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Abstract. This paper is concerned with a system of nonlinear wave equations with supercritical interior and boundary sources
and subject to interior and boundary damping terms. It is well-known that the presence of a nonlinear boundary source
causes significant difficulties since the linear Neumann problem for the single wave equation is not, in general, well-posed
in the finite-energy space H'(Q2) x L?(9Q) with boundary data from L2(99) (due to the failure of the uniform Lopatinskii
condition). Additional challenges stem from the fact that the sources considered in this article are non-dissipative and are
not locally Lipschitz from H(Q) into L?(Q) or L?(9Q). With some restrictions on the parameters in the system and with
careful analysis involving the Nehari Manifold, we obtain global existence of a unique weak solution and establish (depend-
ing on the behavior of the dissipation in the system) exponential and algebraic uniform decay rates of energy. Moreover,
we prove a blow-up result for weak solutions with nonnegative initial energy.
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1. Introduction
1.1. Preliminaries

Over the recent years, wave equations under the influence of nonlinear damping and nonlinear sources have
generated considerable interest. Of central interest is the analysis of how two competing forces (nonlinear
damping and source terms) influence the behavior of solutions. Many results [1-3,14,26,28-30] have been
established when the sources in the system are subcritical or critical. In this case, the sources are locally
Lipschitz continuous from H'(Q) into L?(Q) and into L?(9Q), and thus, obtaining existence of local
solutions can achieved via Galerkin approximations or standard fixed point theorems. However, very few
articles ([8-11] and most recently in [13,15,16,27]) addressed wave equations influenced by supercritical
sources.

For the sake of clarity, we restrict our analysis to the physically more relevant case when Q C R3. Our
results extend easily to bounded domains in R™, by accounting for the corresponding Sobolev imbeddings,
and accordingly adjusting the conditions imposed on the parameters. Thus, throughout the paper, we
assume that  is bounded, open, and connected non-empty set in R? with a smooth boundary I' = 0.
In this paper, we study the following system of wave equations:

uge — Au+ g1 (ug) = f1(u,v) in Q x (0, 00),

v — Av + ga(vy) = fa(u,v) in  x (0, 00),

Opu~+u~+ g(uy) = h(u) on I' x (0,00), (1.1)
v=20 on I' x (0,00), ’

u(0) = ug € HY(Q),us(0) = uy € L?(Q),
0(0) = vo € HL (), v:(0) = vy € L2(Q),

) Birkhauser
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where the nonlinearities fi(u,v), fa(u,v), and h(u) are supercritical interior and boundary sources, and
the damping functions g1, g2, and g are arbitrary continuous monotone increasing graphs vanishing at
the origin.

Some special cases of (1.1) arise in quantum field theory. In particular, Segal [33] introduced the
system

Uy — Au = —atu — Biviu, vy — Av = —adv — Biuv,

as a model to describe the interaction of scalar fields u, v of masses a1, as, respectively, subject to the
interaction constants 1 and 5. This system defines the motion of charged mesons in an electromagnetic
field. Later, Makhankov [23] pointed out some essential properties of such interacting relativistic fields.
On the other hand, coupled wave equations arise naturally in investigating longitudinal dynamical effects
in classical semi-conductor lasers and nonlinear optics [4,35,37]. Moreover, nonlinear systems of coupled
wave equations have been derived from Maxwell’s equations for an electromagnetic field in a periodically
modulated waveguide under the assumption that transversal and longitudinal effects can be separated
[4]. Thus, the source-damping interaction in (1.1) encompasses a broad class of problems in quantum
field theory and certain mechanical applications [17,24,34]. For instance, a relevant model to (1.1) is the
Reissner-Mindlin plate equations (see for instance, Ch. 3 in [18]), which consist of three coupled PDE’s:
a wave equations and two wave-like equations, where each equation is influenced by nonlinear damping
and source terms. It is worth noting that non-dissipative “energy-building” sources, especially those on
the boundary, arise when one considers a wave equation being coupled with other types of dynamics, such
as structure-acoustic or fluid-structure interaction models (Lasiecka [20]). In light of these applications,
we are mainly interested in higher-order nonlinearities, as described in following assumption.

Assumption 1.1.
e Interior sources : f;(u,v) € C*(R?) such that
IV fi(u,v)] < C(lufP~t + wP~t +1), j=1,2, where 1 <p<6.
e Boundary source : h € C1(R) such that
| (s)| < C(|s|* "t + 1), where 1 <k < 4.

e Damping : g1, g2, and g are continuous and monotone increasing functions on R with ¢;(0) =
92(0) = g(0) = 0. In addition, the following growth conditions hold: there exist positive constants a;
and bj, j =1,2,3, such that, for |s| > 1,

ar]s|™ ! < gi(s)s < by|s|™ T, where m > 1,
as|s|" T < go(s)s < bols|" Y, where r > 1,
as|s|" < g(s)s < bs|s|Tt!, where ¢ > 1.

e Parameters : max{p=tl prtl} < ¢; k% < 4.

We note here that in Assumption 1.1 and throughout the paper, all generic constants will be denoted
by C, and they may change from line-to-line.

1.2. Literature overview

Wellposedness and asymptotic behavior of wave equations with at most critical semi-linear nonlinearities
have been extensively studied, and by now, the established results forms a comprehensive theory. More
recent research efforts aim at the more challenging class of models with higher-order nonlinearities, such
as supercritical and super-supercritical sources.

In the presence of such strong nonlinearities, the local solvability becomes much harder to establish.
For a single wave equation, substantial advancements have been made by Bociu and Lasiecka in a series of
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papers [8-11]. Indeed, the recent results by Bociu and Lasiecka included local and global existence, unique-
ness, continuous dependence on initial data, and some blow-up results for wave equations on bounded
domains subject to super-supercritical sources and damping terms (acting both on the boundary and
in the interior of the domain). These techniques have been also used to establish similar results for the
Cauchy problem of a single wave equation [12]. Subsequently, relying on this well-posedness theory, the
authors of [7] have investigated the long-term behavior and uniform decay rates for solutions confined to a
potential well. For other related results on potential well solutions, see [2,22,25,38,39] and the references
therein.

A well-known system, which is a special case of (1.1), is the following polynomially damped system
that has been studied extensively in the literature [1,2,28,29]:

e — Au+ Jug |ty = f1(u,v)  in Qx (0,7T),
Vi — Av + vg|" oy = fo(u,v)  in Q x (0,7), (1.2)
u=v=0 on I'" x (0,7),

where the sources fi, fo are very specific functions. Namely, f1(u,v) = 0,F(u,v) and fo(u,v) = 0, F (u,v),
where F': R? — R is a homogeneous C!-function given by:

F(u,v) = alu + v[PT + 2b\uv|p7+1, (1.3)

where p > 3, a > 1, and b > 0.

Systems of nonlinear wave equations such as (1.2) go back to Reed [31] who proposed a similar system
in three space dimensions but without the presence of damping. Indeed, recently in [1] and later in [2],
the authors studied system (1.2) with Dirichlét boundary conditions on both u and v where the exponent
of the source was restricted to be critical (p = 3 in 3D). More recently, the authors of [15,16] (following
the strategy developed in [8-11]) studied the more general system (1.1) and obtained several results on
the existence of local and global weak solutions, uniqueness, continuous dependence on initial data, and
blow up in finite time for the larger range of the exponent p: supercritical sources (3 < p < 5) and super-
supercritical (5 < p < 6). The main tools for proving local existence in [16] were nonlinear semi-groups
and monotone operator theory. Another crucial ingredient to the local solvability in [16] is the recent
results in [5], where the authors of [5] resolved the question of the identification of the subdifferential of
a sum of two convex functionals (one is originating from the interior and the other from the boundary
damping) without imposing any growth restrictions on the defining convex functions.

1.3. New goals and challenges

The main goal of the present paper is to complement the results of [15,16] by establishing global existence
of potential well solutions, uniform decay rates of energy, and blow up of solutions with non-negative ini-
tial energy. Comparing with the results of [2] for system (1.2) with p = 3, our results extend and refine
the results of [2] in the following sense: (i) System (1.1) is more general than (1.2) with supercritical
sources and subject to a nonlinear Robin boundary condition. However, we note here that the mixture
of Robin and Dirichlét boundary conditions in system (1.1) is not essential to the methods used in this
paper nor to our results. Indeed, all of our results in this paper can be easily obtained if instead one
imposes Robin boundary conditions on both u and v. (ii) The global existence and energy decay results
in [2] are obtained only when the exponents of the damping functions are restricted to the case m, r < 5.
Here, we allow m, r to be larger than 5, provided we impose additional assumptions on the regularity of
weak solutions. (iii) In addition to the standard case p > max{m,r} and k > ¢ for our blow-up result, we
consider another scenario in which the interior source is more dominant than both feedback mappings in
the interior and on the boundary. Specifically, we prove a blow-up result in the case p > max{m,r,2q—1},
and without the additional assumption k > ¢. Although this kind of blow-up result has been established
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for solutions with negative initial energy [9,15], to our knowledge, our result is new for wave equations
with non-negative initial energy.

Our strategy for the blow-up results in this paper follows the general framework of [2,7]. However,
our proofs had to be significantly adjusted to accommodate the coupling in the system (1.1) and the new
case p > max{m,r,2q— 1}. For the decay of energy, we follow the roadmap paper by Lasiecka and Tataru
[19] and its refined versions in [2,7,21,36], which involve comparing the energy of the system to a suitable
ordinary differential equation. It is worth mentioning that the effect of quasilinear damping terms in
(1.1) leads to highly non-trivial long-time behavior of solutions. It is known that super-linear stabilizing
feedbacks may slow down the energy decay to algebraic or logarithmic rates [21]. On the another hand,
there are no known uniform decay results for some problems with degenerate damping, such as the one
in [6].

1.4. Outline

The paper is organized as follows. In Sect. 2, we begin by citing the local-wellposedness results established
in [16]. Subsequently, we revisit the potential well theory and the strong connection of (1.1) with the
elliptic theory. The statements of the main results: global existence of potential well solutions, uniform
energy decay rates, and blow up of solutions with non-negative initial energy are summarized in Sect. 2.
Global existence is then proved in Sect. 3. In Sect. 4, we prove the uniform energy decay rates of energy,
where the analysis is divided into several parts. Finally, Sect. 5 is devoted to the proof of our blow-up
result.

2. Preliminaries and main results

We begin by introducing the following notations that will be used throughout the paper:

lully = Null gy s Tuls = llull oy s Tl o = el

(u,v)q = (u,v) 20, (u,v)r = (u,v)r2r), (u,v)1,0 = (U,v)H1(Q)-

We also use the notation yu to denote the trace of uw on I', and we write %(’yu(t)) as yu¢. In addition,

we note that (||Vull3 + [yul3)'/? is equivalent to the standard H'(2) norm. This fact follows from a
Poincaré-Wirtinger type of inequality:

el < co (IVul + hyul3)  for all ue H(). (2.1)
Thus, throughout the paper, we put
lull; o = IVull3 + [yul3 and (u,v)1.0 = (Vu, Voo + (yu, y0)r,

for u,v € H(Q).
For the reader’s convenience, we begin by citing some of the main results in [16] that are essential to
the results of this paper. To do so, we first introduce the definition of a weak solution.

Definition 2.1. A pair of functions (u,v) is said to be a weak solution of (1.1) on [0,T] if

o ucC([0,T); H'(), v e C([0,T]; HE (), ur € C([0, T; L2(Q))NL™ (2% (0, T)), yur € LI (T x
(0,7)), v; € C([0,T]; L2(Q)) N L™ x (0,T));
o (u(0),v(0)) = (ug,vo) € HY(Q) x HE(Q), (ut(0),v:(0)) = (u1,v1) € L3(Q) x L*(Q);
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e Forallte[0,T], u and v verify the following identities:
t

(ue(t), o(t)) e — (ue(0), 6(0))o + /[—(ut(T), ¢(7))a + (u(T), 9(7))1.0]dr

0
+j/mWWWWWW+//ﬂwmwwmﬁm
0 Q

:/t/fl(u(r),v( dxdT—l—//h ¢(r)dl dr, (2.2)
0O 0

(ve(t), 9 (8))2 = (v:(0),4(0))a + /[-(U%T%%(T))n + (v(7), % (7))r0ldr

+j/@mm) mm—//b P)(r) ddr, (2.3)

0 Q

for all test functions satisfying: ¢ € C([0,T]; HY(Q)) N L™ (Q x (0,T)) such that v¢ € LIT(T x (0,T))
with ¢ € LY([0,T); L2()) and v € C([0,T]; Hi (2)) N L™ TH(Q x (0,T)) such that vy € L*([0,T]; L*(Q2)).

As mentioned earlier, our work in this paper is based on the existence results, which was established
n [16].

Theorem 2.2. (Local and global weak solutions [16]) Assume the validity of the Assumption 1.1. Then,
there exists a local weak solution (u,v) to (1.1) defined on [0,T), for some T > 0. Moreover, we have:
e (u,v) satisfies the following energy identity for all t € [0,T]:

¢ ¢
+//[gl(ut)ut—|—gg(vt)vt]d;vd7'—|—//g(’yut)’yutdfdr
00 0T

_|_O/Q/[f1(u,v)ut+f2(u, v)vt]da:dT—&—O/F/h(’yu)wutdFdT, (2.4)

where the quadratic energy is given by

1 2 2 2 2
£(t) = 5 (I3 + le®l3 + (@) o + N0 ) - (25)
° If, in addition, we assume p < min{m,r}, k < q and ug,vo € LPT1(Q), yug € LFTY(T), then the
said solution (u,v) is a global weak solution and T can be taken arbitrarily large.

Remark 2.3. Under additional assumptions on the sources and the boundary damping, uniqueness of weak
solutions for (1.1) has been established in [16]. Moreover, the results of [15] show that every weak solution
of (1.1) with negative initial energy blows up in finite time, provided either: p > max{m,r} and k > q,
or p > max{m,r,2q — 1}. We refer the reader to [15,16] for complete statements of these results.

2.1. Potential well

In this section, we begin by briefly pointing out the connection of problem (1.1) to some important aspects
of the theory of elliptic equations. In order to do so, we need to impose additional assumptions on the
interior sources f1, fo, and boundary source h.
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Assumption 2.4.

e There exists a nonnegative function F(u,v) € CY(R?) such that 0, F (u,v) = fi(u,v), 0,F(u,v) =
fa(u,v), and F is homogeneous of order p + 1, that is, F(Au, \v) = \PYLF(u,v), for all A\ > 0,
(u,v) € R2.

e There exists a nonnegative function H(s) € C1(R) such that H'(s) = h(s), and H is homogeneous
of order k + 1, that is, H(\s) = \**1H(s), for all A\ > 0, s € R.

Remark 2.5. We note that the special function F'(u,v) defined in (1.8) satisfies Assumption 2.4, provided
p > 3. However, there is a large class of functions that satisfies Assumption 2.4. For instance, functions
of the form (with an appropriate range of values for p, s, and o ):

p+1
o

F(u,v) = alul™* + b+ aful*loT o+ B(lul” + [v]7)

satisfy Assumption 2.4. Moreover, since F' and H are homogeneous, then the Euler homogeneous function
theorem gives the following useful identities:

filu,v)u+ fa(u,v)v = (p+ 1)F(u,v) and h(s)s = (k+ 1)H(s). (2.6)

Finally, we note that the assumptions |V fij(u,v)] < C(lulP™ + [v|P~t + 1), j = 1,2, and |W'(s)] <

C(|s|*=t + 1) (as required by Assumption 1.1) imply that there exists a constant M > 0 such that
F(u,v) < M(Ju[P* + [v|Ptt + 1) and H(s) < M(|s|*T + 1), for all u,v,s € R. Therefore, by the
homogeneity of F' and H, we must have

F(u,v) < M([u[P™ + [v[PT) and H(s) < M|s|*T. (2.7)

We start by defining the total energy of the system (1.1) as follows:

B(6) =5 (@3 + oI + )l + o))

—/F(u(t),v(t))dm—/H('yu(t))df. (2.8)
Q r

Put X := HY(Q) x H(Q2) and define the functional J : X — R by:

Iy i= 3 (el + ol a) = [ Fluoide~ [ HGur, (29)
Q T

where J(u,v) represents the potential energy of the system. Therefore, the total energy can be written
as:

B = 3 (I3 + [oe(0)12) + Tu(t), o(1). (2.10)

In addition, simple calculations shows that the Fréchet derivative of J at (u,v) € X is given by:

(J'(u,v), (7)) = [ Vu-Vodr + [ yuyepdl + [ Vv - Vipdz
A

I
—/mwwW+ﬁmwmw—/Mwwwn (2.11)
Q T

for all (¢,9) € X.
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Associated to the functional J is the well-known Nehari manifold, namely
N = {(u,v) € X\{(0,0)} : {(J'(u,v), (u,v)) = 0}. (2.12)
It follows from (2.11) and (2.6) that the Nehari manifold can be put as:

N = {(uw) € X\{(0,0)} :

Jullf o+ ol = 0+ 1) [ Fluoldo+ 4+ 1) [ HGuar}. (213)
Q r

In order to introduce the potential well, we first prove the following lemma.

Lemma 2.6. In addition to Assumptions 1.1 and 2.4, further assume that 1 < p <5 and 1 < k < 3.
Then,

d:= inf J(u,v)>0. 2.14
ok (u,v) (2.14)

Proof. Fix (u,v) € M. Then, it follows from (2.9) and (2.13) that

s> (5-3) (o + 1ol a) (2.15)

where ¢ := min{p+ 1,k + 1} > 2. Since (u,v) € N, then the bounds (2.7) yield

2 2 k
lulliq + vl o < Cor /(IUI”+1 + o de + / [yulTtdr
Q r

k
< 0 (Ils + ol + 5. (2.16)
Thus,
k
o)l < © ()5 + o))
and since (u,v) # (0,0), we have
—1 k-1
1< (o)l + w5 ).

It follows that ||(u,v)||y > s1 > 0 where s; is the unique positive solution of the equation C/(sP~14+s*~1) =
1, where p, k > 1. Then, by (2.15), we arrive at

for all (u,v) € N. Thus, (2.14) follows. O

As in [2], we introduce the following sets:

W= {(u,v) € X : J(u,v) < d},

Wi =4 (w,0) €W ull2 o+ lol2g > (p+1)/F(u,v)dz+ (k+1)/H(7u)dF
Q T
U{(0,0)},
Wa = { (w,0) €W [lull2 g + o] g < (p+1)/F(u,v)dx+ (k+1)/H(w)dr

Q T
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Clearly, Wi N Wy = 0, and W; U W, = W. In addition, we refer to W as the potential well and d as
the depth of the well. The set W is regarded as the “good” part of the well, as we will show that every
weak solution exists globally in time, provided the initial data are taken from W; and the initial energy
is under the level d. On the other hand, if the initial data are taken from W, and the sources dominate
the damping, we will prove a blow-up result for weak solutions with nonnegative initial energy.

The following lemma will be needed in the sequel.

Lemma 2.7. Under the assumptions of Lemma 2.6, the depth of the potential well d coincides with the
mountain pass level. Specifically,

d= inf sup J(A(u,v)). 2.17
(uvv)eX\{(Ovo)})\Zlg (Alw, ) ( )

Proof. Recall X = HY(Q) x H}(Q). Let (u,v) € X\{(0,0)} be fixed. By recalling Assumption 2.4, it
follows that,

1
T 0) = 577 (Il g + 0l 0 ) = 27+ / F(u,v)dz — \FF! / H(yu)dr, (2.18)
Q T

for A > 0. Then,

3O =[ (el + ol o) = 0+ DX [ Flu e
Q

~(k+ 1)A’€—1/H(yu)dr}. (2.19)
T

Hence, the only critical point in (0, 00) for the mapping A — J(A(u,v)) is Ag that satisfies the equation:
(Il o+ IWlE ) = -+ DX [ Flu,v)da + (k + DAF™ [ H(yu)dr. (2.20)
Q r

Moreover, it is easy to see that

sup J(A(u,v)) = J(Ao(u,v)). (2.21)
A>0

By the definition of A/ and noting (2.20), we conclude that A\o(u,v) € N. As a result,

J(Ao(u,v)) > inf J(y,z) =d. (2.22)
(y,2)EN
By combining (2.21) and (2.22), one has
inf sup J(A(u,v)) > d. (2.23)

(u,0)€X\{(0,0)} x>0

On the other hand, for each fixed (y,z) € N, we find that (using (2.13) and (2.20)) the only critical
point in (0,00) of the mapping A +— J(A(y,2)) is Ag = 1. Therefore, sup,~q J(A(y, 2)) = J(y, z) for each
(y,2) € N. Hence,

inf sup J(A(u,v)) < inf supJ(A(y,z)) = inf J(y,z)=d. 2.24
(um)EX\{(O,O)},\z% (Alw,v) (y,Z)EN,\;S Ay, 2)) (y,2)EN :2) ( )

Combining (2.23) and (2.24) gives the desired result (2.17). O
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2.2. Main results

Our first result establishes the existence of a global weak solution to (1.1), provided the initial data come
from Wi and the initial energy is less than d, and without imposing the conditions p < min{m,r}, k < ¢,
as required by Theorem 2.2.

In order to state our first result, we recall the quadratic energy &(t) and the total energy F(t) as
defined in (2.5) and (2.8), respectively.

Theorem 2.8. (Global Solutions) In addition to Assumptions 1.1 and 2.4, further assume (ug,vg) € Wh
and E(0) < d. If1 <p <5 and 1 < k <3, then the weak solution (u,v) of (1.1) is a global solution.
Furthermore, we have:

&) <d| -5 ) (2.25)

2
(1 - ) E(t) < B(t) < &(t), (2.26)
for all t > 0, where c = min{p+ 1,k + 1} > 2.

Since the weak solution furnished by Theorem 2.8 is a global solution and the total energy E(t) remains
positive for all £ > 0, we may study the uniform decay rates of the energy. Specifically, we will show that
if the initial data come from a closed subset of Wy, then the energy E(t) decays either exponentially or
algebraically, depending on the behaviors of the functions g1, g2, and g near the origin.

In order to state our result on the energy decay, we need some preparations. Define the function

Ly

G(s) = 55" = MR ™ — M Rys" T, (2.27)

where the constant M > 0 is as given in (2.7) and

e e
Ry = sup gﬁ, 5 1= sup 7:1'11 (2.28)
weH (\{0} [[ul[T weHH @\{0} [|lully o

Since p < 5 and k < 3, by Sobolev Imbedding Theorem, we know 0 < Ry, Re < o0.
A straightforward calculation shows that G’(s) has a unique positive zero, say at sg > 0, and

sup G(s) = G(so).
s€[0,00)
Thus, we define the set
Wi = {(u,v) € X : ||(u,0)| x < 50, J(u,v) < G(s0)}. (2.29)

We will show in Proposition 4.2 that G(s) < d and W, C Wj. )
Furthermore, for each fixed small value § > 0, we define a closed subset of W;, namely

WS = {(u,v) € X : ||(u,v)||x < 80— 0, J(u,v) <G(so—0)}. (2.30)

Indeed, we will show in Proposition 4.3 that Wf is invariant under the dynamics, if the initial energy
satisfies F(0) < G(so — 6).

The following theorem addresses the uniform decay rates of energy. In the standard case m, r < 5,
and ¢ < 3, we do not impose any additional assumptions on the weak solutions furnished by Theorem
2.8. However, if any of the exponents of damping is large, then we need additional assumptions on the
regularity of weak solutions. More precisely, we have the following result.



630 Yanqgiu Guo and Mohammad A. Rammaha ZAMP

Theorem 2.9. (Uniform Decay Rates) In addition to Assumptions 1.1 and 2.4, further assume: 1 < p < 5,
1<k <3, up€ L™HQ), vo € L™T(Q), yug € LITYT), (ug,v0) € WY, and E(0) < G(so — 0) for some
§ > 0. In addition, assume u € L®°(RT; L2(m=1(Q)) if m > 5, v € L®(RT; L2=D(Q)) if r > 5, and
yu € L®°(R*; L2a=1)(T)) if ¢ > 3, where (u,v) is the global solution of (1.1) furnished by Theorem 2.8.

e Ifg1, go, and g are linearly bounded near the origin, then the total energy E(t) decays exponentially:
E(t) < CE(0)e™™t, for all t >0, (2.31)

where C and w are positive constants.
o If at least one of the feedback mappings g1, g2, and g is not linearly bounded near the origin, then
E(t) decays algebraically:

E(t) < C(E0)(1+t)77,  forall t >0, (2.32)
where 3> 0 (specified in (4.11)) depends on the growth rates of g1, go and g near the origin.

Our final result addresses the blow up of potential well solutions with non-negative initial energy. It is
important to note that the blow-up result in [15] deals with the case of negative initial energy for general
weak solutions (not necessarily potential well solutions).

Theorem 2.10. (Blow up of Solutions) In addition to Assumptions 1.1 and 2.4, further assume for all
seR,

arls|™ 1 < gi(s)s < by|s|™ ", where m > 1,

as|s|" T < go(s)s < bols|" T, where r > 1,

as|s|7t < g(s)s < bs|s|9TY, where g > 1. (2.33)

In addition, we suppose F(u,v) > ag(|ulPT + |v[PTY), for some ag > 0, and H(s) > 0, for all s # 0. If
1<p<5,1<k<3, (ug,v0) € Wa, 0 < E(0) < pd, where

: p+1l k41
mln{pil, kil}

—_— 2 <1,
p+1 k41
—

pi= (2.34)

then, the weak solution (u,v) of (1.1) (as furnished by Theorem 2.2) blows up in finite time, provided
either
e p>max{m,r} and k > q,
or
e p>max{m,r,2q—1}.

Remark 2.11. The blow-up result in Theorem 2.10 relies on the blow-up result in [15] for negative initial
energy. Therefore, as in [15], we conclude from Theorem 2.10 that

()l + lv@®; o — oo,

ast — T~ for some 0 < T < oo.

3. Global solutions

This section is devoted to the proof of Theorem 2.8.
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Proof. The argument will be carried out in two steps.
Step 1. We first show the invariance of W; under the dynamics, that is, (u(t),v(t)) € Wy for all
t € [0,T), where [0,T) is the maximal interval of existence.
Notice the energy identity (2.4) is equivalent to

t t
+//[gl(ut)ut + go(ve)vg|dedr +//g(’yut)fyutdFdT = E(0). (3.1)
0 Q 0T
Since g1, g2, and g are all monotone increasing, then it follows from the regularity of the solutions
(u,v) that
E'(0) = - [lon(uw)us + ga(o)ulde — [ glruyunar <o, (3.2)
Q r
Thus,
J(u(t),v(t)) < E(t) < E(0)<d, forallte]l0,T). (3.3)

It follows that (u(t),v(t)) € W for all t € [0,T).

To show that (u(t),v(t)) € Wy on [0,T), we proceed by contradiction. Assume that there exists
t1 € (0,7T) such that (u(t1),v(t1)) € Wi. Since W = Wy U W, and Wi N Wy = (), then it must be
the case that (u(t1),v(t1)) € Wa.

Let us show now that the function ¢ — [, F(u(t),v(t))dz is continuous on [0, T). Indeed, since
IV fi(u,v)] < C(JulP~ + Jv|P~1 + 1), it follows that |fj(u,v)] < C(JulP + |v[P + 1), j = 1,2. By
recalling that F' is homogeneous of order p+1, one has f;(u,v) are homogeneous of order p, j = 1,2.
Therefore,

[fi(w, o) < Cjuf” + |vf?), j=1,2. (34)

Fix an arbitrary ¢ty € [0,7'). By the Mean Value Theorem and (3.4), we have

J 1B, 0(6)) = Futto), ofta))da
Q
<C [ (Ul + 0 + )P+ [oCt)”) (u(®) = ulta)| + [o(t) = vlto) do

< C (lu)l, + 1O, + latto)l, + Iotto)l, ) (la(®) — uto)l + 0(0) — vlta)ly) - (3.5)
Since p < 5, we know p < 6, so by the imbedding H*(2) < L5(2) and the regularity of the weak
solution (u,v) € C([0,T); HY(Q) x H(£)), we obtain from (3.5) that

Jim [ 1F(u(t), o)) = F(uta), ofto) fdz =0,

that is, [, F'(u(t),v(t))dz is continuous on [0, 7).

Likewise, the function ¢ +— [ H(yu(t))dT is also continuous on [0,7). Therefore, since
(u(0),v(0)) € Wy and (u(t1),v(t1)) € Wh, then it follows from the definition of Wy and W, that
there exists s € (0,¢1) such that

lu(s)I7 g + ()l = (P + 1) S{ F(u(s),v(s))dz + (k + 1) ! H(yu(s))dl. (3.6)

As a result, we may define t* as the supreme of all s € (0,¢1) satisfying (3.6). Clearly, t* € (0,¢1),
t* satisfies (3.6), and (u(t),v(t)) € Ws for all t € (¢*,t4].
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We have two cases to consider:

Case 1: (u(t*),v(t*)) # (0,0). In this case, since t* satisfies (3.6), we see that (u(t*),v(t*)) € N,
the Nehari manifold given in (2.13). Thus, by Lemma 2.6, it follows that J(u(t*),v(t*)) > d.
Since E(t) > J(u(t),v(t)) for all t € [0,T), one has E(t*) > d, which contradicts (3.3).

Case 2: (u(t*),v(t*)) = (0,0). Since (u(t),v(t)) € Wy for all ¢t € (t*,1;], then by (2.7) and the
definition of W5, we obtain

[l g + 0@ o < € (l@IELE + Il + u@l)
< € (@G + [o@IFE + lu@If) . for allt € (1.

Therefore,

Iu(e), o) < € (Iu(e), oD + 11 (u(e), v@)I5) , for all ¢ € (27,11,

which yields,

1< C (IO, 0@IE "+ @O, 0@k "), forall t e (¢, 0.

It follows that ||(u(t),v(t))||x > s1, for all t € (¢*,t1], where s; > 0 is the unique positive
solution of the equation C(s?~! + s*~!) = 1, where p, k > 1. Employing the continuity of the
weak solution (u(t),v(t)), we obtain that

[(u(t), v(t*) ]l x = 51 >0,

which contradicts the assumption (u(t*),v(t*)) = (0,0). Hence, (u(t),v(t)) € Wy for all t €
[0,T).
Step 2. We show the weak solution (u(t),v(t)) is global solution. By (3.3), we know J(u(t),v(t)) < d
for all ¢ € [0,T), that is,

5 (10 + 10012 0) = [ Flute).o(0)ds — [ HGu)ar < d, on 0.7), (3.7)
Since (u(t),v(t)) € Wi for all ¢ € [o?m one has F
lu(®)lf; o + @)} o = (/F d$+/H(W(t))dF> ; on [0,7), (3.8)
where ¢ = min{p + 1,k + 1} > 2. Combining (3.7) and (;.8) yields
/ F(u(t), v(t))dz + / H(yu(t))dr < % for all t € [0, 7). (3.9)
o

By using the energy identity (3.1) and (3.9), we deduce

¢ t
t) +//91 ug)ugy + g2 (vg)ve]dadr +//g yug)yudDdr
0 0T

E(0) +/F(u(t),v(t))dx+/H('yu t))dr’
r

- d%, for all ¢ € [0, 7). (3.10)
C
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By virtue of the monotonicity of g1, g2, and g, inequality (2.25) follows. Consequently, by a standard
continuation argument, we conclude that the weak solution (u(t),v(t)) is indeed a global solutions
and it can be extended to [0, c0).
It remains to show inequality (2.26). Obviously, E(t) < &(t) since F(u,v) and H(s) are non-negative
functions. On the other hand, by (3.8) and the definition of E(t), one has

502 (1@l + 1 @I3) + (5 - 1) (1 + 101 0) = (1-2) 6.

Thus, the proof of Theorem 2.8 is now complete. 0

4. Uniform decay rates of energy

In this section, we study the uniform decay rate of the energy for the global solution furnished by Theorem
2.8. More precisely, we shall prove Theorem 2.9.

We begin by introducing several functions. Let ¢;, ¢ : [0,00) — [0,00) be continuous, increasing,
concave functions, vanishing at the origin, and such that

0i(gj(s)s) > |g;(s)? + 8% for [s| <1, j=1,2; (4.1)
and
plg(s)s) = |g(s)|* for [s| < 1. (4.2)
We also define the function ® : [0, 00) — [0, 00) by
D(s) :==p1(s) + p2(s) +¢(s) +s, s > 0. (4.3)

We note here that the concave functions ¢, 2, and ¢ mentioned in (4.1)—(4.2) can always be con-
structed. To see this, recall the damping g1, g2, and g are monotone increasing functions passing through
the origin. If g1, g2, and g are bounded above and below by linear or superlinear functions near the origin,
that is, for all |s| < 1,

cils|™ < [gi(s)] < eals™, esls|” < [ga(s)] < cals|”, es]s]? < |g(s)| < cgls|?, (4.4)
where m, r, ¢ > 1, and ¢; >0, j =1,...,6, then we can select

__2 2 __2
pir(s) = ¢, "L+ B)sm, pa(s) =c3 (L4 E3)sTHT, p=c5 T s (4.5)

It is straightforward to see the functions in (4.5) verify (4.1)—(4.2). To see this, consider ¢, for example:

2

_ 2 _ 2 5
901(91(8)8) = m+1L (1 —i—C%) (91(8)8) m+l > c mF1L (1 —&-C%) (01|S|m+1)r+1
=(1+c3)s*>s+ (cals|™)? > s + |g1(s)]?, for all |s| < 1.

In particular, we note that, if g;, g2, and g are all linearly bounded near the origin, then (4.5) shows 1,
2, and ¢ are all linear functions.
However, if the damping are bounded by sublinear functions near the origin, namely, for all |s| < 1,

crfs|” < gu(s)] < ealsl™, esls|” < lga(s)] < eals|®™, esls|” < lg(s)] < eols’, (4.6)

where 0 < 01, 02,0 <1,and ¢; >0, j =1,...,6, then instead we can select

_ 265 201 __20p 205 _ 20
01(8) =c; T 42T, po(s) = ey 21+ cA)sTil, p= ey U 25T, (4.7)

In sum, by (4.5) and (4.7), there exist constants Cy, C3, C3 > 0 such that
p1(s) = C15™, pa(s) = T2, p(s) = Css7, (4.8)
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where
2 204 2 2604 2 20
21 = 1 or Sk 29 1= 1 or AR z:= ] or 1 (4.9)
depending on the growth rates of g1, g2, and ¢ near the origin, which are specified in (4.4) and (4.6).
Now, we define

1 11
ji= max{,,}. (4.10)
Z1 R9 Z
It is important to note that j > 1 if at least one of g1, g2, and g are not linearly bounded near the origin,
and in this case, we put
1
= ——>0. 4.11
B - (4.11)

For the sake of simplifying the notations, we define

t
//91 ug)us + go(ve)vg dxdT—i—//g yug)yurdldr.
0 0T

We note here that D(¢) > 0, by the monotonicity of g1, g2, and g, and the energy identity (3.1) can be
written as

E(t) + D(t) = E(0). (4.12)
For the remainder of the proof of Theorem 2.9, we define
1 1 c
Ty = max{l, 8co < >} (4.13)
o )’ -2

where ¢ is the constant in the Poincaré-Wirtinger type of inequality (2.1), and ¢ = min{p+1,k+1} > 2.

4.1. Perturbed stabilization estimate

Proposition 4.1. In addition to Assumptions 1.1 and 2.4, assume that 1 < p < 5, 1 < k < 3, ug €
L™HQ), vo € L"), yug € LITYT), (ug,vo) € Wi, and E(0) < d. We further assume that u €
L®(RY; L2m=D(Q)) if m > 5, v € LR LE=D(Q)) if r > 5, and yu € L®°(RT; L2a~1(I)) 4f
q > 3, where (u,v) is the global solution of (1.1) furnished by Theorem 2.8. Then,

T

E(T) < C |9(D(T)) +/(Hu(t)||§ + (@) I3)dt | (4.14)

0
for all T > Ty, where Ty is defined in (4.13), ® is given in (4.3), and C > 0 is independent of T.
Proof. Let T > Ty be fixed. We begin by verifying u € L™T1(Q x (0,T)) for all T € [0, 00). Since both u
and u; € C([0,T]; L?(£2)), we can write

m+1

T T ¢
//|u|m+ldxdt: // /Ut(T)dT+U0 dzdt
0 Q 0 o

+1 +1
< 2™ (Tm+1 ||ut||£nm+l(Q><(07T)) +T ”UOHE—H) < 09,

where we have used the regularity enjoyed by wu, namely, u; € L™ 1(Q x (0,T)), and the assumption
ug € L™H1(Q). Note, if m < 5, then ug € L™+1(€2) is not an extra assumption since ug € H*(Q) — L5(1Q).
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Similarly, we can show v € L™1(Q x (0,T)) and yu € LT x (0,7)). It follows that u and v enjoy,
respectively, the regularity restrictions imposed on the test function ¢ and ¥, as stated in Definition 2.1.
Consequently, we can replace ¢ by u in (2.2) and ¥ by v in (2.3), and then the sum of two equations gives

T T T

St voye| [ (ual+ o) e+ [ (o + ol ) de

Q o © 0

T T
+// g1 (up)u + go(v)v)dedt Jr//g('yut)’yudfdt
0 0T

T
/fluvu+f2(uv d;l:dt+//h ~yu)yudldt.
Q 0

O\H

After a rearrangement of (4.15) and employing the identity (2.6), we obtain

T T

T
2/&@@:&/(@N§Hm@)af /wm+mmm
0

0 Q 0
T

_//(gl(ut)u+92(vt)v)dardt—/T/g(yut),yudrdt

0

T
+(+1) //Fuvdxdt—l— (k+1) //H(fyu)df‘dt.
0 Q r

0

By recalling (2.7), one has

T T T
/gmwg/om@+mw®m+ /wm+mwu
0 0 Q 0
T T
| [ [1astwou+ gatonelazde+ [ [lgtrualarar
0 Q 0O T

T
k
[ (Il + 1ol + 1) ae.
0

Now, we start with estimating each term on the right-hand side of (4.17).

1. Estimate for

/(utu + vv)de

Q2 0

(4.15)

(4.16)

(4.17)
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Notice

’/(Ut(t)U(t) +o(t)o(t))de| < flus(@)y [l + l[o@)l2 [0l

Q

1
< 5 (@13 + @3 + oI + [o(©)]3) < cob(t), for all ¢ >0,

where ¢g > 0 is the constant in the Poincaré-Wirtinger type of inequality (2.1). Thus, by (2.26) and
(4.12), it follows that
T

[wen vnie| | < o)+ 60) <o (2) (B(T) + B(0))
0

Q

< ¢ ( ¢ 2) (2E(T) + D(T)). (4.18)

2.  Estimate for

T

k
[ (g + 1ol + 1l e
0

Since p < 5, then by the Sobolev Imbedding Theorem, H'=%(Q) — LPT(Q), for sufficiently
small § > 0, and by using a standard interpolation, we obtain

lull 1 < C llull 1=y < C llulli g lully -

p+1

Applying Young’s inequality yields

+1 ul[ (5P |y 5D R 2
lullpiy < Pl < eollull o+ Cog ull; (4.19)
for all €9 > 0, and where we have required § < 3. By (2.26) and (3.3), one has
lul o < 260) < () B < (255) BO) (1.20)
La = ~“\c—2 ~\c—2 ' '
Since p > 1 and § < ﬁ, then % > 2, and thus combining (4.19) and (4.20) implies
lull37 < eC(E©) [lully o + Ceg llull; - (4.21)

For each € > 0, if we choose €0 = =7y, then (4.21) gives

1 2 2
lullpiy < ellullf o + Cle, B0) [ully.- (4.22)

Replacing u by v in (4.19)—(4.22) yields

[WIEE3 < €lvll o + Cle, EO)) [[v]l;- (4.23)

Also, since k < 3, then by the Sobolev Imbedding Theorem |yuly41 < C'[[ul| 15, for sufficiently
small 0 > 0. By employing similar estimates as in (4.19)-(4.22), we deduce

2
hrulein < ellulli o+ Cle, B(0)) [lul; (4.24)
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A combination of the estimates (4.22)—(4.24) yields
T
1 1
[ (s + 1ol + i) ae
0

T
< 46/5( yat + (e 20) [ (Jul + fol3) at. (4.25)
0

o\ﬂ

3. Estimate for

2 2
(el + loel3) ae

St~

We introduce the sets:

A:={(x,t) € A x (0,T) : |ug(x,t)] < 1}
B = {(z,t) € 2 x (0,T) : |ue(z,t)| > 1}.

By Assumption 1.1, we know g;(s)s > a|s|™! > ay|s|? for |s| > 1. Therefore, applying (4.1) and
the fact ¢ is concave and increasing implies,

T
/|\ut\|§dt:/|ut|2dxdt+/|ut|2dxdt
0 A

B

< /wl(gl(ut)ut)dxdt—l—/gl(ut)utdxdt

A B

T T
<711 | [ [otudadt | + [ [ gi(u)udadt, (4.26)
0 Q 0 Q

where we have used Jensen’s inequality and our choice of T, namely T'|2| > 1. Likewise, one has

T T
/Hthgdt < T|Qp2 //92 vy )vpdaedt //92 vy )vpdadt. (4.27)
0 0

4. Estimate for

T T
/ / 191 (e + g (vr)oldardt + / / lg(yug)yuldrdr.
0 Q

0 T
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Case 1: m, r <5 and ¢ < 3.

We will concentrate on evaluating fOT Jo 191 (ug)u|dzdt. Notice
T
//|gl(ut)u|dxdt = / lg1 (ug)uldadt + / |g1 (uy)u|dade
0 O A B

1
2

i ;
/Hungdt /|gl(ut)|2dxdt +/|gl(ut)u|d:cdt
0 A B

e [ E@)dt + Ce [ |gi(ug)Pdadt + [ |g1(us)u|dedt (4.28)
Jevsc ftons- |

where we have used Holder’s and Young’s inequalities. By (4.1), Jensen’s inequality and the
fact T|Q2| > 1, we have

T

/ lg1 (ug) [Pdedt < /g@l(gl (ug)ug)dadt < T|Q|p1 //91 (ug)ugdxdt | . (4.29)
A 0

Next, we estimate the last term on the right-hand side of (4.28). Since m < 5, then by Assump-

tion 1.1, we know |g1(s)| < by|s|™ < by]s|® for |s| > 1. Therefore, by Holder’s inequality, we
deduce

6

1

5
/|gl(ut)u|dxdt§ /|u|6dzdt /|g1(ut)$dxdt
B B B

1 5
6 6

T
< | [ e / o g ()|l
0

6

<b} /||u||6dt /|g1 (ug) || dadt | (4.30)
By recalling inequality (2.25) which states &(t) < d (sz), for all t > 0, we have
T T T T
/||u||§dt < c/uu||§Q dt < C/éa(t)Sdt < C/cg’(t)dt. (4.31)
0 0 0 0
Combining (4.30) and (4.31) yields
T &
/|g1(ut)u|dxdt <C (/ g1 (ug)updadt
B 0
T T
e/cg’(t)dtJrCE//gl(ut)utdxdt (4.32)
0 0O

where we have used Young’s inequality.
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By applying the estimates (4.29) and (4.32), we obtain from (4.28) that

T T
//|gl(ut)u|dxdt < 26/@p
0 Q 0

T
+ C.TIQ¢pr //gl(ut)utdxdt —|—C’€//gl(ut)utd1:dt, if m<5. (4.33)
0 Q 0 Q
Similarly,
T T T
//|gg(vt)v\dzdt§ 26/5(t)dt+C'eT|Q|<p2 //gQ(vt)vtdxdt
0 Q 0 0 Q

+ C.

St~

/gg(vt)vtdxdt, if »<5. (4.34)
Q

Likewise, since T'|T'| > 1, we similarly derive

T T T
//|g('yut)'yu|dfdt < 2e/£(t)dt+CET\F|g0 //g(’yut)'yutdl"dt
0 0T

0o T

+C.

Ot~

/g(’yut)'yutdfdt, if ¢ <3. (4.35)
r

Case 2: max{m,r} > 5 or ¢ > 3.

In this case, we impose the additional assumption u € L“(R*;L%(m’l)(ﬁ)) ifm>5ve
Lo°(RT; L2=1(Q)) if r > 5, and yu € L= (R*; L2~D(I)) if ¢ > 3.

We evaluate the last term on the right-hand side of (4.28) for the case m > 5. By Holder’s
inequality, we have

771711 ﬁ
/ g1 (gl dadt < / g1 ()| " dadt / umHdedt| (4.36)
B B B
Since |g1(s)| < by|s|™ for all |s| > 1, one has
m 1 1
/\gl(ut)|’7¢1d$dt=/|91(Ut)|\91(ut)|“dxdtSbf’ /|91(ut)||ut|dffdt~ (4.37)
B B B

We evaluate the last term in (4.36) using Holder’s inequality:

/|u|m+1dxdt<//|u\ ™ 1dasdt</||u||6Hu||3 Gl

T
<CHMWWLWHMZ/£@& (4.38)
0
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Now, combining (4.36)—(4.38) yields

/|gl(ut)u|dmdt
B

m

T m+ m+1
<Clul g, | [ SO / ) el
TO T
<mewan%2/£®w+a//mwmwwt (4.39)
0 0 Q

where we have used Young’s inequality.
By (4.28), (4.29) and (4.39), one has

T
//|g1 ug)uldedt < e (1 + Hu”Z;lRJr L= (q) )/5(t)dt
0

0
T
+ C.T|Qpr //gl(ut)utdxdt + C’e// (up)ugdadt, if m > 5. (4.40)
0

Similarly, we can deduce

T
// ‘92 Ut |dl’dt <e (1 + ||UHL°°(]R+ L2(T 1) Q))) /g
0

T
+ C.TIQ|p2 //gg(vt)vtd:cdt +C’€//gg(vt)vtd1:dt, if r>5; (4.41)
0 Q 00

and
T

T
//|g Yug)yuldzdt <€ (1 + ||’YU||L00(R+ L2(a=1)(T) /éa
0T 0

+C.TT|p //g('yut)’yutdf‘dt JrCE//g(fyut)'yutdth, if ¢ > 3. (4.42)

Now, if we combine the estimates (4.17), (4.18), (4.25)—(4.27), (4.33)—(4.35), (4.40)—(4.42),
then by selecting e sufficiently small and since T' > Ty > 1, we conclude

T T
[ st < o (55 ) @B+ D) + CleO) [ (Iul+0]3) a
0
£ T C(e, 10, T B(D(T)). (1.43)

Since &(t) > E(t) for all t > 0 and E(t) is non-increasing, one has

| =
=]

T

T
/gww /E )dt > TE(T). (4.44)
0 0
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Appealing to the fact T > T > 8¢y ( ) then (4.43) and (4.44) yield

7B e (55 ) D)+ e B [ (1ol + i) a

+T-C(e |Q, T)®(D(T)). (4.45)
Since T' > 1, dividing both sides of (4.45) by T yields

T
1B < o (255 ) D) + e BO) [ (1l + 0l2) a
0

C(e (9, [T))@(D(T)). (4.46)
Finally, if we put C' := 4[co (é) + C(e, |19/, |T]) + C(e, E(0))], then (4.46) shows

B(T) < € |9(D(T) + / a2 + o)) dr (4.47)
0

for all T > Ty = max{1, % 707> 8 co(Z5)} O

4.2. Explicit approximation of the “good” part VW, of the potential well

In order to estimate the lower order terms fOT(Hu(t) ||§ + v (t) ||§)dt in (4.14), we shall construct an explicit

subset Wy C W, which approximates the “good” part of the well W;. By the definition of J (u,v) in
(2.9) and the bounds in (2.7), it follows that

1 2 2 +1 +1 k
J(0) = 5 (lull} o + 0l 0) =M () + I + bulfsh) -
By recalling the constants defined in (2.28), we have

J(u,v)

%

1 K
5 (Il o + 110l o) = MRy (IulF5 + I0ITS ) = MR Jul )
1 k
> S vl = MR |, ) B = MRy [, v)])5 (4.48)

where X = HY(Q) x H ().
By recalling the function G(s) defined in (2.27), namely

G(s) = %SQ — MRysPtt — MRys*+!,
then inequality (4.48) is equivalent to
J(u,0) = G([[(u, v)[[ x)- (4.49)
Since p, k > 1, then
G'(s)=s(1—MRy(p+1)s"" — MRy(k + 1)s*71)
has only one positive zero at, say at so > 0, where s( satisfies:

MRy (p+1)sh™" 4+ MRy(k + 1)sh ™t = 1. (4.50)
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It is easy to verify that sup,c(g o0y 9(s) = G(s0) > 0. Thus, we can define the following set as in (2.29):
Wi = {(u,v) € X : ||(u,0)| x < 50, J(u,v) < G(s0)}-

It is important to note W is not a trivial set. In fact, for any (u,v) € X, there exists a scalar € > 0 such
that e(u,v) € Wy. Moreover, we have the following result.

Proposition 4.2. W, is a subset of Ws.

Proof. We first show G(so) < d. Fix (u,v) € X \ {(0,0)}, then (4.49) yields J(A(u,v)) > G(A||(u, v)| x)
for all A > 0. It follows that

sup J(A(u,v)) > G(so)-
A>0

Therefore, by Lemma 2.7, one has

d= inf sup J(A(u,v)) > G(so)- 4.51
w0 TR (AMu,v)) = G(s0) (4.51)

Moreover, for all ||(u,v)||y < so, by employing (2.7) and (2.28), we argue

(p+1) /F(u,v)dx + (k+ 1)/H(’yu)d1"
) r

< (p+ MRy (Jully s + 075 ) + (e + MRy [lul {5

< Nl )l [0+ DMRy |, 0) 5 + (k4 )M R [ u, o)

< Do)l [0+ MR + (k4 1) M Rosf ™

= [l(w, )% = i o + 017 o (4.52)
where we have used (4.50). Therefore, by the definition of Wy, it follows that Wi C W. O

For each fixed sufficiently small § > 0, we can define a closed subset of W as in (2.30), namely,
WS = {(u,v) € X : |(u, )|l x < s0—06, J(u,v) < G(so—9)},
and we show V~V{5 is invariant under the dynamics.

Proposition 4.3. Assume § > 0 is sufficiently small and E(0) < G(so —6). If (u,v) is the global solution
of (1.1) furnished by Theorem 2.8 and (ug,vo) € WY, then (u(t),v(t)) € W} for all t > 0.

J(u(t),v(t)) < G(so — 0) for all ¢ > 0. To show ||(u(t),v(t))|y < so — 0 for all t > 0, we argue by
contradiction. Since [|(ug, vo)||x < so — ¢ and (u,v) € C(RT; X), we can assume in contrary that there
exists t; > 0 such that |[(u(t1),v(t1))| x = so — ¢ + € for some € € (0,6). Therefore, by (4.49), we obtain
that J((w(t1),v(t1))) > G(so — 0 +¢€) > G(sg — 0) since G(t) is strictly increasing on (0, sg). However, this
contradicts the fact that J(u(t),v(t)) < G(so — ¢) for all £ > 0. O

Proof. By the fact J(u(t),v(t)) < E(t) < E(0) and by assumption E(0) < G(sp — 0), we obtain

4.3. Absorption of the lower order terms

Proposition 4.4. In addition to Assumptions 1.1 and 2.4, further assume (ug,v0) € WY and E(0) <
G(sp — 0) for some 6 > 0. If 1 <p <5 and 1 < k < 3, then the global solution (u,v) of the system (1.1)
furnished by Theorem 2.8 satisfies the inequality
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T

[ (1ol + Je(e)13) at < cra(r)) (4.5)

0
for all T > Ty, where Ty is specified in (4.13).

Proof. We follow the standard compactness-uniqueness approach and argue by contradiction.
Step 1: Limit problem from the contradiction hypothesis. Let us fix T > T,. Suppose there is a
sequence of initial data

fug v u viy © WE X (L2(9))?
such that the corresponding weak solutions (u™,v™) verify
(D, (T
o A0uT)
"= fy (@1 + o @113) at

T
:// g1 (uy) uy —I—gg(vt)vt]dxdt—l—// g (yuy) yupdl'dt.
0

By the energy estimate (2.25), we have fo (lu™() |2+ lo™(8)|2)dt < 2Td( =5
it follows from (4.54) that

=0, (4.54)

where

) for all n € N. Therefore,

lim ®(D,(T)) = 0. (4.55)

n—oo

By recalling (4.26)—(4.27) and (4.55), one has

T
. ni2 ni|2
Jim [ (I 1+ o 3) e = o (4.56)
0

By Assumption 1.1, we know al|s|erl < g1(8)s < by|s|™ T for all |s| > 1, and so

]
lg1(s )| m < b 0 \ \m+1 < b G —lgl(s)s, for all |s| > 1. (4.57)

In addition, since g7 is increasing and vanishing at the origin, we know
lg1(s)| < by, forall |s] < 1. (4.58)
If we define the sets
o= {0, t) € Qx (0,17) : [u ()] < 1}
By = {(2,t) € 2 x (0,T) : [ul(x,t)] > 1}, (4.59)
then (4.57) and (4.58) imply

e

it dadt

" dadt = /|91 uy) | m dxdt+/|gl uy')

<bim QT 4 b //g1 )l dedt. (4.60)
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Since fOT Jo 91 (uf)updzdt — 0, as n — oo, (implied by (4.55)), then (4.60) shows
T

Sup// lg1 (up) |mT+ldmdt < 0. (4.61)

nENO &
Note (4.56) implies, on a subsequence, uj — 0 a.e. in Q x (0,7"). Thus, ¢1(uy) — 0 a.e. in Q x (0,7).
Consequently, by (4.61) and the fact mTH > 1, we conclude,

g1 (u) — 0 weakly in L™ (Q x (0,7T)). (4.62)

Similarly, by following (4.57)—(4.61) step by step, we may deduce

T
sup//|g (yuy) \qudth < 0. (4.63)
neN

0T

Notice (4.55) shows fOT Jr9(yup)yupdldt — 0 as n — oo. So on a subsequence g(yuy)yuy — 0 a.e. in
I' x (0,T), and since g is increasing and vanishing at the origin, we see g(yu}) — 0 a.e. in I x (0,7)).
Therefore, by (4.63), it follows that

g(yu) — 0 weakly in L (T x (0,T)). (4.64)

Now, notice (2.25) implies that the sequence of quadratic energy &,(t) := %(Hu"”fg + ||v"||?Q +

||u?|\g + ||v,?||§) is uniformly bounded on [0,7]. Therefore, {u™, v™ u,vf'} is a bounded sequence in
L>(0,T; HY(Q) x H}(Q) x L2(Q) x L?(£2)). So, on a subsequence, we have

u" — u weakly® in L>(0,T; H*(Q)),
V" — v weakly™ in L>(0,T; Hj(2)). (4.65)
We note here that for any 0 < e < 1, the imbedding H(Q2) — H'7¢(Q) is compact, and H!=¢(Q) —
L?(2). Thus, by Aubin’s Compactness Theorem, for any a > 1, there exists a subsequence such that
u™ — u strongly in L®(0,T; H'~¢(Q)),
V™ — v strongly in L¥(0,T; Hy~ (). (4.66)
In addition, for any fixed 1 < s < 6, we know H'~¢(Q) < L*(Q) for sufficiently small ¢ > 0. Hence, it
follows from (4.66) that
u" — u and v" — v strongly in L*(Q x (0,7)), (4.67)
for any 1 < s < 6. Similarly, by (4.66), one also has
yu" — yu strongly in L% (T x (0,T)), (4.68)
for any so < 4. Consequently, on a subsequence,
u" — u and v" — v a.e. in Q x (0,7),
yu" = yu a.e. in T x (0,7). (4.69)
Now let ¢t € (0,T) be fixed. If ¢ € C(Q x (0,1)), then by (3.4), we have
Ifi(u™,v™")e| < C(Ju™P + [v"P) in @ x (0,t), j=1,2. (4.70)

Since p < 5, using (4.67), (4.69)—(4.70), and the Generalized Dominated Convergence Theorem, we arrive
at

n—oo

t t
lim O/Q/fj(u",v”)qbdxdTO/ij(u,v)¢dxd7, ji=12. (4.71)
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Similarly, applying (4.68)—(4.69), the assumption k < 4 and |h(s)| < C|s|¥, we may deduce

¢ ¢
nllr&/!h(vu”)7¢dfd72/!h(vu)’ygbdFdT. (4.72)

If we select a test function ¢ € C(Q x (0,¢)) N C([0,t]; H(Q)) such that ¢(t) = ¢(0) = 0 and
ér € L*(Q x (0,)), then (2.2) gives

t

/[—(u%@) + (U™, )10 dT—‘r//gl (ul) ¢ded7+// g (yul) yodldr
//flu " ¢dmd7+// (yu")ypdldr. (4.73)

0
By employing (4.56), (4.62), (4.64), (4.65), (4.71)—(4.72), we can pass to the limit in (4.73) to obtain

t

/(u,gb)l’QdT:O/tQ/fl(u,v)d)dde—i—O/tr/h('yu)vqﬁdfdr (4.74)

0
Now we fix ¢ € H'(Q) N C(Q) and substitute ¢(z,7) := 7(t — 7)p(x) into (4.74). Differentiating the

result twice with respect to t yields

P = / £ (ut), v(t))dde + / h(yu(t))yddT. (4.75)

T

If we select a sequence ¢, € H'() N C(Q) such that ¢, — u(t) in H(Q), for a fixed ¢, then ¢, — u(t)
in L5(2). Now, since |f1(u,v)| < C(Ju? + |v[P) with p < 5, |h(s )| < C|s|¥ with k < 3, then by Hélder’s
inequality, we can pass to the limit as n — oo in (4.75) (where ¢ is replaced by gbn) to obtain

(O]} = / filult), o®)u(t)de + [ hiu(o)u(e)r. (4.76)

T

In addition, by repeating (4.73)—(4.76) for (2.3), we can derive

lo@)2g = / Fo(u(t), v(t))o(t)da. (4.77)

Adding (4.76) and (4.77) gives

lu(@®)IIf 0 + o)1} o =/(f1(U(t),v(t))U(t) + fa(u(t), v(t))o(t))de

Q
+/h(’yu(t))7u(t)df, for any t € (0,7). (4.78)
r

Next, we show (u(t),v(t)) € W? a.e. on [0,T]. Indeed, by (4.65)(4.66) and referring to Proposition
2.9 in [28], we obtain, on a subsequence

u"(t) — u(t) weakly in H'(Q) a.e. t<€[0,T);
v™(t) — v(t) weakly in H}(Q) ae. t€0,T]. (4.79)
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It follows that

Ju)], g < liminf o ()], and [o(t)],g < lmin o ()], . (4.80)
for a.e. t € [0,T]. Since the initial data {ul}, v} € Wf and E(0) < G(so — d), then Proposition 4.3 shows
the corresponding global solutions {u"(t),v"(t)} € W9 for all t > 0. Then, by the definition of W} one
knows |[(u™(t),v" (1)) x < so — 6, and J(u"(t),v"(t)) < G(sop — 6) for all ¢ > 0. Thus, (4.80) implies

[(u(t),v(®)|l x < so— 9 ae. on [0,T]. In order to show J(u(t),v(t)) < G(sp — d) a.e. on [0,T], we note
that

G(so —0) = J(u"(t),v"(t))
= % (" @l 0+ 10" Ol g) - /F(u"(t),v”(t))dx - /H(Wn(t))dr. (4.81)
Q 7

Since the imbedding H(2) — H'~¢(Q) is compact and p < 5, k < 3, we obtain from (4.79) that
u™(t) — u(t), v"(t) — v(t) strongly in LPT*(Q), a.e. on [0,T]
yu"(t) — yu(t) strongly in L*H(T), a.e. on [0,T]. (4.82)
By (2.7), (4.82), and the Generalized Dominated Convergence Theorem, one has, on a subsequence
lim [ F(u"(t),v"(t)) dx:/F u(t),v(t))dz, a.e.on [0,T],
Q

lim [ H(yu"(t))dl = /H ~vu(t))dl, a.e. on [0,T]. (4.83)

n—oo

Applying (4.80) and (4.83), we can take the limit inferior on both side of the inequality (4.81) to obtain
G(so —9) = J(u(t),v(t)), ae.on [0,T].

Hence (u(t),v(t)) € W¢ € Wy a.e. on [0, T]. Therefore, by the definition of W, and (4.78), necessarily we
have (u(t),v(t)) = (0,0) a.e. on [0,T]. Therefore, (4.67) implies

u" — 0 and v" — 0 strongly in L*(2 x (0,7T)), for any s <6. (4.84)
Step 2: Re-normalize the sequence {u™,v™}. We define
T 3
ni2 ni2
Noi= | [ (a3 +073) a
0
By (4.84), one has u™ — 0 and v™ — 0 in L?(2 x (0,7)), and so, N,, — 0 as n — oo. If we set
y" = N, and z" = ;if—n,
then clearly
T
[ (3 + 115) ae = 1. (4.85)
0
By the contradiction hypothesis (4.54), namely
®D, (T
lim 20T _ o (4.86)
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and along with (4.26)—(4.27), we obtain

T ni2 N2
Ly (e + o3 ) at
i NE =0,

which is equivalent to
T

Jim [ (113 12713) ae = o (487
0
We next show
n
% — 0 strongly in L%(Q x (0,7)). (4.88)

Recall the definition of the sets A, and B, in (4.59). Since N,, — 0 as n — o0, we can let n be
sufficiently large such that N,, < 1, then by using (4.1), (4.57), Holder’s and Jensen’s inequalities, we

deduce
/T /
0 Q

m+1 m+1 m+1

" dadt = / 91.(u)

n
n n

g1 (uy)
N,

n

() ) Tt .
g1 (uf! ny |2
<o) (A/ 2D qgar) gk [l asa
"B,
m+41
1 2 b%
<o io) 5 [etotimnan |+ 20 [ g
n A" an
a(D,(T)\ 5 | b (D,(T))
n 1 n
<o jap) (20 B 20 g,
where we have used (4.86) and the fact T > Ty > ﬁ Thus, our desired result (4.88) follows.
Likewise, we can prove
IOUE) 0 stromgly in L (T x (0,7)). (4.89)

Np
Let E,, be the total energy corresponding to the solution (u™,v™). So (2.26) shows E,(t) > 0 for all
t > 0. Also by (4.14) and (4.85)—(4.86), we obtain lim, E’;V(QT) < C, which implies {E}”V(QT)} is uniformly
bounded. The energy identity (4.12) shows E,(T) + D,,(T) = E,(0), and thus {EJ’\‘,(ZO)} is also uniformly

bounded. Moreover, since E/ (t) < 0 for all ¢ > 0, one has {E]T\L,(Qt)} is uniformly bounded on [0,77], and

along with the energy inequality (2.26), we conclude that the sequence

En(t) 1 2 2 2 2
{800 - L (a4 171 o Lot + 101
n

is uniformly bounded on [0, 7], where &, is the quadratic energy corresponding to (u™,v™). Therefore,
{y™, 2",y 2} is a bounded sequence in L>(0,T; H*(Q) x H () x L?(Q) x L?(Q)). Therefore, on a
subsequence,

y" — y weakly™ in L>(0,T; H(Q)),

2" — z weakly” in L>(0,T; H} (). (4.90)
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As in (4.66)—(4.69), we may deduce that, on subsequences
y" — y and 2" — z strongly in L*(Q x (0,7)), (4.91)
for any s < 6, and
vy — ~y strongly in L*°(T" x (0,T)), (4.92)
for any sg < 4. Note (4.85) and (4.91) show that

T
lim / o3+ 1n13) e = [ (1ol + 1213) @t = 1. (4.93)
0
However, by Holder’s inequality,
1 1
T T 5 T 5
//|y”||u"|p*1dxdt§ //|y"|5dxdt //|u”|3(17*1)dxdt
0 Q 0 Q 0 Q
- ||Z/||L5(Qx(0,T)) 0=0 (4.94)
where we have used (4.91), (4.84), and the fact 2(p — 1) < 5.
Similarly,
T T
//\z””v [P~ ldexdt =0 and hm //hy ||yu™|F~tdrdt = 0. (4.95)
0 0T

Since |f;(u™, v™)| < C(Ju™|P + [v"|7), j = 1,2, it follows that,

fj(unvvn)

¢| dzdr < c//(|y"|\u"|P—1 + 2" [o" P dadr — 0, (4.96)

for any t € (0,T), ¢ € C(Q x (0,1)), and where we have used (4.94)—(4.95). Likewise,

//’ (u") )dFdT<C//|7y ||yu™|*~tdldr — 0. (4.97)

Dividing both sides of (4.73) by N,, yields

t

t t
) g(yuy)
[~y e + (¥, d)1.0]dT + IV ) pdadr + ~dTdr
/ [ [t ] [

/ / PO ptadr + / [ M garar, (4.98)
0o r

where ¢ € C(Q x (0,t)) N C([0,¢]; HY(Q)) such that ¢(t) = ¢(0) = 0 and ¢; € L*(2 x (0,1)).
By using (4.87), (4.88) (4.89), (4.90), and (4.96)—(4.97), we can pass to the limit in (4.98) to find

/ Yy, P)1.0dr =0, forall t € (0,T). (4.99)
0
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Now, fix an arbitrary ¢ € H'(Q)NC(Q) and substitute ¢(z,7) = 7(t — 7)é(z) into (4.99). Differentiating
the result twice yields

(y(t), )10 =0, forall te (0,T), (4.100)
which implies y(t) = 0 in H'(Q2) for all ¢t € (0,T). Similarly, we can show z(t) = 0 in H}(Q) for all
t € (0,T). However, this contradicts the fact (4.93). Hence, the proof of Proposition 4.4 is complete. [

Remark 4.5. We can iterate the estimate (4.53) on time intervals [mT,(m + 1)T], m = 0,1,2,..., and
obtain
(m+1)T

/‘ Qmum§+uuwug(ﬁgc&¢axT»,n1:0sz“. (4.101)
mT

It is important to note, by the contradiction hypothesis made in the proof of Proposition 4.4, the constant
Cr in (4.101) does not depend on m.

4.4. Proof of Theorem 2.9

We are now ready to prove Theorem 2.9: the uniform decay rates of energy.

Proof. Combining Propositions 4.1 and 4.4 yields E(T) < C(1 + Cp)®(D(T)) for all T > Tp. If we set

®p = C(1+ Cp)®, where Cr is as given in (4.53), then the energy identity (4.12) shows that
E(T) < @7(D(T)) = @7 (E(0) - E(T)),

which implies

By iterating the estimate on intervals [mT, (m + 1
E((m+1)T)+ o7 (E(m+1
Therefore, by Lemma 3.3 in [19], one has
E(mT) < S(m) forall m=0,1,2,... (4.102)
where S is the solution the ODE:
S + [I — (I + @;1)’1] (S)=0, S(0)= E(0), (4.103)

T},

m=20,1,2,..., we have
7)) <E(mT), m=0,1,2,...

)
)

where I denotes the identity mapping. However, we note that
I—(I+0;") = (I+07") o (I+ ;") = (I+ ;") =70 (I+ 7))
— Pyl o (Pro®pt +0;1) =0 o B0 (T4 Bp) ' = (T+&p) "
It follows that the ODE (4.103) can be reduced to:
S+ (I +@7)1(S)=0, S(0)=E(0), (4.104)

where (4.104) has a unique solutions defined on [0, 00). Since @ is increasing passing through the ori-
gin, we have (I + ®7)~! is also increasing and vanishing at zero. So if we write (4.104) in the form
S" = —(I + ®7)~%(S), then it follows that S(¢) is decreasing and S(t) — 0 as t — oo.

For any ¢ > T, there exists m € N such that t = mT + 6 with 0 < 6 < T, and so m = % —
By (4.102) and the fact E(t) and S(t) are decreasing, we obtain

1

> = — 1.

Sl
Nl

E(t)=E(mT +96) < E(mT)<S(m)<S (; - 1) , forany ¢t>T. (4.105)
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If g1, g2, g are linearly bounded near the origin, then (4.5) shows that (1, o, ¢ are linear, and it
follows that ®7 is linear, which implies (I+®z)~! is also linear. Therefore, the ODE (4.104) is of the form
S’ +wgS = 0, S(0) = E(0) (for some positive constant wg), whose solution is given by: S(t) = E(0)e~%ot.
Thus, from (4.105) we know

E(t) < B(0)e0(F 1) = (ev0 5(0))e~ #*

for t > T. Consequently, if we set w := %% and choose C sufficiently large, then we conclude

E(t) < CE(0)e ™, t >0,

which provides the exponential decay estimate (2.31).
If at least one of g1, g2, and g are not linearly bounded near the origin, then we can show the decay

of E(t) is algebraic. Indeed, by (4.8) we may choose ¢1(s) = C15%1, pa(s) = Cas™?, p(s) = C3s*, where

0 < z1,22,2 < 1 are given in (4.9). Also recall that j := max{X, =, 1} > 1, as defined in (4.10). Now,

217 297 2

we study the function (I + ®7)~!. Notice, if y = (I + &)~ 1(s) for s > 0, then y > 0. In addition,
s=(I+®r)y=y+C1+Cr)(1(y) + p2(v) + ¥) +v)
< Cler(y) +p2(y) +ly) +y) < Oy™ 2022k forall 0 <y < 1.
It follows that there exists Cy > 0 such that y > Cys’ for all 0 < y < 1, that is,
(I +®7)"(s) > Cops’ provided 0 < (I + &7) " '(s) < 1. (4.106)

Recall we have pointed out that S(t) is decreasing to zero as t — oo, so (I + ®7)~1(S(t)) is also
decreasing to zero as t — oo. Hence, there exists tg > 0 such that (I +®7)~1(S(t)) < 1, whenever ¢ > t,.
Therefore, (4.106) implies

S'(t) = —(I +®p) 1 (S(t)) < —CoS(t) if t > to.
So, S(t) < S(t) for all t >ty where S is the solution of the ODE
S'(t) = —CoS(t)?, S(to) = S(to). (4.107)
Since the solution of (4.107) is
S(t) = [Co(j — 1)(t — to) + S(tg) 977 for all t > t,
and along with (4.105), it follows that

B@ <5 (é B 1) <8 (; - 1) = [Co(j —1) <; -1- to) + S(to)l—ﬂ} T

for all ¢ > T'(to + 1). Since S(tp) depends on the initial energy E(0), there exists a positive constant
C(FE(0)) depending on E(0) such that

E(t) < C(BE(0)(1+t) 77, forall t>0,

where j > 1. Thus, the proof of Theorem 2.9 is complete. g

5. Blow up of potential well solutions

This section is devoted to prove the blow-up result: Theorem 2.10. We begin by showing W, is invariant
under the dynamics of (1.1). More precisely, we have the following lemma.
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Lemma 5.1. In addition to Assumptions 1.1 and 2./, further assume that (ug,vo) € Wa and E(0) < d. If
1<p<5andl<k<3, then the weak solution (u(t),v(t)) € Wa for allt € [0,T), and

. [p+1 k41
||u(t)||?5z + Hv(t)||iQ > 2m1n{ 1 }d for all t €[0,T), (5.1)

where [0,T) is the maximal interval of existence.

Proof. Since E(0) < d, we have shown in the proof of Theorem 2.8 that (u(t),v(t)) € W for all t € [0,T).
To show that (u(t),v(t)) € Wy for all ¢ € [0,T), we proceed by contradiction. Assume there exists
t1 € (0,T) such that (u(t1),v(t1)) & Wha, then it must be (u(t1),v(t1)) € Wi. Recall that the weak solu-
tion (u,v) € C([0,T); H'(Q) x HE()), and in the proof of Theorem 2.8, we have shown the continuity
of the function

- (p+ 1)/F(u(t),v(t))dt—|— (k+ 1)/H(fyu(t))dF.
Q r
Since (u(0),v(0)) € Wa, and (u(t1),v(t1)) € Wh, it follows that there exists s € (0, 1] such that

Ju(s) 1 -+ 106 = 0+ 1) [ Fluts),o(s)do+ (1) [ Huts)ar. (2
Q
Now we define t* as the infinimum of all s € (0,#1] satisfying (5.2). By continuity, one has t* € (0, ;]
satisfying (5.2), and (u(t),v(t)) € Ws for all ¢ € [0,t*). Thus, we have two cases to consider.
Case 1: (u(t*),v(t*)) # (0,0). Since ¢* satisfies (5.2), it follows (u(¢*),v(¢*)) € N, and by Lemma
2.6, we know J(u(t*),v(t )) > d. Thus E(t*) > d, contradicting E(t) < E(0) < d for all t € [0,T).
Case 2: (u(t*),v(t*)) = (0,0). Since (u(t),v(t)) € Ws for all t € [0,t*), by utilizing a similar argu-
ment as in the proof of Theorem 2.8, we obtain ||(u(t),v(t))||x > s1, for all t € [0,¢*), where s; > 0.
By the continuity of the weak solution (u(t),v(t)), we obtain that ||(u(t*),v(t*))||x > s1 > 0, con-
tradicting the assumption (u(t*),v(t*)) = (0,0). It follows that (u(t),v(t)) € Wh for all t € [0,T).
It remains to show inequality (5.1). Let (u,v) € Wy be fixed. By recalling (2.20) in Lemma 2.7 which
states that the only critical point in (0,00) for the function A — J(A(u,v)) is Ag > 0, where A satisfies
the equation

(Il + 01 ) = ()X J PG o)+ (6 DA [ H(u)ar. (53)

Since (u,v) € Wh, then \g < 1. In addition, we recall the function A\ — J(A(u,v)) attains its absolute
maximum over the positive axis at its critical point A = Ag. Thus, by Lemma 2.7 and (5.3), it follows
that

4 < sup J(Mw.0)) = J (Do (w.v)

1 2 2
= 5% (Il + 1012 ) = X" [ Puo)do =257 [ HGuar
Q r

1 2 2 . 1 1 2 2
s%[20mug+hmﬂ)—mm{p+yk+1}@mug+mm@)

1 p—1 k-1 2 2
= 5/\(2J max{p_’_la k—i—l} (”quQ + ||U||1Q) :

Since A\g < 1, one has

2 2 . [p+1 E+1 . fp+1 k+1
HUHLQJFU”LQZ)\%mm{p—l’k—l > 2min o1 h-1 d,

completing the proof of Lemma 5.1. g
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Now, we prove Theorem 2.10: the blow up of potential well solutions.

Proof. In order to show the maximal existence time 7T is finite, we argue by contradiction. Assume
the weak solution (u(t),v(t)) can be extended to [0,00), then Lemma 5.1 says (u(t),v(t)) € Ws for all
t € [0,00). Moreover, by the assumption 0 < E(0) < pd, the energy E(t) remains nonnegative:

0< E(t) <E(0) <pd forall tel0,0c0). (5.4)
To see this, assume that E(tg) < 0 for some ¢y € (0,00). Then, the blow-up results in [15] assert that

[u(®)lly.0 + lv@®; o — oo,

ast — T, for some 0 < T < oo, that is, the weak solution (u(t),v(t)) must blow up in finite time, which
contradicts our assumption.

Now, define
N(#) = a3 + [lo@)]3
S(t) = /F(u(t),v(t))der /H('yu(t))dF > 0.
Q r

Since uy, v, € C([0,00); L?(12)), it follows that

N'(1) =2 / [ty (t) + v(t)v, (1)) da. (5.5)

Q

Recall in the proof of Proposition 4.1, we have verified u and v enjoy, respectively, the regularity restric-
tions imposed on the test function ¢ and v, as stated in Definition 2.1. Consequently, we can replace ¢
by w in (2.2) and ¢ by v in (2.3) and sum the two equations to obtain:

t

t

1

§N/(t) :/(u1u0+vlvo dx—l—// (Jug]? + \vt|2)dxd7'—/<||u||ig+ Hv||f9) dr
0

0
¢ t
// g1 (up)u + ga(vg)v )dde—// g(yug)yudldr
0
t ¢
—|—p+1//FuvdxdT+ (k+1) //Hvudfdr a.e. [0, 00), (5.6)
0 0

where we have used (2.6). Since p < 5 and k < 3, then by Assumption 1.1, one can check that the RHS
of (5.6) is absolutely continuous, and thus, we can differentiate both sides of (5.6) to obtain

SN0 = (@3 + [®)13) = (@ g + 10O )
_/(gl(ut)u+92(vt)v)dw—/g(vut)vudl“
r

Q

+(p+1) | Flu,v)dz+ (k+1) [ Hlyu)dl, a.e. [0,00). (5.7)
/ /
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The assumption |g1(s)| < b1|s|™ for all s € R implies

[ortutyutyas) <v, / () ()] dz

Q
<C IIU( [ T C] et
< C )l ()l (5-8)

where we have used Holder’s inequality and the assumption p > m. In addition, the assumption F'(u,v) >
ao([uPH! + |v|PTL) for some ag > 0 yields

1
1
)25+ ol < — / do < -S() (59)
It follows from (5.8)—(5.9) that
_1_ m+1 "
/gl(w(t))U(t)dx < SO JJur(t) sy < eSE) 7 + Ce [lus()mis (5.10)
Q
where we have used Young’s inequality.
Since p > r, we may similarly deduce
r+1 r+1
g2(ve(t))o(t)dz| < eS(t) 7+t + Cc [|ve(t)],4 1 - (5.11)

Q

In order to estimate | [ g(yu(t))yu(t)dT|, depending on different assumptions on parameters, there
are two cases to consider: either k > q or p > 2q — 1.

Case 1: k > q. In this case, the estimate is straightforward. As in (5.8), we have

/Q(Wt(t))w(t)dx < Clyu(®) ks lyue ()]G 41- (5.12)

r
Since H(s) is homogeneous of order k + 1 and H(s) > 0 for all s € R, then H(s) >

min{H (1), H(—1)}|s|**!, where H(1), H(—1) > 0. Thus,
/|7u(t)|k+1d1“ < C/H(w(t))dr < CS(t). (5.13)
r

Tt follows from (5.12)—(5.13), Young’s inequality, and the assumption k > ¢ that

1 at1
/ g(yun(®)yult)da| < CSEF un®)l,, < eSO + Coyuy()|2E. (5.14)
r
Case 2: p > 2q — 1. We shall employ a useful inequality that was shown in [15], namely,

20, @tys
rulger < € (BB + 1, 5. (5.15)
where 2(p < B < 1. Indeed, the proof of (5.15) requires careful analysis involving the following

trace and mterpolatlon theorems:
e Trace theorem:

1
Iyulg41 < C ||u||Ws,q+1(Q) ,  Wwhere s > q+71
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e Interpolation theorem (see [32]):
WA=0T(Q) = [H(Q), LT ()]s,

where r = (19)((1;%, 6 € [0,1], and as usual [+, -]y denotes the interpolation bracket.

The reader may refer to [15] for the details of the proof of (5.15).
In addition, since (u(t),v(t)) € Wy for all ¢ > 0, one has

[u@®)]? o+ l0@)]7 . < max{p+ 1,k +1}S(t), forall t>0. (5.16)

Now we apply (5.15) and the assumption |g(s)| < bs|s|? to obtain

/Q(Wt(t))w(t)df < b3/|vu(t)\|Wt(t)|qu < bslyu(t) g4 lyue(t)lg
r

(p+1)B

<c (nunft; Wi ) (O],

< ST [yug(£)[1,, < eS(8)? + Celyus(1)| 7. (5.17)

where we have used (5.16), (5.9), and Young’s inequality.
Combining (5.7), (5.10)—(5.11), (5.14), and (5.17) yields

SN0+ C (@I + @I + ]z
> (eIl + I ®)13) = (@ 0+ 0@ o)
— (SO + s + s

+(p+1) | Flu,v)dz + (k+1) [ H(yu)dl', a.e. t € [0,00), (5.18)
| /

where

i k>,
T8, i p>2g— 1.

Since (8 < 1, it follows jg < 1.
Rearrangmg the terms in the definition (2.8) of the total energy E(t) gives

= (1@ o+ 1o ) = (Ol + ou(03) 2 [ Fou
Q

- 2/H( u(t))dl — 2E(t). (5.19)
r
It follows from (5.18)—(5.19) that

1 m+1
SN+ Ce (Iue @t + w17 + 1)

2
> (p—1) / Fu(t), o(t))dz + (k1) / H(7u(t))dT

Q

_2E(t) —¢ (S(t)m ST 4+ S(t)jo) . ae. te0,00). (5.20)
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Since (u(t),v(t)) € Wy for all ¢t € [0, 00), then by Lemma 5.1, we deduce

(1) / F(ut), vt))dz + (k — 1) / H(7u(t))dr
N

Q

. p— 1 k-1 2 2
> in {220 20 (@l g+ IR o)
p—1 k-1 C[p+1 E+1
— —— b ming ——, ——
p+1"k+1 p—1"k—-1
for all t € [0,00), where p <1 is defined in (2.34).
Note (5.4) implies there exists § > 0 such that

0<E(l)<E0)<(1-¥§)pd forall tel0,o0). (5.22)
Combining (5.20)—(5.22) yields
1

m+1 r+1 1
SN0+ Cc (It + oI + e (9I2E)

> 2min{ }d = 2pd, (5.21)

> 5 [(p _ 1)/F(u(t),v(t))dx +(k—1) /H(w(t))dr] +2(1 = 8)pd
T

Q
—2B(t) — ¢ (SM T + S + S(t)")

>5|(p—1) [ Flu(),o)de + (k—1) H(w(t))dF]
o) /

+

—e(sw
Now, we consider two cases: S(t) > 1 and S(t) <1

If S(t) > 1, then since p > max{m,r} and jo < 1, one has S(t) »+1 ey +S(t )P+1 +S(t)%0 < 35(t). In this
case, we choose 0 < € < %Mnin{p — 1,k — 1}, and thus, (5.23) and the definition of S(t) imply

v+ (Hw(t)ﬂzii @I+ o)1)
[ —l/F ))dz + (k —1/HW ))dF}—Z&eS()

> %5 [(p - 1)/F(u(t),v(t))d:v (k- 1)/H(7u(t))d1“] > bpd, (5.24)
T

Q

T S(t)F S(t)j0> . ae. te0,00). (5.23)

| \/

for a.e. t € [0,00), where the inequality (5.21) has been used.
If S(t) < 1, then S(t)?TJrll + S(t);% + S(t)%o < 3. In this case, we choose 0 < e < 1dpd. Thus, it
follows from (5.23) and (5.21) that

1 m+1 r+1
SN0+ Ce (Iue @I + eI + 1)

55 [(p _ 1)/F(u(t),v(t))da: F(k—1) /H(w(t))dr] _

Q
> 20pd — 3¢ > dpd, a.e. t€[0,00). (5.25)
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Therefore, if we choose € < 6 min{p — 1,k — 1, 2pd}, then it follows from (5.24)—(5.25) that
N'(t) + 2Cc (lue(®) It + oL + ueIgf) > 200d, . t € [0,00). (5.26)

Integrating (5.26) yields
N'(®) = N'0) + 26 [ (luemth + o) + e lg) dr = oot (520

for all t € [0, 00).
By the restrictions on damping in (2.33), one has

t
41 +1 11
[ (s + e + b)) ar

0
<c // g1 (u)ug + g2 (ve)vy dIdTJr// g(yuy)yudl'dr

=C(E( ) E(t)) < Cpd < Cd, for all t €10, 00), (5.28)

where we have used the energy identity (3.1) and the energy estimate (5.4).
A combination of (5.27) and (5.28) yields

N'(t) > (26pd)t + N'(0) — C(e)d, for all t € [0, 00). (5.29)
Integrating (5.29) yields
N(t) > (5pd)t* 4+ [N'(0) — C(e)d]t + N(0), for all ¢ € [0,00). (5.30)

It is important to note here (5.30) asserts N (¢) has a quadratic growth rate as t — oco.
On the other hand, we can estimate N (¢) directly as follows. Note,
2
¢

()2 = / wo + / w(r)dr| da
0

Q

t
< 2 luo 2 + 2¢ //|ut(7)|2dxd7
0 Q
_2
m—+41

// )™ dzdr

< 2 |luol) + Cd%ﬂtm, for all ¢ € [0, 00)

<2l +C

where we have used (5.28). Likewise,

o()|12 < 2||voll2 + CdTt7rT,  for all t € [0, 00).
It follows that
N(t) <2 (Jluoll3 + llvoll3) + CamTe75T 4+ gt

), forall ¢ € [0,00). (5.31)

Since m+1 < 2and QT < 2, then (5.31) contradicts the quadratic growth of N(t), as ¢ — oo. Therefore,
we conclude that weak solution (u(t),v(t)) cannot be extended to [0, 0), and thus, it must be the case
that there exists o € (0,00) such that E(tp) < 0. Hence, the proof of Theorem 2.10 is complete. 0
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