" 13 + - / 1V3:6% 3ds
0
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t
§C||8zem(0)||§+C// ‘(8Zum.Vhe(m))aze(m)‘dxdydzds
0 Q

t

t t
[ _ 2
+C f 1169 12 oo |9z wpm [I3ds + C | sup f \wmew\ (z. $)ds / 1182w [13ds.
z€[0,1]
0 0 0
(3.35)

Note that by using Lemma 2.1, with f = V,0", ¢ = d.u,, and h = 3.6, and Poincaré in-
equality (1.9), one has

c / ‘(azum - Vhe(m))aze(m)‘dxdydz
Q

1/2 172 1/2 1/2
= ClIA™ 15 (1946 2 + 1940:0™12) Nl 0.0 151061

1 1
< 2 IV 13 + S 13+ 19:unl13 4+ € (184615 + 0.0 13) 19:6 5.

(3.36)
Substituting (3.36) into (3.35), we obtain
1 t
1:0 ()13 + / V4.6 |3ds
Pe
0
1 t t
<Cl2.0" 03 + TRe f 118, com l13d's + / 102w [13ds
0 0
t t
+C / (124613 + l10.0,113) 10:6 13ds + C / 116 2| < 18z |13
0 0
t 5 t
+C| sup /’wme(rn)‘ (z,8)ds /||8zwm||%ds, for all t € [0, T']. (3.37)
z€[0,1]
0 0

Combining (3.31) and (3.37) provides

t
1
10w 113 + 10:0n (113 + 19:6™ (113 + / (Va0 13 + Nocom 13) ds
0

t t
1
+ oo / V,8.0 |3ds + €2 / 118,26 l13ds
0 0
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5
< 10w ()13 + 1:um ()3 + C119:6" (O 13 + C/ (N2n w13 + 180013 + 1) 10103, 135

0
t

t
+C/|||9(m)|2||L°°”azwm”%dS+C sup /’wme(nﬂ
0

z€[0,1]

t
2 2
ds / 10z wm ll5ds
0 0

t

+€ [ (1m Bl -+ om0, 15 + 1) 2cun 13ds
0
t

1
+C / (1AR6 1B + 19w 13) 10:6 3ds + [ 19:6 V3, (3.38)
0 0

forallt € [0, T].
Thanks to the Gronwall’s inequality, we obtain, for all r € [0, T], m > 2,

1
1
19w @113 + 10:un (115 + 10:0“ D)3 + / (IVh0.wm 13 + Nocom 13) ds
0
1 t t
+ 55 [ 19500 s+ [ Noccplids
0 0

t
< | 18w 0)113 + 19,1, 0) 13 + C119:6 (0) |3 + f 18,0~ D|3ds | MO, (3.39)
0

where

t

M) = C/ (N2n w13 + 1820013 + oo I3 13 + lom 1310013
0
t

+ 1A N3+ 1160 2] 1o + sup /

z€[0,1]
0

-
me(’")‘ dt + 1)ds

< Clluoll g1, lwoll g1, I6oll g1, T), forall £ € [0, T1, (3.40)

owing to estimates (3.15), (3.19), (3.22), (3.24) and (3.27).
In order to show the right-hand side of (3.39) is uniformly bounded, we must prove that

fOT 18,60 ||3ds is uniformly bounded. Set #) = 1/(2¢%), where C > 0 is given in (3.40). We

first show foto 9.6 ||3ds is a bounded sequence. Then we show fém 1.0 ||3ds is a bounded

sequence. After iterating finitely many times, we will conclude that the sequence fOT EA ||%ds
is bounded.



8756 C. Cao et al. / J. Differential Equations 269 (2020) 8736-8769

To see foto A ||%ds is a bounded sequence, we argue by induction. To begin with, we
obtain from (3.7) that

t
f 19,0 V13ds < 18,06V (0) |5 = C 13,6013, forallz €0, T]. (3.41)
0

For an index m > 2, we consider two cases. If foto 9.0 3ds < fot" 9.0 =D|3ds, then
the sequence féo 9,0 ||3ds decreases at the level m. Conversely, if foto 9.6 |3ds >
Jo2 18,6~V |13ds, then by (3.39)-(3.40), we obtain, for ¢ € [0, o],

118, W (D113 + 1928 (D13 + 118,60 ()13

0]
< [ 118w (0113 + 1188, ()13 + C 19,6 (0) 13 + / 18,0~ D|3ds | M®
0
0]
< ¢ (118woll3 + 19:u0l13 + Cl12.60113) + ¢ / 16:0"13ds
0

0]
< C(lluoll g1, lwoll g1, 1601l g1, T) + €€ / 18,0 |13ds, (3.42)
0

where C > 0 is the constant given in (3.40), depending only on [|ug|| g1, lwoll g1, 160l g1 and T.
Integrating (3.42) over [0, #y] provides

) fo
f 19,6 12ds < CCluoll 1. Twoll 1. 60l g1, T) + 1o - € / 1.6 13ds.  (3.43)
0 0

Since ty = 1/(2eé), then 1 - € = % Thus, we obtain from (3.43) that

0]
f 18:0" 13ds < C(l[uoll g1, lwoll g1 160l 1. T). (3.44)
0

Since the right-hand side of (3.44) is independent of m, by induction, we obtain the sequence

Jo2 18,6 |[3ds is bounded by C(l[uoll 1, llwoll 71, 160l 71, T)- As a result, by (3.39), we have
192w (D13 + 132w ()15 + 1.6 (1)113

< C(luoll g1, lwoll g1, 160l g1, T), forallz € [0, 1], m > 2. (3.45)

We remark that the constant C(|[ug|l 1, lwoll g1, 160l g1, T) may vary from line to line in

our estimates, but it is always independent of m. On the other hand, C is a fixed constant given
in (3.40), also independent of m.
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Next, we show that ftito .60 ||%ds is a bounded sequence. Indeed, repeating the same esti-
mates as in (3.28)-(3.40) with the time starting at ¢y, we have, for all ¢ € [t, T'],

118, W ()13 4 11820, (D13 + 118,60 (1) 13

t
< | 19w (20) 113 + 19 (10) 13 + C 118,60 (1) 113 + / 9,0V 3ds | M1© (3.46)
fo

for m > 2, where

t

M1<z)=c/(nAhwmn%+ 118, W 113 + lleom 13110 113 + [1cwm 1131190 113
]
; J—)
FARO™ 2 + 1[0 2] e+ sup /‘w,,,e(m)‘ dr + 1)ds

z€[0,1]
fo

<M (@) < Clluollg1, lwoll g1, 60l g1, T), forall € [0, T1, (3.47)

due to (3.40).
Now, we can see that ftito ||819(’")||%ds is a bounded sequence via induction. Indeed, we

should first notice that ft?o 19:0M3ds < C|13,60|13 due to (3.41). Then, for an index m > 2,
if 20 18:00 1 3ds > [2° 8.0~V |3ds, then by (3.46), we obtain, for f € [1o. 21o].

118, Wi (D113 + 1928, (D113 + 118,60 ()13

219
< | 19w (20) 113 + 19 (20) 113 + C118:6™ (1) 115 + f 18,0V 3ds | M1 ®,
fo
2to
< | ol g, llwoll g1, 160l g1, T) + / 18,0 [13ds | €
fo
2t
< Claoll g1, lwoll g1 160ll g1, T) + €€ f 18,0 |13ds, (3.48)
]

where we have used (3.45) and (3.47). Then integrating (3.48) over [fg, 2f9] and using - €€ = %,
we have

2tg

/ 18,6 [13ds < C(l[aoll 1, llwoll g1, 160l g1, T). (3.49)

fo
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Hence, by induction, we see that ftilo .60 ||%ds is bounded by C([lug|| g1, llwoll g1, 160l g1, T)
for all m > 2. Thus, by (3.46), we obtain, for all ¢ € [z, 2],

18w ()15 4+ 11820 (D113 + 118,60 (1) 15 < Clluoll 1. llwoll g1, 1601l g1, T).

After iterating the above procedure on finitely many intervals [0, #], [f0, 2t0], - - -, [nty, T1,
we eventually obtain fOT |8.60™ ||%dt is a bounded sequence, namely,

T
/ 18,0 13dt < Claoll 1, lwoll g1 160l 1, T), for any m € N. (3.50)
0

By substituting (3.50) to the right-hand side of (3.39), we achieve the desired uniform bound

t
1
19:wn (113 + 190 113+ 10:0™ O3 + 5 / (1980w 13 + o0 13) ds
0

t t
1
o / 1V43:0% 2ds + €2 / 1022 12dis
0 0

= C(lollg1, lwoll g1, 160l g1, T), forallt €[0,T], m=2. (3.51)
3.3. Passage to the limit

According to all of the estimates which have been established in section 3.2 for u,,, W, Wy,
and 6™, we obtain the following uniform bounds:

Wy, Wy, 67 are uniformly bounded in L*(0, T; H' (Q)); (3.52)
wp, is uniformly bounded in L*°(0, T'; Lz(Q)); (3.53)
Viom, Apwm, Ap0™ w,,60 are uniformly bounded in L2(2 x (0,T));  (3.54)

3, wm, Vo, wm, Vpd.0", d..¢, are uniformly boundedin L?(Q x (0, T)). (3.55)

Therefore, on a subsequence, as m — 00,

u, = u, wy, —> w, 0 -6 weakly* in L®(0, T; H (Q)); (3.56)
wm — o weakly® in L%(0, T; L*(Q)); (3.57)
Viom = Vaw, Aywy — Agw, A0 — A6 weakly in L2(22 x (0, T)); (3.58)

doom — w7, Vidswm — Vaws, V400 — V6., 0,.¢m — ¢.. weakly in L2(Q2 x (0, T)).
(3.59)

In order to use a compactness theorem to obtain certain strong convergence of the approximate
solutions, we shall derive uniform bounds independent of m > 2 for d;w,,, 0;0,,, d;w, and
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9,0 _ First, we claim that the sequence d;wy, is uniformly bounded in L?(€2 x (0, T)). Indeed,
for any function n € L*3(0, T: L*(2)), we use Lemma 2.1 to estimate

T
//(um - Viwp)ndxdydzdt
0 Q
T
1/2 1/2 1/2
sc/nwmng/ (U ll2 A+ 1928 1202 V5w 1321 A w132 17 |2t
0

T T
5 3 5 5 2\ 4 AT
< sup [lonl; (ol + Wcn )1V 5 | [ 1800mi3ar)” ([ 1mi3ar)”,
t€[0,T]
0 0

(3.60)

which is uniformly bounded due to (3.52) and (3.54). Consequently, the sequence uy, - Vywy, is
bounded in L*(0, T; L2(2)). As a result, we obtain from equation (3.1) that

0; Wy, is uniformly bounded in L*(Q x (0, T)). (3.61)

Next we show that d,u,, is bounded in L2($2 x (0, T)). For any function 7 € L0, T; H,} (2)),
we apply Lemma 2.1 and Poincaré inequality (1.9) to estimate

T
//(um - Viwop)ndxdydzdt
0 Q

T
1/2 ~n1/2 ~ ~
scfnvhumuz/ (U ll2 4 1028 1) V0@ 21771 il + [ Vaiill2) V2 di
0

! T

T
1 1 1 3 ~ _ i
=C sup (19013 5 -+ 1] [ 1550 ) ([ 0703 + 19 Bar)
t€[0,T]
0 0

(3.62)

Note that (3.52)-(3.54) provide the uniform bound for the right-hand side of (3.62). Therefore,
the sequence u,, - Vjw,, is bounded uniformly in m in L%(0,T; (th(Q))/), where (th (R)) is
the dual space of H}f (£2). Consequently, we obtain from the vorticity equation (3.2) that

0;wy, is uniformly bounded in L2(0, T, (H;} Q)); (3.63)
0ruy, is uniformly bounded in LZ(Q x (0,T)). (3.64)

Moreover, 3,6 is bounded in L>(Q x (0, T)). Indeed, applying Holder’s inequality, we
deduce
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1 2
/ | Wi WO 2dxdydz < C / / [wp [>dxdy / 109 2dxdy | dz
Q 0 \[O,L]2 0,L]
| 2/3 1/3
<C / / |wp|®dxdy / 1071%dxdy | dz
0 \[O,L]2 0,L)?
< Cllwaligho™ 15 < Cliwmllt 1612, (3.65)

where the last inequality is due to the imbedding H'(Q) < L®(Q) in three dimensions. Since
the H' norms of w,, and " are uniformly bounded on [0, T'], (3.65) implies the sequence
Wi WO is bounded in L*(0, T; LZ(Q)). Also, using an estimate similar to (3.60), we can
show the sequence u,, - V0™ is bounded in L*(0, T; L%(2)). Therefore, we obtain from the
temperature equation (1.7) that

30" is uniformly bounded in L?(Q x (0, T)). (3.66)

Owing to (3.61), (3.63)-(3.64) and (3.66), on a subsequence,

dwm —> dw, Ouy, — du, 9,0 — 8,6 weakly in L>(Q x (0, T)); (3.67)
dwm — o weakly* in L2(0, T; (H (). (3.68)

By (3.52), (3.61), (3.64), (3.66), and thanks to the Aubin’s compactness theorem, the follow-
ing strong convergence holds for a subsequence of (W, w,, 7))

Wy —>u, wy— w, 87 >0 in L2(Q x (0, T)). (3.69)

Thus, @, —  in L2(0, T; (H,! (2))') for this subsequence.

Now we can pass to the limit as m — oo for the nonlinear terms in the Galerkin-like system
(3.1)-(3.5). Let ¢ be a trigonometric polynomial with continuous coefficients. For m larger than
the degree of v, we have

T
// Pm(um : Vhwm)Wd.xddedt
0 Q

T T
= / / - Vo) Ydxdydzdt + / / [y — 0) - Vo lWdxdydzdt. (3.70)
0 Q 0 Q

Since Vjw, — Vi weakly in L2(Q x (0,T)), u, — u in L2(Q x (0,7)), and Vjw,, is
bounded in L2(2 x (0, T)), we can pass to the limit in (3.70) to get
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T

T
lim // Pm(um-Vhwm)wdxdydzdtsz(u-Vha))l/fdxdydzdt. (3.71)
Q

m—00
0 Q

Similarly, we can deduce
m—0oQ

T T
lim //Pm(um -Vhwm)wdxdydzdt://(u~Vhw)1pdxdydzdt. (3.72)
0 Q

m— 00

T
lim / / (U - V0 "™y dxdydzdt =
Q

St~

/ (u- Vy0)ydxdydzdt. (3.73)
Q

Furthermore, we consider

/ (wmwmQ(m) - w@) Ydxdydzdt
Q

S~

(Wi — W) WO ™ yrdxdydzdt + /w(wm —w)dMyrdxdydzdt

Q

I
S~
St~

|
/

+ / ww @M — 0)yrdxdydzdt. (3.74)
Q

We shall show that each integral on the right-hand side of (3.74) converges to zero. The conver-
gence to zero for the first integral on the right-hand side of (3.74) is due to the fact that w,, — w
in L2(2 x (0, T)) and the uniform boundedness of the sequence w;,,# ™) in L%($2 x (0, T)). For
the second integral on the right-hand side of (3.74), we apply Cauchy-Schwarz inequality and
Lemma 2.2 to get

//w(wm —w)0 My dxdydzdt

T 1
1 1
<Cllimaxony [ [ ([ 10mPdxay) ([ - wPdsay)’( [ uldrdy)dzar

00 oL [0,L]? [0,L]?
<ClIYlL=@x©.1) Sup (||9<’”>||z o A ||2> lwm — Wil 2@ 0.7 101 2@ 0.7y) — O
t€[0,T]
where the convergence to zero is due to the fact that w,, - w in L%($2x (0, 7)) and the sequence

om is uniformly bounded in L>*°(0, T'; H 1()). Next, we look at the last term on the right-hand
side of (3.74):
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T
//ww(Q(m)—Q)llfdxdydzdt
0

1/2 172

T 1
SC”‘/f”LOO(Qx(O,T))// / wtdxdy /|9(m)—9|2dXdy dzdt
00

[0,L]2 [0,L]

< Cll¥llzo@x 0.7 up_ lwlZ16" — 01l 2x 0.7y — O
t€(0,

where the convergence to zero is due to the fact that 67 — @ in L%(2 x (0, 7)) and that
w e L®([0, T]; H'(2)). In sum, all integrals on the right-hand side of (3.74) converge to zero,
and thus

T
lim //(wmwmQ(m))l/fdxdydzdt=/fwwwdxdydzdt. (3.75)
0

m—00
Q

Owing to (3.56)-(3.59), (3.67)-(3.68), (3.71)-(3.73), (3.75), we can pass to the limit as m —
oo for the Galerkin-like system (3.1)-(3.5) to get

ow+u-Vyw—0,0 —1'0 — = Apw)¥ydxdydzdt =0,

A 0 — A dxdydzdt =0

I o (B +u- Vo — 3w — 1= Ay — €28,,) Ydxdydzdt =0, (3.76)
00 +u- V0 +wwh — o= Ap0) Ydxdydzdt =0,

OT Q 136 d

such that V), - u = 0, for any trigonometric polynomial i with continuous coefficients.

By using estimates similar to (3.60) and (3.62), one has u- V,w, u- V,0 € L*0,T; L*(Q))
andu- Vo € L2(0, T; (H} (R2))). Also, ww8 € L>(0, T; L*(2)) due to an estimate like (3.65).
Hence, we obtain from (3.76) that equations (1.5)-(1.7) hold in the sense of (1.17). By simply
integrating (1.17) in time, we see that w, u,6 € C([0, T']; L*(R)) and w € C([0, T; (H,}(Q))").
Then, it is easy to verify the initial condition. Also, by (3.10) and (3.69), we find that u =0,
w =0 and 6 = 0 for all ¢ € [0, T]. Finally, due to the regularity of solutions, we can multiply
(1.17) by (w, ¢,0)" and integrate the result over Q x [0, ¢] for # € [0, T] to obtain the energy
identity (1.18). This completes the proof for the global existence of strong solutions for system

(1.5)-(1.8).

28

Remark 3.2. If replacing the weak dissipation term € in system (1.5)-(1.8) by the vertical

viscosity €2 then the analysis will be simpler. Indeed with the help of the vertical viscosity

8 Eer
€2 %27‘2" , at the level of the L? estimate of the velocity field (u,,, w,,) for the Galerkin approxima-
tion, like the estimate in subsection 3.2.2, one can easily obtain that u,, is uniformly bounded
in L2(0, T; H'(RQ)), which will greatly simplify the proof for the existence of global strong
solutions.
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4. Uniqueness of strong solutions and continuous dependence on initial data

This section is devoted to proving that the strong solutions for system (1.5)-(1.8) are unique
and depend continuously on initial data. Since a strong solution has the regularity specified
in (1.16), all calculations in this section are legitimate. Assume there are two strong solutions
(ug, wy, 61)"" and (uy, wy, 62)"" for system (1.5)-(1.8). Let w; = V;, x ug and wy = V), x uy. Set
u=u; — W, w=w] — w2, wW=w; — wy, 8 =01 — 6. Therefore, for a.e. r € [0, T],

we+u- Vaw +uy - Vaw — ¢, =00 + 3-Aw, in LA(S),
o +u- Vo +uy - Vio — w, = o Ayo + €29, in (H) (Q)), 4.1)
O +u- Vit +uz - V6 + wwif) +wowd; + wawaf = p- A6, in LX(Q),

and Vj -u=0.

We multiply (4.1) by (w, ¢,0)"" and integrate over Q. By using (1.10), (1.11), (1.13) and
(1.14), we obtain, for a.e. r € [0, T],

d 2 2 2 1 2 2 1 2 2 2 02
= (1w + a3+ 1013) + == (1VawI3 + 1 V0ul3) + 5194013 + €915 + w2013

N =

§[|(u-Vhw)w1|dxdydz+/|(u2-Vh¢)a)|dxdydz+/I(u-Vh9)91|dxdydz
Q

LT
+3 (||9||2+||w||2 /Iww1919|dxdydz—/wzweledxdydz (4.2)
Q

Now we estimate each term on the right-hand side of (4.2).
Using Lemma 2.1 with f = w;, g =u and h = V,w, and by Poincaré inequality (1.9), we
obtain

/|(u -Viaw)wi|dxdydz

1/2

1/2
< IV 13 Alwillz + 19, w1 12) 2 )3 21 Vaully 1 Vwll

< = (IVawI3 + 1V013) + Vw1 (w3 + 10:wi13) ul3. @3)

Also, using Lemma 2.1 with f =up, g = V,¢, h = w, and by Poincaré inequality (1.9), we have

1/2

3/2
/ (w2 - Vip)oldxdydz < Cllanlly*(luzllz + 119:uzll2) /2 ally | Zpully

= Re —[IVul3 + Clloal3(luzl3 + 1w ) [ul5.  (4.4)

Moreover, by Lemma 2.1 with f =61, g =u, h = V},0, and Poincaré inequality (1.9), one has
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/ |(u- Vy,0)0|dxdydz
Q

1/2 1/2 1/2
< IVa61 1Y% (161112 + 19:61112) 2 )l y > [ Vully V4612
1 2 1 2 2 2 2 2
< e IVhul3 + 55 IVAO 13 + CII Vo I3 (||91 I3+ ||az91||2) 3.

Using Cauchy-Schwarz inequality and Lemma 2.2, we get

- 172 172
/|ww1910|dxdydz§C||w||2||0||2 sup [( / w%dxdy) (/912dxdy) ]
z€[0,1]

Q [0,L]? [0,L]?
< Cllwll20812(lwill2 + 1;wi 12) (161 12 + 11861 [12)
< C(lwi 3+ 18 wi I w3 + 6113 + 118:61113) 16113

Again, applying Cauchy-Schwarz inequality and Lemma 2.2, we obtain

1
I 5 1/2 2 | VA
_ / wywliOdxdydz < / ( / wldxdy) " ( / 62dxdy) " 28] dz
0

Q [0,L]? [0,L]?
< (161112 + 11361 12) w2 w20 |12
< w2813 + C 61113 + 118,61 13) | wl|3.

Now, we combine estimates (4.2)-(4.7) to deduce, for a.e. t € [0, T,

D (ol + 10l +1012) + o (15wl + 19013) + - 1V4613 + €lg1
dt Re Pe

= [ IVnw 13 (w13 + 1.1 13) + oz 132l + 19:u213)

+ 1V401 13 (16113 + 1o:6113) [ i3

(4.5)

(4.6)

4.7

+C (w1 13+ 19cw1 13+ 16113 + 196013 + 1) w3 + 16n 13 + 126113 + D113,

Thanks to the Gronwall’s inequality, we have, for all 7 € [0, T],
lw @1 + a3 + 10013 = (1w O3 + a1 + 160)13) 5

where

t

K0 =C [ [ (19001054 1) (1011 + 10c0113) + ol el + 1o.ual)
0

+ (Va3 + D (16113 + 10:60113) + 1 |ds.

(4.8)
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Since strong solutions (uy, wy, 61)"" and (up, wo, 62)"" are in the space L>°(0, T; (HI(Q))4),
K(¢) is bounded on [0, T]. Therefore, (4.8) implies the uniqueness of strong solutions.
Furthermore, (4.8) also implies the continuous dependence on initial data for strong solu-
tions, namely, if {(ug,w(,6;)"} is a bounded sequence of initial data in H 1(Q) such that
(ug, wi, 05)" — (wo, wo, 6p)"" with respect to the L?() norm, then the corresponding strong
solutions (u”, w", 0")" — (u, w, 6)'" in C([0, T1; (L2(2))*).

5. Large-time behavior

In this section, we prove Theorem 1.3: the asymptotic behavior of strong solutions as t — oo.
Since a strong solution has the regularity specified in (1.16), all calculations in this section are
legitimate.

First we show the exponential decay estimates (1.19)-(1.21). Taking the inner product of (1.7)
with 0 gives

37 ||9||2+—||Vh9||2+||w‘9||2=0 (5.1

According to the Poincaré inequality ||6 ||2 vV ||2 and estimate (5.1), we obtain

||9||2 + ||9||2 = (52)

It follows that

2 _ —55t 2
05 <e ¥Pe'||6pll5, forall > 0. (5.3)
Then, integrating (5.1) over [z, t + 1] gives

t+1

1 y 1 s 12,

EIIVh@IIerIIw@IIz a’SEEIIQ(I)IIzSEe vPer||6pll;, forall 1>=0. (5.4
t

Taking the L?(2) inner product of equations (1.5)-(1.6) with (w, ¢)"", we deduce

d 1
= (1wi3+ i) + —— (19nwl3 + 1Vaul3) + 10013 < Clol. )
Integrating (5.5) over [0, 7] gives
\ 1
lw®13 + @3 +/ (E (19hwi + 1V5u13) +ez||az¢||%) ds
0
< llwoll3 + lluoll3 + Cllé]l3. forall £ >0, (5.6)

by virtue of (5.3).
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Applying the Poincaré inequality to (5.5), we have

1
& (ot + i) + —— e (w13 -+ i) < Cloi3, 5.7

for any « > 1. From (5.7) and (5.3), we obtain

d /1 1
4 (e (113 + i) = cemon} < cel T 3. s

We can choose « > 1 such that Pe # 2« Re. Then integrating (5.8) over [0, ¢] implies

__ 1 2
I 13+ ) 13 < 7% (Juwoll3 + luol3) +C (777" +e 5% ) 6o]3,  (5.9)
for all # > 0. Integrating (5.5) from ¢ to ¢ 4+ 1 shows

t+1 t+1

1
/(ﬁ (||vhw||%+||vhu||%)+e2||¢z||%)dss||w<t)||%+||u<r)||%+0/ 1013ds

t
1
< e 7% (Juwoll3 + luol3) +C (e VR 4 oV ) 6013, forall £ >0, (5.10)
where the last inequality is due to (5.3) and (5.9).

Next, we take the inner product of (1.6) with w, and adopt the same calculation as in
(3.16)-(3.18) to derive

d 2 1
Enwn% + Envhwu% +e?fu 3 < G—znvhwn%. (5.11)

Integrating (5.11) over [0, #] and using (5.6), we obtain

t
2
()13 +/ (R—envhwn% + eznuzn%) ds < ool + Clwoll3 + ol + 16013),
0

(5.12)
forall ¢t > 0.
Now, we integrate (5.11) over [s, f + 1] for t <s <t + 1, and then integrate the result from ¢

tor+ 1 to get

t+1 141

1
o+ i< [ ||w||%ds+€—2f||vhwn%ds
t

1
< Ce” 7 (Jlwol3 + llwol3) + C (777 ™" ) oI, (5.13)

for all t+ > 0, by using (5.10).
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Then, integrating (5.11) over [z, 4+ 1] shows
t+1

t+1
2 1
f<ﬁ||vhw||%+e2||uz||%)dss||w(z>||%+€—2/||vhw||%ds
t t

1 2 1
< Ce iRe! (||w0||§ + ||u0||§) +C (e*m’ n eWW) 16013, forallz>1, (5.14)
where the last inequality is due to (5.10) and (5.13).

Furthermore, taking the inner product of (1.5) with —Ajw and using the calculations in
(3.20)-(3.22) yield

d 1
Vw3 + Al = Clol3ul} + I3 I Vawl3 +C (Ig:13 + 1613) . 5.15)

and
1 t
Vw3 + ﬁ/ I Aswli3ds < C(IVawoll2, llwoll2, 160ll2), forall#>0. (5.16)
0

Applying the uniform Gronwall Lemma (see Lemma 2.4) to (5.15), we obtain

t+1 t+1
t+1 2 2 2
t

t

2 1
= (777" +¢77m) Cllluolla, oz, 60ll2),  forall 1= 1, (5.17)

where we use (5.3), (5.9)-(5.10) and (5.13)-(5.14). Then, we integrate (5.15) over [¢, t + 1] to get

t+1 t+1

1

Ef||Ahw||%dss||vhw<r>||%+c/ L1131l + o131 Viwl3 + lg:13 + 1613 ] s
t

t
2, 1,
= (777 + 77 ) Clluolla, oz, I60l), forall 122, (5.18)
due to (5.3) and (5.9)-(5.10), (5.13)-(5.14) and (5.17).

Next, we multiply (1.7) by 20 and integrate the result over [0, L)% x [0, t], then we obtain

1
125 ' Son el 13 2 2
592(z,t)+f |:P—e|vh9|2(z)+ |wé| (z)] ds =65 () SC(||90I|2+ I|8z90||2), (5.19)
0

for all + > 0, and for a.e. z € [0, 1], where we use Lemma 2.2 to obtain the last inequality.
Also, taking the inner product of (1.7) with —A;6 and using the same calculation as in
(3.25)-(3.27), we obtain
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d 1
—IVLOII2 + — | ALO |3
d;” h ||2+Pe|| w01l

= CIVaul (Il + 1w l3) 194013 + [P I3167] L + | Apwl3, (5.20)

and
. !
VR0 + ﬁ/ IAR0113ds < C(l6oll 1, | Vawolla, lwoll2), forallz>0. (5.21)
0

Then, applying the uniform Gronwall Lemma on (5.20), we deduce

t+1
t+1 2 2 2y s —_— -5
VA0 + D3 < el Il / (V4613 + I AnwI3 + [wB13167] .~ ) ds

t

__2 _ 1
s(e el e w’)anuonz, lwoll2, 1Boll2. 19-60ll2), forall # > 2,

where we have used (5.4), (5.9), (5.13)-(5.14), (5.18) and (5.19).
It remains to show that |ju, ||% + Jlw, ||% + 116, ||% grows at most exponentially in time. Indeed,
performing similar calculations as in section 3.2.7, we obtain

0:w ()13 + 13:u() 13+ 1:0)13 < (13:woll3 + 13:w0ll3 + Cl10.6013) e, (5:22)

where

t
M) = c/ (NAnw I3+ 3 + lol3 i3 + ol 13
0

t
Py — 2
+1AROIE + 671 + sup /\wey dr +1)ds
ZE[O,I]O

= Cl@ollz, I Vawoll2. 160l 1) + € (16015 + 136013 +1) . (5.23)

for all + > 0, where we use (5.6), (5.12), (5.16), (5.19) and (5.21) to obtain the last inequality.
Notice that (5.22)-(5.23) implies (1.22). The proof for Theorem 1.3 is complete.
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