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In the present study, we are interested in the Davey-Stewartson equations (DSE) that
model packets of surface and capillary-gravity waves. We focus on the elliptic-elliptic
case, for which it is known that DSE may develop a finite-time singularity. We pro-
pose three systems of non-viscous regularization to the DSE in a variety of parameter
regimes under which the finite-time blow-up of solutions to the DSE occurs. We
establish the global well-posedness of the regularized systems for all initial data.
The regularized systems, which are inspired by the @-models of turbulence and
therefore are called the a-regularized DSE, are also viewed as unbounded, singularly
perturbed DSE. Therefore, we also derive reduced systems of ordinary differential
equations for the a-regularized DSE by using the modulation theory to investigate
the mechanism with which the proposed non-viscous regularization prevents the
formation of the singularities in the regularized DSE. This is a follow-up of the work
[Cao et al., Nonlinearity 21, 879-898 (2008); Cao et al., Numer. Funct. Anal. Optim.
30, 46-69 (2009)] on the non-viscous a-regularization of the nonlinear Schrodinger
equation. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4960047]

. INTRODUCTION

The Davey-Stewartson equations (DSE) are given by

ive + Av + Blo[*o — pdyv =0
Grx +vdyy = (0])x (1.1)
U(x’ y,O) = UO(x» _’/)

for the spatial variables (x, y) € R?, and the time variable ¢ € R, with zero boundary condition at
infinity, where the complex-valued function v(x, y,) represents the amplitude of a wave packet, and
the real-valued function ¢(x, y,t) stands for the free long wave mode. This system can be classified
as the elliptic-elliptic type for positive v, and the elliptic-hyperbolic type for negative v. System
(1.1) was first introduced by Davey and Stewartson,” and later by Djordjevic and Redekopp'® to
model propagation of weakly nonlinear water waves that travels predominantly in one direction,
but in which the wave amplitude is modulated slowly in two horizontal directions. System (1.1)
is a Hamiltonian system, which has certain conserved quantities: the L>-energy as well as the
Hamiltonian,

B P
H(v) = /Rz [|V0|2 - E|v|4 +5 (2 + vqbzy)] dxdy. (1.2)
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Ghidaglia and Saut proved the local well-posedness of the DSE (1.1) with v > 0 for the initial
data vy € H'(R?) in Ref. 13. Moreover, for 8 < min(p,0), the solution in the elliptic-elliptic case
exists globally in time, whereas for 8 > min(p,0), it has a finite maximum lifespan (cf. Ref. 13).
Also, the well-posedness and the scattering of a more general and abstract class of the DSE were
investigated in Ref. 11.

The ground-state solutions (also known as standing-wave solutions) of the DSE (1.1) in the
elliptic-elliptic case are solutions of the form v(x, y,f) = ¢!V R(x, y) and ¢(x, y,t) = F(x, y), where
R and F are real-valued functions with 4 > 0. Accordingly, the ground-state functions R and F
satisfy the following coupled nonlinear elliptic eigenvalue problem:

AR— AR+ BR*— pRF, =0
{ BR=p (1.3)

Fex + VFyy = (Rz)x

where v > 0, with zero boundary condition at infinity. The existence of ground-state solutions was
established by Cipolatti in Ref. 8. An alternative way of characterizing the solution of (1.3) is pre-
sented in Ref. 19 and it is shown that the solution of the DSE (1.1) exists globally in time provided
that the initial value vy € H'(R?) satisfies ||vo| 12(=2) < lIR|l;2(r2) where R is the ground-state solution
of (1.3). In Ref. 1, Ablowitz et al. explored necessary conditions for wave collapse in the DSE (1.1)
by using the global existence theory and numerical calculations of the ground-state.

The aim of our paper is to introduce three special non-viscous, Hamiltonian regularizations to
the nonlinear terms in the elliptic-elliptic DSE (1.1) in various parameter regimes, and establish the
global well-posedness of these regularized systems. These regularizations are in the spirit of the
a—models of turbulence. We will follow the approach in Refs. 4 and 3 in which an a-regularized
nonlinear Schrodinger equation (NLS) was investigated. See also references to the @-models of
turbulence in Ref. 4.

The two-dimensional cubic NLS equation is given by

i, +Av+ v =0 (1.4)

with the initial condition v(x, y,0) = vo(x, y), where v is a complex-valued function. It is a model
for the propagation of a laser beam in an optical Kerr medium, or a model for water waves at the
free surface of an ideal fluid as well as plasma waves (see, e.g., Refs. 17 and 22 and references
therein). It is well known that the 2d cubic NLS (1.4) blows up in finite time (see, e.g., Refs. 5-7,
14-16, 22, and 23 and references therein). Notice that the 2d cubic NLS is the deep water limit of
the DSE. On the other hand, the DSE can be regarded as a perturbation of the 2d cubic NLS, and
this perturbation does not affect the blow up rate.'>!”

In Refs. 4 and 3, the following non-viscous regularized system of the cubic NLS Equation (1.4)
is investigated:

v, +Av+uv =0
(1.5)

u—a*Au = v

with the initial condition v(x, y,0) = vo(x, y), with zero boundary condition at infinity, where @ > 0
is the regularization parameter. Notice that when @ = 0, (1.5) reduces to (1.4). It is shown in Ref. 4
that the Cauchy problem (1.5) is globally well-posed. Moreover, by regarding system (1.5) as a
perturbation of the cubic NLS equation (1.4), and by adopting the modulation theory, different
scenarios are demonstrated in Ref. 3 of how the regularization prevents the formation of the singu-
larities of the cubic NLS equation.

This paper consists of five sections. Section II introduces notations, and summarizes some
embedding and interpolation theorems, as well as properties of certain elementary operators. In
Section III, we briefly introduce three different non-viscous Helmholtz type of @-regularizations
to the DSE in the elliptic-elliptic case and state the global well-posedness of these a-regularized
systems. In Section IV, we prove the local well-posedness of these a-regularized systems by a
fixed point argument, as well as the extension to global solutions by using the conservation of
the L?-energy and the Hamiltonian. In Section V, we apply modulation theory following ideas
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from Refs. 3, 12, 19, and 22, to shed light on the mechanism of how these regularizations prevent
the formation of the singularities in the regularized DSE.

Il. NOTATIONS AND PRELIMINARIES
The following notations are used throughout the paper:

A=0xx+0yy, A =0xx+Vv0y,;

LP = LP(R?), |- I, denotes L?” — norm;

HY = HY(R?), || -|lga denotes HY — Sobolev norm;

wkp = wkr®?), || - lwp» denotes W*P — Sobolev norm;

LILL = LY L"(R*) (I = [0,T], z = (x,y)), ||-|l-.q denotes LYL! —norm.

Also, when writing that the gradient of a scalar function is in a given space, it actually means
that each component is in the space, and the norm is modified in an obvious way to incorporate
the vector structure. For instance, the notation V¢ € L? represents that ¢,, ¢, € LP with the norm

1
IVelly = (Je2 [VelPdx)?. p > 1.

Next, we recall some classical two-dimensional Gagliardo-Nirenberg and Sobolev inequalities,
as well as elementary interpolation estimates (see, e.g., Ref. 2),

2 q=2 qg-2
(M) lolly < Cllwlly lloll forv € H', 0 < <1, (2.1)
) lvlly < Cllvllwap forv e W»P, 1 <p<gq, (2.2)
3)  olly < Cllollg forv e H', 2 < g < o0, (2.3)
@) lvllg < Cllvllg2 forv € H*, 2 < g < oo, 2.4)
(5)  lollag < Cllolle foro € H*, k=(q-1)/q <2, (2.5)
k 2-k
©6) vllgx < ||v||:12||v||22 forv € H?, k < 2. (2.6)

In addition, for the elliptic Helmholtz equation ¢ — a2Az,b = Y, its solution will be denoted as
Y = B(¥) where,
B =(Id-a’A)7, (2.7)
where Id represents the identity operator. By Plancherel identity, for ¥ € L2, one has
IBCY)Il2 < [Vl (2.8)

Also, for ¥ € LP, 1 < p < oo, the following regularity property of elliptic operators is standard (see,
e.g., Refs. 18, 20, 24, and 25):

IB(¥)llw2p < Capll¥llp,  for 1 < p < oo, (2.9)

where C,,, depends on « and p, and C, ,, ~ 1/a?, as @ — 0O*.
Moreover, the Poisson-like equation A,y = ¥, for v > 0, can be solved in terms of ¥, and we
denote by ¢, = E(V), where the singular integral operator E is defined via the Fourier transform by

2

E(EnE) = ——— TénE). (2.10)

L +vE
Once again, due to Plancherel identity, for ¥ € L2, one has

IECY)Il2 < [[¥]l2- (2.11)
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Also, since the operator E is of order zero, then by the Calderon-Zygmund theorem (see, e.g.,
Refs. 20 and 21), we have

IECP)Il, < Cpll'Pllp, for 1 < p < oo, (2.12)

where C,, depends on p.
As usual, throughout the paper, the constant C may vary from line to line.

lll. HELMHOLTZ o-REGULARIZED DAVEY-STEWARTSON EQUATIONS

In this section, inspired by the inviscid a-regularization of the cubic NLS introduced in Refs. 4
and 3 (see also references therein), we propose three different regularizations of the DSE (1.1) of
the elliptic-elliptic type (i.e., v > 0) in the parameter regime B8 > min(p,0) where the finite-time
blow-up takes place.'? We also state the global well-posedness of these a-regularized systems.

A. Case1:p>0andpB >0

Under this scenario, by the conservation of the Hamiltonian (1.2) of DSE (1.1), we see that
the cubic nonlinearity B|v|?v in (1.1) tends to amplify the H'-norm, while the nonlocal term —p¢ v
can be viewed as a dissipation. Consequently, the finite-time blow-up of the H'-norm of the DSE
(1.1) is caused by the growth of the local term S|v|?v, which should be regularized to guarantee
global existence in H'. As a result, we introduce the first a-regularized Davey-Stewartson equations
(RDS1),

ivt + AU + ﬁl/lv - p¢XU = 07 AV¢ = (|U|2)X’
u—a’Au = v, (3.1
U(.X, yao) = UQ(.X, y)7

where v > 0, @ > 0, p > 0, and 8 > 0. Notice that system (3.1) reduces to the DSE (1.1) when
a = 0. Formally, system (3.1) has two conserved quantities: the L?>-energy and the Hamiltonian,

H(v) = /Rz [lel2 - §u|v|2 + g ((f)i + vqji)] dxdy. (3.2)

The RDS1 system (3.1) is globally well-posed in H'. In particular, we have the following.

Theorem 3.1. Let vy € H', then there exists a unique global solution of system RDSI (3.1), for
allt € R, suchthatv € CR,H")YN C(R,H™"), and Vo € C(R,LP), for p > 1. Moreover, the energy
N(@) = ||U||§ and the Hamiltonian H\(v) are conserved in time. In addition, the solution depends
continuously on the initial data.

B. Case2:p< <0

In this case, by the structure of the Hamiltonian (1.2) of DSE (1.1), we notice that the
nonlocal term —p¢ v in DSE (1.1) may amplify the H'-norm, while the nonlinearity S|v|>v can be
considered as a dissipation. Furthermore, since p < 8 < 0, the nonlocal term overcomes the cubic
nonlinearity, leading to a finite-time blow-up.'? Therefore, in order to obtain the global existence
of solutions, the nonlocal term —pv ¢, should be smoothed. We introduce the second a-regularized
Davey-Stewartson equations (RDS2) as follows:

v, + Av + ,8|u|21) —ppxv =0, AW = uy,
u—a’Au=? o-a’Ap =y, (3.3)
U(.X, %0) = UO(X’ y)9
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where v > 0, @ > 0 and 0 > 8 > p. Here the RDS2 system (3.3) reduces to the DSE (1.1) when
« = 0. Formally, system (3.3) has two conserved quantities: the L*-energy and the Hamiltonian,

Ho(v) = /RZ [|Vv|2 - §|v|4 + g (n,//f( + Vl/fz)] dxdy. (3.4)

The following result states that the RDS2 (3.3) is globally well-posed in H'.

Theorem 3.2. Let vy € H', then there exists a unique global solution of the system RDS2 (3.3),
for all t € R, such that v € C(R,H")n C'(R,H™"), and Vi € C(R,W*P) for p > 1. Moreover, the
energy N(v) = ||U||§ and the Hamiltonian H,(v) are conserved in time. In addition, the solution
depends continuously on the initial data.

C. Case3:p<0andgB >0

Notice that each of the two nonlinear terms individually may cause the blow-up of DSE (1.1),
and thus both of them should be smoothed in order to prevent the development of singularity. As a
result, the third a-regularized Davey-Stewartson equations (RDS3) is given by

vy + Av + Buv — ppxv =0, AW = uy,
u—a*Au= P  e-ad’Ap =y, (3.5)
U(-x7 !/,0) = UO(-x7 y)’

where v > 0, @ > 0, p < 0 and 8 > 0. As in previous cases, the RDS3 system (3.5) reduces to the
DSE (1.1) when a = 0. Formally, system (3.5) has two conserved quantities: the L>—energy and the
Hamiltonian,

Hs(v) = /RZ [|Vv|2 - gulv|2 + g (;l/)zc + vzﬁi)] dxdy. (3.6)

The following theorem states that the RDS3 (3.5) is globally well-posed in H'.

Theorem 3.3. Let vy € H', then there exists a unique global solution of system RDS3 (3.5),
forallt € R, such that v € C(R,H") N C'(R,H™"), and Vo € C(R,W*P), for p > 1. Moreover, the
energy N(v) = ||v||§ and the Hamiltonian H;(v) are conserved in time. In addition, the solution
depends continuously on the initial data.

IV. PROOF OF THE GLOBAL WELL-POSEDNESS OF THE o-REGULARIZED
DAVEY-STEWARTSON EQUATIONS

This section is devoted to proving the global well-posedness of the various a-regularized
Davey-Stewartson equations proposed in Section III. The proof for all the three regularized systems
can be presented in a similar manner, so we only demonstrate the proof for Theorem 3.3, i.e.,
for the system RDS3 (3.5) in the case: p < 0 and B > 0. As we have discussed in Section III,
under this scenario, both nonlinear terms fS|v|?v and —pv¢, in the DSE (1.1) are regularized. In
Subsections IV A-IV E, we shall study the local existence and uniqueness of solutions to (3.5) in
H' and H?, the continuous dependence on initial data in H', energy and Hamiltonian conservation,
as well as the extension to global solutions in H'. In order to make sure that the proof can be readily
adjusted to handle the systems RDS1 (3.1) and RDS2 (3.3) as well, we intentionally avoid using
the smoothing property of the a-regularization operator in justifying the local well-posedness. The
smoothing property is solely used when studying the extension to global solutions.

A. Short-time existence and uniqueness of solutions in H'

We follow the approach in Refs. 13 and 16 to establish short-time existence and uniqueness of
solutions to the RDS3 system (3.5) by using a fixed-point argument. In particular, we will prove the
following theorem.
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Theorem 4.1. Let vy € H', then there exists a unique solution of the RDS3 system (3.5) on
1 =1[0,T), for some T(||vo|lg1) > O, such that v € C(I,H)n CYI,H™") and Vp € C(I, W*P), for
p > 1. Moreover, the energy N (v) = ||U||§ is conserved on [0,T1.

To begin with, by using the operators B and E defined in (2.7) and (2.10), respectively, we write
the RDS3 system (3.5) as

iv,+Av+ F(v) =0, 4.1)
where the nonlinearity
F(v) = pB(lv)o — pB(E(B(|o*))e. 4.2)

where S > 0 and p < 0. Next, by Duhamel’s principle, we convert Equation (4.1) into an equivalent
integral equation,

v(t) = Govo + iG o F(v), (4.3)

where Gy, G are linear operators given by

(Gow)(1) = e"*w,  (Gf)1) = /O tei(’_S)Af(S) ds. 4.4)

Some well-known properties of the operators Gy and G are given in Appendix A.
Before proving Theorem 4.1, we will study the properties of the maps F and G o F. Set
z = (x,y) € R?, and let ¢ € [0,T]. We introduce the following function spaces:

X =LYLINLIL) and Xo= LYLINLYLY € X, (4.5)
with their relevant norms
llollx = max{||v]l2,c0; llv]l44} and [[ollx, = max{||v]l2,c0, [|V]l4,00}-
Also, we denote by Br(Xj) the closed ball in X, with center at 0 and radius R, i.e.,
Br(Xo) = {v € Xo: [lvllx, < R}
The following result states some properties of the nonlinear operator G o F.

Proposition 4.2. Let T > 0 be given. The nonlinear operator G o F : Xo — X is bounded and
locally Lipschitz continuous. Moreover, on each ball Br(Xy), G o F is a contraction mapping in the
metric of X, provided T is sufficiently small.

Proof. Recall from (4.2) that F(v) = BB(|v|*)v — pB(E(B(|v|?)))v, where 8 > 0 and p < 0, and
the operators B and E defined in (2.7) and (2.10), respectively. By using Holder’s inequality and the
properties of B and E given in (2.8) and (2.11), respectively, we have

IF@Ils < BIBu P llvlls + 1ol BEB Pl lla

< BllloPllallolls + 1ol Pllallvlls < (B + LoDllvll3- (4.6)
By Lemma A.1 in Appendix A, as well as inequality (4.6), we have

IG 0 F)llx = max{[|G © F(©)la.e. |G © F(0)la.s}
3 3
SYIFlg s <yTHB+ 1pDlIvl o < ¥TH(B + lpDlvl, (4.7)

Consequently, the nonlinear operator G o F : Xy — X is bounded.

Next, we show that G o F is a continuous operator mapping from X into X, and on each ball
Br(Xp) the operator G o F is a contraction mapping, with respect to the norm of X, provided T is
sufficiently small. To this end, we let v, w € Br(Xp), i.e., max{||[v]|2.co, [|0]l4,005 [[@]2,005 [[W]l4,00} < R.
Since G is linear, we use Lemma A.1 to obtain

IG 0 F(v) = G o F(w)llx = IGIF(v) = F(w)lllx < yllF(0) = F(w)lls 4. (4.8)
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We decompose || F(v) — F(w)||%’% as

IF@) = Fwlls s < B+ b) +1pl(1s + L), (4.9)
and claim

. 1 3
1= 1B = [wPolls s < 4R min{T4{lo = wilss, T = wilso}, (4.10)

. 1 3
L= |[B(wP) (o - w)lly ¢ < R2min{T2 v = wlla.a, T[lo = wlla.oo}, (@.11)

Wl

. 1 3
I = BEEB(ol = [wPDolly s < 4R min{T2||o = wllaa, THlv - wllae}.  (4.12)

. 1 3
Iy = | BEEB(lw*))(v ~ w)lla ¢ < RPmin{T2[|o = wllg4, T¥]|o = wllg,0}. (4.13)

[NFN

All of the inequalities (4.10)-(4.13) can be proved in a similar manner, so we just demonstrate
the proof of (4.12). By Holder inequality, as well as (2.8) and (2.11), we have

4 T 4 4
i< / IBEB(oP — wP)I Il dr
o 4 4
s/ 0P = PNl de
) 4 4 4
s/o ol + Jwlllo = wli ol de

8 . 2 E E
< (ollg,co + [Iwlla,e0)3 min{T3lo — wll} . Tllo = wlly }s

which implies (4.12) due to the fact ||v||4,0 + [|w]l4,c0 < 2R.
Combining (4.9) and (4.10)-(4.13) gives us

IF ) = F)lly s < 5B+ [pDR min{T o = wlys, THlo = wils o} (4.14)

By (4.8) and (4.14) it follows that
IG o F(v) = G o Fw)llx < 5¥(B +|oDRT o = wllx, (4.15)
IG 0 F() = G o F)llx < 5¥(B + |o)R*T[lo = wlix. (4.16)

Notice that (4.15) implies that G o F : Xy — X is locally Lipschitz continuous. Also, (4.16) shows
that on each ball Br(X)), the operator G o F is a contraction mapping with respect to the metric of
X, provided T < 1/(5y(B + |p|)R?)%. m]

Next, we introduce the following spaces:

Y={veX: VveX}c L I,H"), where X = L°L2n L}L3,
where I = [0,T], with the norms

llollx = max{||v]l2,c0, [[Vl4,4} and [lolly = max{l|v]lx, [[Vollx}.
Also, we set

4 4
Y ={feX : VfeX'}, where X'=L!L2+L}L;, 4.17)
with the norms
£ llxr = inf{llgllor +1nlls o : f =g +h} and [[fllyr = max{[|fllx, [V fllx}-

Recall the nonlinear operator F is defined in (4.2) by F(v) = BB(|[v|)v — pB(E(B(|v|*)))v,
where S > 0 and p < 0. Then the following result holds for F.

Proposition 4.3. The nonlinear operator F : Y — Y’ is bounded satisfying

3
IF@)llyr < C(B + lphT3]ll3, for veY. (4.18)
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Proof. Letv €Y,i.e.,v € X with Vo € X. We aim to show that F(v) € X’ and VF(v) € X’such

that max{||F(v)||x» |[VF()|lx'} < C(B + |p|)T4||v||Y By virtue of (4.6), one has F(v) € L; L3
such that

3 3
1FWlg 4 <T3(B+1pDlIol o < T8 + lpDllvl, (4.19)

Notice that Y ¢ L*(I,H") C Xo = LYL; N LYLy due to the imbedding H' < L*. Thus [jv||x, <
Cllv|ly, and along with (4.19), we deduce

IF@)lx < @)l 3 < T3B + DIl < CT(8 + oDllol- (4.20)

Next, we show that VF(v) € X’. We denote 73, the spatial translation by 4 € R? ie., To(x) =
v(x + h). Note that the function spaces considered are translation invariant in spatial variables.
Denote the identity operator by Id, then applying (4.14) gives us

I = 1) F@)lg s = IF(m0) - FO)lls 4
1
< 5B +1oDT 2 [lolx Ml (T — )0l 4. (4.21)
Now, dividing (4.21) by |A|, and then taking the limit as || — 0 gives

L L
IVF@)llx < IVF©)lls s < 58+ DT 2|lvll%,IVollss < C(B + [pDT2|lolly.  (4.22)

3

.

Estimate (4.18) follows from Equations (4.20) and (4.22). ]

In order to prove Theorem 4.1, for each vy € H', we define operator 7 : Y — Y by
T (v) = Govg + iG o F(v).
Since vy € H', we have Gy € Y due to Lemma A.2. Then, we define
Br(Govo,Y) ={v €Y : |lv — Gowolly < R}. (4.23)

The following result states a contraction mapping property of 7 .

Lemma 4.4. Let vg € H' and R > 0 be fixed. Then there exists T(||vo|l;1, R) > O sufficiently
small so that T : Br(Govy,Y) = Br(Govo,Y) is a contraction mapping in the metric of the space X.

Proof. Letv € Br(Govp,Y), then by Lemma A.1, Proposition 4.3, and Lemma A.2, we deduce

3
I7°(0) = Govolly = IG © F)lly < ¥IF)lly < yC(B + [pDTlvlly
3
< C(B +1pNT*(llv = Govolly + IGovolly)*
3 3
< C(B+1pNTH(R + IGowlly)* < C(B +1pNTH(R + cllvolly1)* < R,

provided T is sufficiently small, i.e., T < [RC™'(B + |p|)""(R + c||vo||H1)_3]%. This shows that 7~
maps Br(Govo,Y) into Br(Gouvp,Y), if T is sufficiently small.

Next, we show that 7~ : Br(Gouvo,Y) — Br(Gouvo,Y) is a contraction mapping. Let v € Br(Gouo,
Y),ie., |lv — Govolly < R. It follows that

lollx, < llo = Govollx, + [1Govollx,
< C(llo = Govolly + IGovolly) < C(R + cllvolly1) =: Ry, (4.24)
which shows that v € Bg,(Xo) = {v € Xp: ||v]lx, £ Ri}. By Proposition 4.2, G o F is a contraction
mapping on Bg,(Xo) in the metric of X provided T is sufficiently small. Moreover, it follows that

T : BR(Govo,Y) — Br(Govp,Y) is a contraction mapping with respect to the metric of X, provided
T is small enough. O

Finally we complete the proof of Theorem 4.1 as follows.
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Proof. We recognize that Br(Govo,Y) with respect to the X-metric is a complete metric space,
so by virtue of Lemma 4.4 and the contraction mapping theorem, we obtain that 7~ has a unique
fixed point v € Y. Consequently, v = 7 (v) is the unique solution of (4.3) in the space Y, provided T’
is small enough.

Next, we show that the solutionv € C(I,H 1. Indeed, if we introduce the spaces

Y={veX, VoeX}cC(H"), where X =C(I,L) L. (4.25)

then by Lemma A.2 and Proposition 4.3, we obtain that Govy € Y since vp € H', and Go F(v) € ¥
since v € ¥, and it follows that v = 7 (v) = Govg + iG o F(v) € Y ¢ C(I,H"). By the Equation (3.1)
we also have v, € C(I, H™").

Moreover, we claim that Vo € C(I, W*?) for p > 1. Indeed, since ¢, = B(E(B(|v|?))) and
v € C(I,H"), we obtain that ¢, € C(I, W*P), for p > 1, by using (2.3), (2.9), and (2.12). A similar
argument works for ¢,.

Finally we prove the conservation of the energy N (v) = ||u||§. Since v € C(I,H")Yn CY(I,H™")
and Vo € C(I,W4'l’) for p > 1, we can take the duality pairing of the RDS3 (3.5) with 7, and it
follows that

{0, D) 151 = ||Vl = ﬁ/2u|v|2dxdy + p/2 oxlvdxdy . (4.26)
R R

Notice that the right-hand side of (4.26) is a real number, thus we take the imaginary part of both
sides of (4.26). Then

_ d
Re (ur, D)yt = 5 0l = 0.

N =

This shows that the energy ||v ||§ is invariant in time. O

B. Continuous dependence on initial data in H'

This subsection is devoted to prove that the map vy — (v,V) is continuous from H' into
C(,H" x C(I,W*P), for p > 1, for system (3.5). More precisely, we have the following result.

Theorem 4.5. Let v € C(I,H") and Vo € C(1,W*P), for p > 1, be the solution of the RDS3
system (3.5) with the initial data v(0) = w € H'. Let w,, — w in H' and (v,,V,) be the solution of
(3.5) with the initial value v,(0) = w,,. Then (v,,V,) is defined on I = [0,T], for sufficiently large
n. Moreover, v, — v in C(I,H") and V,, — Vg in C(I,W*P), for p > 1.

Proof. The proof adopts the idea in Ref. 16. Let w € H'. By Theorem 4.1, there exists a unique
solution (v, Vo) of the RDS3 system (3.5), on I = [0,T], with the initial value v(0) = w, such that
veC(I,HYNC(I,H") and Vp € C(I,W*P), for p > 1. Let {w,} c H' be a sequence of func-
tions such that w,, — w in H'. Then there exists a sequence of solutions (v,,V¢,) to the system
(3.5) on I, =[0,T,] such that v,(0) = w,. Notice that T and T, depend on ||wl||g1 and ||w,||g1,
respectively, and since w, — w in H', we see that, for sufficiently large n, say n > no, one may take
T, = T. Thatis, v and {v, } all define on I = [0,T], for n > ny.

Now, we show that v, = vinY c C(I,H"). Indeed, since v,, and v satisfy (4.3), one has

v, — v = Go(w, —w) +i[G o F(v,) — G o F(v)]. 4.27)
Take the X-norm on both sides of (4.27) and apply Lemma A.1. We obtain
llon = vllx < IGo(wn — w)llx + |G © F(v,) = G o F(v)llx
< Ylwn = wla + IG 0 F(va) = G o F(v)]|x. (4.28)

We shall estimate the second term on the right-hand side of (4.28). By the construction of the
solutions v,, and v, we know that v, € Br(Gow,,Y) and v € Br(Gow,Y). Since w,, — w in H', we
see that v, € Bor(Gow,Y) for sufficiently large n. As a result, by (4.24), there exists R; > 0 such that
Un, U € Bg,(Xo). Therefore, by (4.16), we have

1
IG o F(va) = G o F(v)llx < 5y(B + |p)RITZ|lv, = vllx,
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and along with (4.28), it follows that

1
llon = vllx < Yllwn = wlla + 5y(B + |P)RIT 2 lo, = ollx. (4.29)

Next we take the gradient on both sides of (4.27) and notice that Gy and G are linear operators.
One has

Vv, — Vv = Gy(Vw,, — Vw) + i [G (VF(v,) — VF(v))]. (4.30)
By taking the X—norm on both sides of (4.30) and applying Lemma A.1, it follows that
Vo, = Vollx < [1Go (Vw, = Vw) llx + 16 (VF(vn) = VF()) llx

< ¥IIVun = Vulk + YIVF () = VF@)lls 3. (431
We shall estimate the second term on the right-hand side of (4.31). Notice that
IVEQ@n) = VE@)Ils 4 < B + ) + |pl(Is + 1), (4.32)
and we claim
I = 9B (ol? = 1oPoulls s < CT2Rillon = vlly, (4.33)
L= [V(B(lv) (v, - o))lls 4 < CT2 R, - vlly, (4.34)
~ 1
I3 = |V(B(E(B(|on)* - |U|2)))Un)”%’% < CTZR;|jv, - vlly. (4.35)
- 1
Iy = [V(B(E(B(|o*))(vn — o)lls 4 < CT2 Ryl = ollys (4.36)

for some R, > 0. All of the inequalities (4.33)-(4.36) can be justified similarly, so we solely demon-
strate the proof for (4.35). In fact, by using Holder’s inequality as well as (2.8) and (2.11), we
deduce

L < | BE(B(V]va|* - Vlvlz)))vnllg,% +IBE(B(|val* ~ Ivlz)))anII%,g

r 5 s 44 3 roo 54 4\
< ( / 19104 Vo] ||§||vn||:dr) + ( / ol = lo] ||;||wn||:dr) . @3
0 0
Notice that |V|v,|> = V|v|?| = |V(v,0,) — V(vD)| < 2|Vo, — Vol|v,] + 2|v, — v]|Vo]. It follows that
191042 = V1o lll> < 21lIV0, = Volloalll> + 2[[o, — v][Volll>
< 2|V, = Vollllvalls + 2llv, = oll4l|Volls, (4.38)
forallt € [0,T]. By (4.37) and (4.38), we deduce
~ 1
L < CT2[|[Vo, = Vollsallvalld o + lon = vlla.coll VOlla allonlla.co
+ (1onlla,co + [[01l4.00) l[0n = 0lla,col [ V]l 4]
1
< CT2 ([lonlls oo + 01 oo + V0I5 4 + V0113 4) (1V0n = Vollaa + llon = vllao) -

Since vy, v € Bar(Gow,Y) for sufficiently large n, there exists R, > 0 such that ||v;4.c0, [|[0]l4. c0s
(IVonlla.4 [ Vllag < R, for all n. Consequently,

Iy < CTIR|jv, - vlly.
By virtue of (4.31)-(4.36), we obtain

1
Vo, = Vollx < ylIVw, = Vwlh + Cy(B + [p)T 2 R3llv = vlly- (4.39)
Combining (4.29) and (4.39) yields

1
lon = olly < Yllw, — wllgr + Cy(B + |pDT 2(R} + R3)lv, — vlly. (4.40)
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If T < T*, where T* satisfies Cy(8 + |p|)(T*)2(R: + R2) = L, then
lon = vlly < 2¥llwn — wllg.

Since w, — w in H!, we obtain v, — v in ¥ ¢ C(I,H"). If T* is shorter than the life span
of the solution v, the above argument can be iterated. Finally, it is straightforward to deduce
that (¢,)x = B(E(B(Jv,]?)) = ¢x = B(E(B(|[v]?)) in C(I,W*P) for p > 1 by using v, — v in
C(I,.HY). O

C. Short-time existence and uniqueness of solutions in H2

Letz = (x,y)andt € I = [0,T], we introduce the function spaces

Z={veX: v eX AveL L}, where X =L’L;nLJL,, (4.41)
Z={veX: v eX, AveC(L»}, where X =C(I,L*)n LILS, (4.42)
Z'={feLlL:: f,e X'}, where X' =L!L2+ L?Lz%, (4.43)
with the norm
lollz = max{[jollx, llodllx, 1Avl2eo}s (1 fllzr = max{|| fll2,c0r Il fellx7}-

Recall that [|o]| = max{[[v]l,c, llvlla.4} and [|fllx = inf{llgll2.1 + lI72lls
that v € Z may also be characterized by v € L*(I,H?) and v, € X.'

. f =g+ h}. Also, note

TS

Theorem 4.6. Let vy € H> Then there exists a unique solution (v,V¢) of the RDS3 system
(3.5), with the initial value v(0) = vy, on the time interval I = [0,T], for some T(||vo||2) > 0, such
thatv € C(I,H?), v; € C(1,L?), and Vo € C(I,H®).

Proof. We follow the approach in Ref. 16. Define the closed ball Bg(Z) = {v € Z: |jv|lz <
R}.Let vy € H? and define the set A as

A ={v € Bgr(Z): v(0) =uvp}.

Also, we define the operator 7 : Z — Z by 7 (v) = Govg + iG o F(v), where the linear operators G
and G are defined in (4.4).

We shall show that 7 (A) C A provided R is large enough and T is sufficiently small. Let v € A.
Applying Lemma A.3, we estimate

17z < [[Govollz + |G o F(o)llz
< Govollz + IG(F(v) = F(oo)llz + [|G(F (vo))llz
< Yllvollg2 + 2y + DIF () = F(vo)llzr + 2y + DIIF(vo)llz- (4.44)

We shall evaluate the last two terms on the right-hand side of (4.44). Note that F(v) is independent
of time, so by using (2.4), (2.8), and (2.11), we obtain

IF @iz = IF(wo)ll2 < BlIB(vol*)Ilallvolles + [l BCEB(ug DI llvolleo
< C(B + Dol lallooll 2 = C(B + LoDllvollllvollg2 < C(B + loDIlvoll, - (4.45)
Next, we estimate ||F(v) — F(vg)||z. Indeed, by Lemma 3.3 in Ref. 16, we have

-1 k
lo(t) = v(s)llp < Clt — slvllz, for k= pT, 6=1- 5 (4.46)

By using Holder inequality, along with (2.9), (2.12), and (4.46), we evaluate
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I1F(v) = F(vo)ll2
< B(IB(ol = lwoP)ll3llolls + 1B(loolI3llo = wolle)
+1pl (IBCE(B(lo* = o)) lsllolls + 1 BEEB(wol))lsllo = volle)
< CB(lllof = lvolllsllolls + llvolllsllo = volls)
+Clpl (lllo? = vol*llsllvlls + lllvolllsllo — volls)
< CB(lllol + lvolllellv = vollsllvlle + lleollgllo — volls)
+Clpl (llle] + leolllsllo = vollsllolls + llvollgllv = volle)
< C(B+ o) (Ilvllg + llvollg) llo = volls
< C(B+ o) (o112 + lloolld) 3 [lollz. ~ forall € [0,T].
It follows that
IF(0) = Fuo)ll.co < CB + D) (01 + llool%,) T51loll
< C(B + lpl) (R? + lluol%,) T3R. (4.47)
Recall X' =L!L2+ L?Lz%, with the norm ||f||x- = inf{||g|lo.1 + ||h||%,% : f =g+ h}. Thus
10:(F(v) — Fvo)llx’ < ||0,(F(v) — F(vo))||%’% = ||6,F(v)||%’%. We denote by 7, the shift of time by

s € R, i.e., T0(r) = v(r + 5). Also, we denote the identity operator by Id, then by applying (4.14), we
deduce

1
(75 = IF @)l 4 = I1F(rs0) = Fo)lls 4 < 58 + oDl T2 Nl (7 = 1d)olla a.

Dividing by |s| and letting s — 0, one has

1
0:F(@)lls 4 < 508 + loDNw 1%, 21l l.4-
This shows that
1 1
10:(F(v) = F(vo))llx> < 5(8 + |pDllvll, T2 llvllx < C(B + [p)TZR’. (4.48)
Combining (4.47) and (4.48) yields
2 1
IF() ~ F(o)llz < C(B + [pDI(R? + llwollZ) T3R + T2R). (4.49)
By (4.44), (4.45), and (4.49), we obtain

2 1
17z < yllvollg2 + 2y + DCB + [pDI(R* + llvoll7,2) TIR + T2 R + [l .].

If we let R > yl|vollg2 + 2y + DC(B + |p|)||vol|;{2, and choose T sufficiently small, then the above
estimate implies |7 (v)||z < R. Also, notice that 7 (v)(0) = vy. So 7 (A) C A.

Next, we let v, w € A, and using Lemma A.1 and (4.14), we deduce
7() = T (W)llx = IG(F (@) = Fw)llx < yIIF@) = Fw)lls 4
1 1
< 5y(B + lph max{llol%, lwlZ,} T3l - wllas < CY(B + |oDRT o = wlix.

Consequently, 7 : A — A is a contraction mapping in the norm of X, provided T is sufficiently
small. It follows that 7~ has a unique fixed point in the set A with respect to the metric of X by
virtue of the contraction mapping theorem, i.e., there exists v € A such that v = 7 (v) = Govp +
iG o F(v) € Z, due to Lemma A.3. Therefore, v € C(I, H?) and v, € C(I,L?). Finally, v € C(I,H?)
implies |v|> € C(I, H?) since the spatial dimension is two, and thus by (2.9) and (2.11), one has
¢x = B(E(B(|v*]))) € C(I, H°). o
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D. Conservation of the hamiltonian

Theorem 4.7. Assume the initial datum vy € H'. Let v € CI,H)YNC'I,H™") with V¢ €
C(I,W*P), p > 1, be the solution of RDS3 system (3.5). Then the Hamiltonian

)= | [Wvﬁ L+ £ (2 + vwi)] dxdy
is conserved in time.

Proof. First, we assume vy € H?, then by Theorem 4.6, the RDS3 system (3.5) has a unique
solution v € C(I,H?) with v, € C(I,L?) and V¢ € C(I, HS). Therefore it is legitimate to take the
inner product of Equation (3.5) with 9, to obtain

i/ |v,*dxdy —/ Vv - Vi, dxdy + ﬁ/ uvb,dxdy — p/ pxvidxdy = 0. (4.50)
R2 R2 R2 R2

Now we take the real part of each term in the above equality. Clearly,

1d
Re/ Vo - Vidxdy = = — / |Vo|*dxdy. 4.51)
R2 2 dt R2
Moreover, since u — a?Au = |v|?, we see that u is real-valued, and thus

1 1
Re/ uvi;dxdy = —/ udy(|v*)dxdy = —/ u(uy — &*Auy)dxdy
R2 2 R2 2 R2

1d s e 1d sy 1d )
=-— + a”|Vul|”)dxdy = —— — a'ulu)dxdy = —— dxdy. 4.52
aar 00+ N dxdy = g0 | (8 - P dvdy = 3o | uoPaxdy. @5)
Recall from system (3.5) that ¢ — a’A¢ = ¢ and A¥ = u,. Also, since ¢ is real-valued, we
deduce that

1 1
Re/ oVl dxdy = —/ 00 ([v)dxdy = —/ 00, (u — &*Au)dxdy
R2 2 R? 2 R?

_— 2 __! _ld 2 2
= _E /RZ(W_ aApuydxdy = _E/RZWAthdxdy = ZE - (lﬁx + V!ﬁy) dxdy. (4.53)

By (4.50)-(4.53), we conclude that

d 2 B 2 P 2 2 _
o (/RzWU' dxdy—E/Rzu|v| dxdy+§ . (sz+va) dxdy| =0,

ie., %7—(3(1)) = 0. This shows that F3(v) is invariant in time provided v € C(I, H?) with v, €
Cc({,L?.

Next, we consider the general initial data: vy € H'. Take a sequence of functions {w,} c H?
such that w,, — vy in H'. Then by Theorem 4.6, there exists a sequence of solutions {v,} of (3.5)
on I, = [0,7T,], with the initial value v,(0) = wy,, such that v, € C(I,, H?), d;vn € C(I,,L?) and
Vo, € C(I,,H®). By the above result, we know that H3(v,) is conserved in time. Moreover, by
Theorem 4.5, we see that, for sufficiently large n, v, is defined on I = [0,T7], such that v,, = v in
C(,H"), Vo, = Vein C(I,W*P). If follows that u, — u in C(I, H*) and Vi, = Vi in C(I, W>P),
for p > 1. As a result, we conclude that H3(v,) — H3(v) on [0,7], and thus H3(v) is conserved in
time.

E. The extension to global solutions in H'

In the proof of the short-time existence and uniqueness theorem for the RDS3 system (3.5) in
Section IV A, we have produced the estimates that are necessary for implementing the contraction
mapping argument, on the time interval [0,7], where T is taken to be small enough depending on the
initial data. The solution of the RDS3 (3.5) established in Theorem 4.1 can be extended to a maximal
interval of existence [0, Tihax), Where Ti,,x might be finite or infinite. In this section, we establish the
global existence of solutions to the Cauchy problem (3.5), by using the conservation of the energy
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and the Hamiltonian. To do this, we focus attention on the maximal interval of existence [0, Tiyax). If
Thax = o0, then the solutions exist globally in time. On the other hand, if 7j,x < co, then one has

lim sup ||o(#)||1 = o (4.54)

t>Tax

otherwise, one can extend the solution, beyond Ti,,x, Which contradicts the fact that Ty, is the
maximal time of the existence. This argument is used to prove the global existence theorem in this
section, hence we assume by contradiction that Tj,,x < oo and then show that (4.54) does not hold,
which implies that Tj,,x = oo.

Now we present the proof for the extension to global solutions for the system RDS3 (3.5),
which completes the proof of the global well-posedness of (3.5) stated in Theorem 3.3.

Proof. Let [0, Thax) be the maximal interval of existence of the solution established in Theorem
4.1. We assume Tynax < co. It has been shown that the energy N (v) = ||v]| and the Hamiltonian

B P
Hi(v) = /R2 [|Vv|2 - Eu|v|2 +5 (w2 + wj)] dxdy, (4.55)

remains constant for all # € [0,T,,). We aim to derive a uniform bound of ||v||51 by using the
conservation of the energy and the Hamiltonian. Indeed, it can be readily seen from (4.55) that

B P
1901 = Hsw) + 5 | uloP sy = 5 (el + o 1), (4.56)
Recall that u — aAu = |v|%, i.e., u = B(|v|?). By using (2.1), (2.4) and (2.9), we estimate

2 2 2 2 2
/zulvl dxdy < |lulle=lvlly < Cllullg2lloll; = CIUB(o Dl g2llvll;
R:

2 2 2 2 3
< Gallloll2llolly = Cellollsllvlly < Cellollgllvlly » (4.57)

where C, ~ 1/a% as @ — 0.
By system (3.5) one has A, ¢ = u,, it follows that s, = E(u) where the operator E is defined in
(2.10). Since u = B(|v|?), we obtain ¢, = E(B(Ivlz)). We estimate ||y, ||, in the frequency space

1
(§2+ vE)? (1 + a?lé)?
1 2 4 _C e
RZWHUP@N d&dés < lolly /RZW d&dé = 02”0”2’ (4.58)

where we have used the above convolution theorem and Young’s inequality for convolution to
obtain [[o2(£)] = |(v- B)E)| = (8 * )(@)] < [lv]3, for every ¢ € R2. Similarly,

i3 = IEB(u)I; = 0P dérdé,

c
ol < 2ol (4.59)
By (4.56)—(4.59), one has
V013 < H0) + B Cullo@ll o018 + Lo
B2 Ipl

1
< H(vo) + E”U(t)nél + §CiIIUo||2 = Cyllwoll3 »
due to Young’s inequality as well as the conservation of the energy ||v |l and the Hamiltonian H3(v).
Since ||U||i]l = ||U||§ + ||Vv||§, it follows that

B’

IpI
IVo(@)ll5 < 2H(vo) + lluoll; + —C2I| vollS + =5

=Gy llvolls,
for all ¢t € [0, T,,..). Consequently,

limsup [[o(®)|| 1 < o0,

t—>Thax

which contradicts (4.54), and hence the solution exists globally in time. O
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V. MODULATION THEORY

Modulation theory is introduced in order to explain the role of the regularization, through
perturbation of a system that develops a singularity, in preventing singularity formation of the
original system. The intention of this theory is that the profiles of the perturbed system’s solutions
are asymptotic to some rescaled profiles of the original system’s solutions near the singularity. By
this approach, a perturbed system can be reduced into a simpler system of ordinary differential
equations that do not depend on the spatial variables and are easier to analyze both analytically
and numerically. Hence, in this section, we will apply modulation theory to the RDS3 system (3.5)
by following the ideas in Refs. 12, 19, and 22 (see also Ref. 4) for the purpose of observing the
prevention mechanism of the singularities.

First, we review some main results on an asymptotic construction of blow-up solutions for the
DSE presented in Refs. 19 and 22. It is convenient to rewrite the DSE (1.1) in the terms of the
amplitude v and the longitudinal velocity u; = ¢, in the form

5.1

iv, + Av + Blv*v — puv = 0,
Ayuy = (|U|2)xx-

It is shown in Refs. 19 and 22 that blow-up solutions of system (5.1) have the following asymptotic
form near the singularity:

. 112
T e T OEOP (], b(1))

v(x,y,t) =
L@ (5.2)

uy(x, y,t) = _Lz_(t)(_AV)_l(|P|2)ﬂ]’71’
where 7 = (71,m2) = (3, 4), v = L%, a = -L,L and b = a® + a, ~ a*, which satisfies b, ~ —¢ V7,
and to leading order at the limit as 7 — oo, one has b ~ ﬁ In addition, the function P in (5.2)
satisfies

b 1
AP - P+ Z|77|2P +iVh (— - 1) P+ BIP*’P - pPQ =0
p
AVQ = (|P|2p)7717]1

which is the steady system of (5.1) (see Refs. 19 and 22), where p > 1. Itis also obtained in Refs. 19

and 22 that, as b tends to 0, 1 — % ~ %e_ﬁ and the scaling factor L(¢) approaches zero, in the case
1

of self-focusing of the original system, like L(¢) ~ (t* — t)%(ln In - )_%

Observe that the singularity in the original system (5.1) is manifested by the fact that L(¢) tends
to 0, as t — t*. Thus, our goal is now to show how the regularization mechanism prevents L(¢) from
collapsing to zero.

We adopt a similar strategy as in Refs. 19 and 22. The following arguments are formal and have
not been placed on the level of mathematical rigor. For small values of the parameter «, the RDS3
system (3.5) can be regarded as a perturbation of the DSE (1.1). To see this, we define

D=9,V =1y,

(5.3)

for the sake of convenience. Then Equation (3.5) becomes

{ivt +Av+ Buv — p®v =0, AY =uyy, (5.4)

u—a*Au = |v|2, D — ’AD = ¥,
and u and @ can be formally expanded in leading order o as

u= v+ aAu = v + Ao ]* + @?Au) = |v]* + @A) + O(e),

O =V + A0 = ¥ + *A(Y + *AD) = ¥ + *AY + O(aY).
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Thus we can rewrite Equation (5.4) to the leading order of o as

(5.5)

iv; + Av + Blo|*v — pPv + @ (ﬁvA|v|2 — pvAY) =0,
AY = (|U|2)xx + azA(|U|2)xx-

The numerical simulations, Ref. 19, suggest that the blow-up of the DSE (1.1) is very similar
to that of the critical NLS (1.4) and the typical scales remain comparable in the x and y directions.
Therefore we choose to use the same scaling factor L(¢) in both directions. As in Refs. 19 and 22,
we define

_ X _y o _ [
‘T CTio 7T /O 2™
U(é1,é,7) = Lit)o(x, y,1),  W(E1,E,7) = LX(1)¥(x, y.1).

Since U and W depend on the new variables &1, &, and 7, in what follows we denote
V=(0¢,0z), A=0q6+056, A =0+ Vg,

Notice that v, = 9, [L€:220| = L [U, + a(U + £ - VU)], where a = -L,L and & = (£1,£)).

Then Equation (5.5) can be written as
iUy +ia(U + £ - VU) + AU + BIUIPU — pWU + € (BUA|UJ* — pUAW) = 0,
AW = ([UP)ge, + €A(UP)g e

where € = (L’—Z Inspired by (5.2) we set

Ug,T) = e"“‘“%ws,r),

and let b = a, + a2. Therefore

b
{iv, +AV -V + Z|§|2v + BIVIAV = pWV + e(BVA|V|? = pVAW) = 0 5.6)

AVW = (|V|2){:1f1 + EA(|V|2){:1§1

We observe that, on one hand, Equation (5.6) becomes the rescaled form of the RDS1 system
(3.1) if the terms —epVAW and eA(|V|2)§1{,51 are neglected. On the other hand, if the term e SVA|V|?
is omitted from (5.6), the equation becomes the rescaled form of the RDS2 system (3.3). Therefore,
the argument in this section can also be applied to the RDS1 and RDS2 systems in a straightforward
manner.

Analogously to Refs. 19 and 22, we formally modulate the degree of the nonlinearity, and
introduce the steady state system (similar to (5.3))

b 1
AVO— V04 Z|§|2V0 + BIVOPPYVO — oWV + iV (— - 1) Vo
p
+e(BVOAIVOP — pVOAW?) = 0, (5.7)
AW = (VOPP)gg, + €AV g g,

with p > 1 and b > 0, where VO(|£|, b(), (1)) and WO(|£|, b(7), €(T)) are quasi-steady in 7.
At this stage, we expand V and W° with respect to small values of b and e,

{VO = S(1€D) + b(DG(€]) + e(mH(E]) + 01, %),

5.8
WO = X(I€]) + b)Y (i€]) + () Z (€] + O ). 68

Notice that, if ignoring the terms involving € in (5.7), it reduces to (5.3), which is a nonlinear
eigenvalue problem expected to have no nontrivial solutions with monotonic decreasing profiles
except when a specific relation p = p(b) holds. Since we are interested in situations where b varies
in time, as in Refs. 19 and 22, we consider the conditions b(7) — 0* and p(b(1)) —» 1" as 7 — oo,
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then the equations for (S, X) are given by

AS - S+ BS* - pSX =0,
f P (5.9)
AX = ($)g6, = 0,
and the equations for (G,Y) are
1
AG - 2 p(SY + GX) = ——|¢&
G—-G+3B8GS” - p(SY + GX) 4|§-‘| S, (5.10)
AY —2(GS)z e, =0,
and also the equations for (H, Z) are
AH — H +3BHS? - p(SZ + HX) = —BSA(S?) + pSAX, G.11)
AZ-2SH)g ¢, = A(Sz)flfl’ '

with zero boundary conditions at infinity.
Notice that (5.9) is a system of nonlinear PDEs, which is essentially identical to the system
(1.3), whose solutions are ground states (standing waves) of DSE, and the existence, regularity, and
asymptotics of the ground states have been studied in Ref. 8. On the other hand, (5.10) is a system
of linear equations, and due to the Fredholm alternative, (5.10) is solvable provided the vector
determined by the right-hand side of the system is orthogonal to the kernel of the adjoint of the
operator arising in the left-hand side. In particular, the vector (—%lf S, 0) needs to be orthogonal to
the solution set of the equation
AG - G +3BGS* — pGX - 28¥,¢, = 0, s
AY - pSG = 0. (5.12)

By virtue of (5.9), the solution set of (5.12) is spanned by

Sfl sz
2 2

where (X1)g, = X and (Xp)g,¢, = Xg,. As a result, the solvability condition of system (5.10) is
fR2|§|2SS§j dédé> =0, j = 1,2, that s,

/2§j32 dédé, =0, j=1,2.
R

This condition is satisfied since S is symmetric with respect to the variables &; and &,, which is
confirmed by numerical simulations.'®?> Analogously, the existence of solutions for (5.11) requires
that the right-hand side of (5.11) be orthogonal to the kernel of the adjoint of the operator arising in
the left-hand side, which is also spanned by the vectors given in (5.13). The solvability condition of
system (5.11) thus reads

L [-BAS06,(5%) + pl (90X + pASIX | déadéa =
R2 ’

for j = 1,2, which can be reduced to

/ A(5%)0g,(S) dé1dé, = 0,
R2

which is valid since S is symmetric with respect to &} and &;.
Next, we consider the unsteady problem (5.6). Let V = VO + Vland W = W + W', Using (5.6)
and (5.7), we obtain a system for the remainder V6iand Wi,
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b
AV -V 4 Z|§|2v1 + B(IVO+ VIRV + v — [vo2Py0)
— p(WWO+ WOV + WV + eB[(VO + VHAIV? + VI — VOA|IVO?P)

1
—ep(VOAW' + VIAW? + VIAW) = iV (— - 1) VvO—i(vl+vh,,
p

AW! = (VO + VIP = [VOPP)gg, + €A(VO + VIP = [VOPP)g .

By the mean value theorem, |V — |[VO?? =~ (1 - p)|V°*In |V°]? due to the condition that p — 1*
as T — oo, Also we assume that, as T — oo, |V!| < |V and |[W!'| < |W?|. Then using (5.8), to the
lowest order, as T — oo, the above system reduces to

AV =V 4 BS2VE+ VY + B(1 - p)(SPIn $?) — p(W!S + XV1)
=iVb (11_7 - 1) S —i(b:G + e.H),
AW =[SOV + VY + (1 - p)(S?In $H)]e e,
Substituting V! = V; + iV, yields
AV; = Vi +3BS%V) — p(W!'S + XV) = B(p — 1)($*In §?),
AVs = Vs + BS*Vs — pX Vs = Vb (}, - 1) S = (b;G + € H), (5.14)
AW = 2(SV1)ge, = (1 = p)(S?In %) ¢,

Note that (5.14), (the 2nd equation in (5.14)) is decoupled from (5.14); and (5.14);. Concerning
the system comprised of Equations (5.14); and (5.14)3, the existence of solutions again requires the
right-hand side of the system be orthogonal to the kernel of the adjoint of the operator arising in the
left-hand side, which is spanned by the vectors given in (5.13). Therefore, the solvability condition
of the system comprised of Equations (5.14), and (5.14); reads

1
~Bp-1) / (8%, InS? dérdé, + E(p - 1) / X($*In$?); dédé; = 0,
4 R2 J 2 R2 =J
for j = 1, 2, which is satisfied provided S is symmetric and X is even in & and &;. Also notice that,

due to (5.9), S satisfies the left-hand side of Equation (5.14),, and it follows that the solvability
condition for (5.14), reads

1
/ [\/Z (— - 1) $%— b.SG - eTSH] dédér = 0. (5.15)
R2 p
From Appendix B, we know that

1
C = / SG dérdé; = - / 1125 dérdés > 0,
RZ 16 RZ

1 2
G = / SH dé\dé, = (/3— —p) / VS dérdé; > 0, (5.16)
R2 4 1 +v R2

since p < 0 and B > 0. Thus (5.15) can be written as

1

Cib: + Coer + Vb (1 - —) I1S]3 = 0.

p

Since p > 1 and b > 0, we obtain that
Clb-r + C2€7- < 0.

Integrating from O to T gives

C[b + CzE < C3,
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for some constant Cs = (C1b + Cz€)|,o. Recall that b = a* + a,, witha = —L,Land 7 = [ L+(Y) ds,
thus b = —L3L,,. Also recall that € = CL'—i It follows that

2

a
-CL’L,, + CZE < Cs,

which can be written as

Cza’ _ C3
Ly > ——L7° - 2173 5.17
"> e (5.17)
Our purpose is to show that the a-regularization prevents the scaling factor L from collapsing
to zero. To this end, we assume that L, < 0 and look for a positive lower bound for L. Indeed,

multiplying both sides of (5.17) by 2L, < 0 yields
Czafz _ C3 _
(Lzz)t < _2_C1(L M+ a(L -
Integrating from O to ¢ gives

G 1 C

L% < -
SN ERRS)

+ CyL?, (5.18)

where C; = L2(0) + 02” L0) - g—jL-Z(O).

Since C}, G, @ > 0 we conclude from (5.18) that the scaling factor L cannot approach zero,
thus the wave amphtude does not approach infinity. Indeed, if L — 0, then the right-hand side
of (5.18) tends to —co, Wthh is absurd since the left-hand side of (5.18) is non-negative. More-
over, it is straightforward to derive from (5.18) that the scaling factor L has a positive lower bound:
L? > (—C3/C1 + \/C32/C12 + 2|C4|C2a/2/C1) /(2|C4]) > 0. By referring to (5.2) for the asymptotic pro-
file near the singularity, we see that the blow-up will not occur due to our discovery that L has a positive
lower bound. On the other hand, recall that if setting @ = 0 in RDS3 system (3.5), i.e., removing the
regularization, it becomes the original DSE (1.1), which blows up in finite time under the situation
p < 0and B > 0.">!” This explains the prevention of the singularity formation, at the leading order
in the expansion, by employing the non-viscous a-regularization presented in RDS3 (3.5).

Remark. A similar procedure for handling singularities can also be applied to the RDS1 sys-
tem (3.1). When epVAW and eA(|V|2)§l§1 are neglected in (5.6), then C, defined in (5.16) be-

comes C; = [Zg Je2IVS?2dédé, > 0, since B > O Furthermore for the RDS2 system (3.3), when
€BVA|V|?is neglected in (5.6), we have C, = 2(V+1 fRz VS22 dé1dé, > 0, since p < 0. Therefore,
these regularizations also prevent the singularity formation of the DSE (1.1).
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APPENDIX A: PROPERTIES OF THE LINEAR SCHRODINGER EQUATION

The aim of this appendix is to state some well-known results in the theory of the Schrédinger
equation concerning the operators Goy(t) = ¢y and Gf(r) = [, e/“™2f(s)ds in the 2-
dimensional space (see, e.g., Refs. 13, 16, and 22).

Lemma A.l. Letr € [2,00), g € (2,00), such that é + % = % Then the following estimates hold:

G llLa@:ry < ¥l 1G¥ | pow.2) < YIYlh,
1G fllLagsry < Y f g2y NG fllLa@sery < VIl a@ Ly
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||Gf||L°0(R;L2) < VHf”Lq’(R;Lr’)-

Here q’ and r’ are the dual pair of q and r, respectively.
Recall the spaces X’ and Y’ are defined in (4.17), and the spaces X and Y are defined in (4.25).

Lemma A.2. Gy is bounded from L?* into X and bounded from H" into Y. G is bounded from X’
into X and bounded fromY' into Y. The associated norms are independent of T.

Recall the spaces Z, Z, and Z’ are defined in (4.41)—(4.43), respectively.
Lemma A.3. Gy is bounded from H? into Z and G is bounded from Z' into Z such that

Gz < ¥IY e
IGfllz < @y +DIfllz. if T<1

APPENDIX B: PROOF OF IDENTITIES (B1) AND (B2)

This appendix is aimed to prove

1
/ SGd&dér = — / €S dé1dés, (B1)
RZ 16 RZ

1 2
/ SH d¢ dé, = Z(ﬁ—l—p) / |VS?? dédés, (B2)
RZ + v RZ

which were introduced in Section V.

The proofs for these two formulas are similar. So we only justify (B2) in detail. Our argument
follows the approach in Ref. 19.

Recall that (S, X) satisfies

AS — S+ BS® - pSX =0,
and (H, Z) satisfies
AH — H +3BHS? - p(SZ + HX) = —BSA(S?) + pSAX,
{sz —2(SH)ge, = MSDg e, B
Multiplying (B3), by H, (B4); by S, subtracting and integrating over R?, we obtain
/R i (2BS°H — pS*Z + BS*A(S?) — pS?AX) dédér =0 . (B5)

Also, multiplying (B3); by (£,&,) - VH, (B4); by (£1,&,) - VS, adding and integrating over R?, it
follows that

SZ
/2 (4SH - ZﬁSBH + pSH(2X + é:lel + §2X§2) + %(2Z + f]Zgl + 52252) df]de
R

1
=3 /R 2([51(52)51 + £V, (—BA(SY) + pAX)) dédes . (B6)

At this stage, let us define

(Xl)fufl =X, (Zl)flffl =7
Multiplying (B3), by (£1,&,) - VZ; and integrating over R? yields

/R (X = SHQZ+ 62 + ££75,) dérdés

+v /RZ X[2(Z1)ere, + E1(Z1)e 108, + E2(Z1)re08,] dE1dE2 =0 . (B7)
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Notice that

/2 VvX(Z\)gye, dé1dEy = /2 vXge,Z1 dE1dér = /2[(52).515. — Xeg)1Z1dé1dé
R R R

= / (8* = X)Z dé1dé,
R2
which can be substituted into (B7), and it follows that
/Z(X - Sz)(glzfl + §2Zé;‘2) dfldgz +v /2X[§1(Zl)§152§2 + §2(Z1)§2€252] dfld§2 =0. (BS)
R R
Also, multiplying (B4), by (£1,&>) - VX and integrating yields

/R2[Z —2SH - A(SH)](2X + E1Xe + EXp) dEdE

o [ ZeclEXig + 0006 derdga = 0. (B9
Now substituting
/R L Zewl61(X)e, + £2(X1)g,] d61dér = — /R XE(Z)aee, + Ed(Z)gee,] dE1dEr
into (B9) yields
/R 1Z—25H - ASH]IQ2X + &1 X, + E2Xg,) dE1dés
-v /RzX[&(Zl)flfzfz +6((Z)eyene,] dé1dér = 0. (B10)
Adding (B8) and (B10) gives us
[ = 06126+ ) aaes
+ /R 1Z-28H - ASHIQX + & Xg, + E2Xg,) dErdér =0,
and since
/sz(flzfl + &7, = _/Rz ZQ2X + &1 X + £2Xs) d&1dEs,
we obtain that
/R i SX(E1Zs, + £2Z¢,) dérdéy + /R [2SH + ASHI2X + & Xe, + E2Xg,) dErdér = 0. (B11)

Multiplying (B11) by % and substituting the result into the sum of (B5) and (B6), it follows that
[ (a5t + 565 - 208°0% - D aNENKe + Xey) derd
R

= % /R 2([61(52)51 + £(SD)e (- BA(SY) + pAX)) dédé, . (B12)

Note that

/Rz[fl(sz).fl + &S, ]A(S?) dédé,

= /Rz[fl(sz).fl(sz)glgl + E(8D)e)(Se1e, + E1(SD)e, (SD)ere, + E(SD)en(SDene,] dE1dEr

1 1 1 |
) /Rz [_5((52)‘-’3 D5 (D)e)* + (e = 5 (89| dérdér = 0.

Consequently, (B12) can be reduced to



081502-22 Guo, Hacinliyan, and Titi J. Math. Phys. 57, 081502 (2016)

4 / SH d&dé,
R2
=B / VS dédéy +2p / S’AX dédé
R2 R2
+£ /]R (AGSNEXe, + EXey) + [61(S)e, + E(SNe]AX) dérdés

=8 / [VS2? dédé, + 2p / S?AX dédé; . (B13)
R2 R2

Since S and X are symmetric and A, X = (5%);,¢,, we obtain that (1 + v)AX = AS* which implies
that

1
/ i S’AX dédés = T / i |VS?]?> dédé, . (B14)
R R

Substituting (B14) into (B13) yields
1 2
[ st dedea= ( —p) JRGRETS
R2 4 R2
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