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We study the three-dimensional Hasegawa-Mima model of turbulent magnetized
plasma with horizontal viscous terms and a weak vertical dissipative term. In par-
ticular, we establish the global existence and uniqueness of strong solutions for this
model. Published by AIP Publishing. https://doi.org/10.1063/1.5022099

. INTRODUCTION
A. Literature

In 1977, Hasegawa and Mima introduced a system in Refs. 8 and 9 to elucidate the drift wave
turbulence in Tokamak, the most advanced magnetic confinement device. The three-dimensional
inviscid Hasegawa-Mima equations can be written as (cf. Refs. 2, 4, 8,9, 17, and 22)

ow op

— +J(¢, — =0, 1.1
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0 d¢  Ow
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where J(f, g) = % g—i — g—; % is the Jacobian and A, = g—; + %22 is the horizontal Laplacian. System

(1.1) and (1.2) describes the coupling of the drift modes to the ion-acoustic waves that propagate along
the magnetic field. Here, ¢ is the electrostatic potential and simultaneously is the stream function
for the horizontal flow in the xy-plane. Moreover, w represents the normalized ion velocity in the
z-direction, and vy is a constant which is proportional to the density gradient.

Like the three-dimensional Euler equations of inviscid incompressible fluid, the only conserved
quantity for the 3D Hasegawa-Mima equations (1.1) and (1.2) is the kinetic energy, and the global
regularity problem is open. Nevertheless, by adding the full viscosity to (1.1) and (1.2), Zhang and
Guo?? proved the global regularity and the existence of global attractors for a viscous and forced
3D Hasegawa-Mima model using standard tools from the theory of Navier-Stokes equations. On
the other hand, Cao, Farhat, and Titi* proposed and studied an inviscid three-dimensional modified
version of (1.1) and (1.2), the pseudo-Hasegawa-Mima equations,
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with V,, - u = 0, for some constant Uy, where u = (u,0)" is the horizontal component of the velocity
vector field (u,0, w)”, and w = V;, X u is the vorticity. The operator V;, = (6%, (%)” is the horizon-
tal gradient. In particular, the global well-posedness of the weak solutions to (1.3) and (1.4) was
established in Ref. 4. Observe that w in (1.3) and (1.4) plays the role of the term Ap¢ — ¢ in (1.1)
and (1.2). Therefore, system (1.3) and (1.4) is a modified version of the Hasegawa-Mima equa-
tions (1.1) and (1.2), with the essential difference that the term ‘2—¢ is replace by % ‘9‘“ . Nevertheless,
model (1.3) and (1.4) is simpler than (1.1) and (1.2) in the sense that it has a mce mathematical
structure. Indeed, adding and subtracting (1.3) and (1.4) yield a three-dimensional coupled transport
system with collinear transport velocities in opposite directions leading to an intensified shear in the
vertical direction, which results in exponential growth in the relevant estimates for (1.3) and (1.4) in
Ref. 4.

It is worth mentioning other interesting models describing plasma turbulence. For instance,
Hasegawa and Wakatani proposed equations for a two-fluid model which describes the resistive drift
wave turbulence in Tokamak (cf. Refs. 10 and 11). The existence and uniqueness of strong solutions
to the Hasegawa-Wakatani equations have been established by Kondo and Tani.'#

In the context of geophysical fluid dynamics, there are certain models resembling the structure
of Hasegawa-Mima equations (1.1) and (1.2). In particular, Charney’ and Obukhov'® derived the
following two-dimensional shallow water model from the Euler equations with free surface under a
quasi-geostrophic velocity field assumption,

0
E(Ahlﬁo — Foo) + (o, Ano) + J(do, ¢ + By) =0. 1.5

Here ¢o(x, y) is the amplitude of the surface perturbation at the lowest order in the Rossby number,
and the equation z = ¢p(x, y) describes the given bottom topography. F is the Froude number. One
may refer to Ref. 20 for a derivation of model (1.5). For the simple case when ¢p is a constant
representing a flat bottom, (1.5) reduces to the Hasegawa-Mima-Charney-Obukhov equation,

(Ah¢0 ~ Fo) +J(do. M) + ﬂﬂ -0, (1.6)

Since (1.6) bears a close resemblance to the two-dimensional Euler equations, the standard tools for
handling the 2D Euler equations can be adopted to analyze (1.6). Indeed, Guo and Han’ proved the
global existence and uniqueness of solutions for (1.6). For other results concerning (1.6), see, e.g.,
Paumond'® and Gao and Zhu.°

In addition, one may refer to the monographs
relevant geophysical models.

16.20 a5 well as the papers 12, 13, and 21 for other

B. The model

Motivated by the Hasegawa-Mima equations and the Charney-Obukhov equations mentioned in
Subsection I A, we introduce and study in this paper the following three-dimensional Hasegawa-Mima
model with horizontal viscous terms and a weak vertical dissipative term,

ow a1

— Viw — —=—~Aw 1.7
o T 8z  Re " (1.7)
ow ow 1 %y

Zhu-Vw - —=—A»A, 2- 7 1.8
ot T Vhe 0z Re wre 072 (18)
Vi -u=0. (1.9)

The velocity vector field (u,v, w)" defined in Q = [0, L1? x [0, 1] satisfies the periodic boundary
condition with the horizontal velocity u = (u,v)"". The stream function ¢ for the horizontal flow

is deﬁned as z,b (=An)"'w with Jo.Lp ¥dxdy=0, and w = V), X u. We denote V), = ( gy)” and

Ay = a =+ a +—. The constant Re is the Reynolds number.
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System (1.7)—(1.9) bears a resemblance as the three-dimensional Hasegawa-Mima equa-
tions (1.1) and (1.2) with the difference that Hasegawa-Mima equations are inviscid, whereas model
(1.7)—(1.9) is regularized by the horizontal viscosity and a partial vertical dissipation. The pur-
pose of introducing and investigating (1.7)—(1.9) is to shed light on the analysis of the inviscid
Hasegawa-Mima equations (1.1) and (1.2).

Mathematically, the difficulty of establishing the global regularity for system (1.7)—(1.9) lies in
the following aspects:

(i) The physical domain is three-dimensional.
(i) The regularizing viscosity acts only on the horizontal variables.
oy

(iii) The system contains the troublesome term -.

Since the lack of the viscosity in the vertical direction provides great challenge for establishing

the global regularity, we impose a weak dissipative term € ‘?;Z‘f in Eq. (1.8). Since ¢ = (-Ap) ' w,

L 2y . . . . 2 C
we remark that, as a dissipation, ZTZ’ is weaker than the vertical viscosity ‘?97‘7_". In a priori estimates

2

conducted in Sec. II, the dissipative term eza—f plays a vital role in controlling the terms —9 and
0z 0z

%‘é’ with the help of an anisotropic Ladyzhenskaya type inequality (see Lemma 2.1).

C. Preliminaries

In this subsection, we introduce some preliminaries that will be used later in our analysis. Recall
the three-dimensional periodic space domain Q = [0, L]? X [0, 1]. Throughout, the norm for the L”(Q)
space, for p € [1, oo}, is denoted by ||f[|,. The inner product of f and g in the L*(Q) space is denoted
by (f, &) = [ fedxdydz. As usual, the Sobolev space H'(Q) = {f € L*(Q) : Vf € L*(Q)}. In addition,
we define the following Hilbert space:

Hy(Q)={f e L*(Q): V;f € L} Q)] (1.10)

that features the inner product (f, g) H(©@ = f,8)+ (Vif,Vig).
For sufficiently smooth functions f, g, and u, with V;, - u = 0, integration by parts yields

(u-Vif,g)=—(u-Vpg.f), (1.11)
which immediately implies that
(- Vif.f)=0. (1.12)

Recall that the horizontal velocity u, the vertical vorticity w, and the stream function ¢ for the
horizontal flow have the following relations:

w=VyXu=v, —uy, w=-Aw, u=y, ¢, (1.13)
where [i ;2 Ydxdy = 0. It follows that if w € L*(Q), then
(@, ) =lull3. (1.14)

In addition, for sufficiently smooth functions f, u, and ¢ such that w = (\/, —,)"", observe that u - Vi
=0, then apply (1.11) to deduce

(- Vif,y)=—(u-Vup,f)=0. (1.15)

D. Main results

Before we state the main result of the paper, we give the definition of a strong solution for system
(1.7)-(1.9).



071503-4 Cao, Guo, and Titi J. Math. Phys. 59, 071503 (2018)

Definition 1.1. We call (u, w)" = (u, v, w)" a strong solution on [0, T1] for system (1.7)—(1.9) if
(i) (u,w)" has the following regularity:
u, we L0, T; H'(Q) N C([0, T1; L*(Q)),
Anu, Apw, w., Vi, ¥.. € L2(Q % (0,T)). (1.16)
u, w; € L2(Q % (0,7)),

(i) equations (1.17) and (1.18) hold in the following sense:

d d 1

8—’;’+u-vhw— 6_l!z/:R_eAhw’ in L2 (Q % (0, 7)), (1.17)
ow ow 1 0% ., Loy
E-l—ll'Vha)—a—Z:EAha)-ff a—zz, in L (O,T,Hh(Q) ), (1.18)

with Vj, - u = 0, where w = Vj, X u, ¥ = (=Ap) ' with [y ;2 ydxdy =0, and (H} (Q))" is the
dual of the space H ,i (), defined in (1.10).

Now we are ready to state the main result of the paper: the global existence, uniqueness, and
continuous dependence on initial data of strong solutions for our model (1.7)—(1.9).

Theorem 1.2. Let T > 0. Assume (g, wo)" € (H'(Q))* such that V- ug =0, fio;p uodxdy =0,
and f[O,L]2 wodxdy = 0. Then system (1.7)—(1.9) admits a unique strong solution (u, w)" on [0, T] in
the sense of Definition 1.1 satisfying the initial condition (u(0), w(0))" = (g, wo)"”. Moreover, the
energy equality is valid for every t € [0, T],

N —

T 1
(lw®13 + lha)l13) + /0 [R—e(nvhwn% +[IVul3) + eznwzn%]ds

1
=5 (Hlwoll3 + lHuoll3). (1.19)

In addition, the H'(Q) norm of the solution (w, w)" has a uniform bound independent of T. That is,

sup (Iu®)l13q, + 10O131q)) <K

OstsT( HY(Q) HI(Q))

where K is independent of T but depends only on Re, €, L, ||l g1 (q), and ||woll g1 (q)- Furthermore,
if {(ufy, wy)'"} is a bounded sequence of initial data in HY(Q) such that (ug, wy)" — (ug, wo)" in L3(Q),
then the corresponding strong solutions (0", w™" and (u,w)” satisfy (W",w™)" — (u,w)" in
C([0, T1; L*(Q)).

Il. A PRIORI ESTIMATES

In this section, we assume that system (1.7)—(1.9) holds for smooth functions and we establish
the following formal a priori estimates. However, as we will show in Sec. III, these formal estimates
can be justified rigorously by establishing them first for the Galerkin approximation system and then
passing to the limit using the appropriate Aubin compactness theorem.

A. Estimate for [[w|2 + ||u|2

Taking the L?(Q) inner product of the system (1.7) and (1.8) with (w,)" yields

L d 2 2 1 2 2 2 2_
5 g (13 + lul3) + == (1V0wl3 + 1V5ul) + € llye]l3 =0, @1
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where we have used identities (1.12), (1.14), and (1.15). Integrating (2.1) over the interval [0, ¢]
yields

T2
lw@lI3 + llu@)ll3 + / (E(uvhwn%nvhuu%)+262||¢Z||§)ds=||wo||§+||uo||§. (2.2)
0

B. Estimate for ||w||2

Taking the inner product of (1.8) with w yields
1d 1
571912+ 2 1Vholls + €l = (-, w), (23)
where (1.12) and (1.14) have been used. Thanks to (1.13), we have

(W, w) :/ w, (—Apy)dxdydz = —/ Vaw - Vi, dxdydz
Q Q

2
€ 1
<IVawll2 Vil = IViwllallull; < Elluzllg + 2—62||Vhw||§- (2.4)
Combining (2.3) and (2.4) implies
d 2, 2 2, .2 21 2
E||w||2+R_e”Vhw”2+€ ||llz||2£§||VhWI|2~ (2.5)

By integrating (2.5) over the interval [0, ¢], we obtain

! 2 1 !
w13 + / (R—nvhwu%+e2||uz||§)dss||wo||§+—2 / IVawll3ds
0 \fxe € Jo

Re
2€2

where the last inequality is due to (2.2).

< llwoll3 + 5= (llwoll3 + luol13). (2.6)

C. An anisotropic Ladyzhenskaya type inequality

We state here the following anisotropic Ladyzhenskaya type inequality which will be useful
in subsequent a priori estimates. It is worth mentioning that similar inequalities can be found in
Ref. 3. However, for the sake of completeness, we present the proof of this technical lemma in the
Appendix.

Lemma 2.1. Let f € H(Q), g € H} (Q), and h € L*(Q). Then

1 1 1 1
/ [fghldxdydz < C(IIfll, + IVif 1) 2 (IIF 12 + If2112) 2 gl ; (llglly + IVaglln) 2 IRl
Q

D. Estimate for ||V,w||2

Taking the inner product of (1.7) with —A,w yields

1
_= — A wl?
> 7o 1Anwll2

< / - Vywhgwldidydz + [0l Apwlla
Q

2
IViawll; +

1/2 1/2 1/2 3/2
< Cllwlly*(hully + lul) Vw1 Aww]3 + w1l I Agwll,

where we have used Lemma 2.1.
By employing Young’s inequality, we obtain

d 1
Envhwug + R—enAhwn% < Cllwli3(all3 + llu)IVawll3 + Cliw.|I3.
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Thanks to Gronwall’s inequality, we have

1o ’ :
||Vhw(t)||%+R—/ ||Ahw||%dSSC(”Vth||%+/ ||¢Z||%ds)efoCIwll%(llull%+|lu;|l§)ds
€ Jo 0

< C(|[Vawollz, llwoll2)- 2.7

The uniform bound (2.7) is due to estimates (2.2) and (2.6).

E. Estimate for |[w,||3 + |lu;|I3
We take the L2(Q) inner product of (1.7) and (1.8) with (—w,,, —¢,)". After conducting
integration by parts as well as using (1.12) and (1.15), one has

|

1
2 2 2 2 2 2
(el + ugl3) + 2= (I3 + o 13) + €113

/ lu; - Viaww,|dxdydz + / [a - Vi, w,|dxdydz. 2.8)
Q Q

A N =
QU

By Lemma 2.1 with f = V,w, g =u,, and & = w,, we obtain

/ lu; - Viyww,|dxdydz
Q
12 12

1/2 1/2
< ClIAwlLY (IVawlla + 1Vaw:l12) 2 1) o115 w1l

1/2 1/2 1/2 1/2
< C(Ianwlly + 1AwwI1y 195w 15%) i1y oz 11y w1
1 2 2 2 2 2 2
< 1 (1Vhw I3 + lleoz 13) + C(IApwll3 + lhu3) w13 + Clu 3. (2.9)

Also, using Lemma 2.1 with f =u, g = Vi, and h = w_, one has

/ [a - Vay,w,|dxdydz
Q

1/2

1/2 3/2
< Cllwlly (llully + llull,) / /

1/2
P 1) e, |
2 2

1 2 2 2 2 2
< g eIl + Cllwll3 (Il + g I13) 13- (2.10)

Applying estimates (2.9) and (2.10) to the inequality (2.8) yields

d 1
7 (w3 + s 13) + == (Va3 + llewocl13) + € lvcll3

2 2 2 2 2 2 2 2
< C(Iawwll3 + Il li3) w113 + C (ol hall3 + lwli3 i3 + 1) u]13.
Thanks to Gronwall’s inequality, we obtain

1
— (IIVaw: 113 + lw:113) + eznu/zzn%]ds

!
2 2
w, (¢ + (a7 +
lw-(Dll5 + llu@l3 /0 Re

!
2 2 2 2 2 te(layw 3+, |13 2|, 112)ds
< (||@Zw0||2+ ||6zuo||2+C/(||w||2||u||2+ 1)||uz||2ds)ef0 (lapw B+ 13+llw 131, 12) ds
0

< C(llwollg, laollg1)- (2.11)

The uniform bound (2.11) is due to (2.2), (2.6), and (2.7).



0715083-7 Cao, Guo, and Titi J. Math. Phys. 59, 071503 (2018)

lll. RIGOROUS JUSTIFICATION OF THE A PRIORI ESTIMATES
AND THE EXISTENCE OF STRONG SOLUTIONS

This section is devoted to proving the existence of global strong solutions for model (1.7)-
(1.9) by assuming the initial data (ug, wg)” € (H'(©Q))? such that Vj, -ug = 0, f[o,L]Z updxdy =0, and
Jo.2 wodxdy =0. We employ the standard Galerkin method and use the analog of the a priori
estimates that were established in Sec. II.

Let ej = exp(27i[(j1x +joy)/L + jaz]) for j = (j1, j2,j3)". For m € N, let P,, (L*(€)) be a subspace
of L*(€2) spanned by {e;} jj <m- Also, for any L*(Q) function f = 3. jej, with @; = (£, ¢;), we write
Puf = 2iji<maje;.

Let us consider the Galerkin approximation for our model (1.7)—(1.9),

0wy, + Py (W, - Viw,y,) — 040, = RieAhwm, 3.1
Oy + Py (W - Vi) — 8wy, = RieAhwm + 20U, (3.2)
Vi -u, =0, (3.3)
u,,(0) = P,ug, w,,(0) =P, wp, (3.4)

where Wy, wy € Py (L2(Q)) and @y, = Vi X Wy and i, = (=An) "y With fig 12 trmdxdy =0.

Foreachm > 1, Galerkin approximation (3.1)—(3.4) corresponds to a first order system of ordinary
differential equations with quadratic nonlinearity. Therefore, by the theory of ordinary differential
equations, there exists some T, > 0 such that system (3.1)—(3.4) admits a unique solution (u,,, w,,)"”"
on [0, T),]. Since u,, and w,, have finitely many modes, they are smooth functions, and therefore
all of the a priori estimates established in Sec. II are valid for the Galerkin approximate solution
(u,,, wy,)™ . In particular, the H 1(Q) norm of (w,,, w,,)" is uniformly bounded for all time. Hence, the
Galerkin approximate solution (u,,, w,,)" exists globally in time, in particular, over [0, T], for every
T > 0.

Furthermore, by the a priori estimates in Sec. II, one has the following uniform bounds for the
sequence of the Galerkin approximate solutions:

,,, w,, are uniformly bounded in L= (0, T; H'(Q)), (3.5)
Viwm, Ay, 0,0, Vy0,wy, 0,4, are uniformly bounded in LZ(Q x (0, 7)). 3.6)

Therefore, there exists a subsequence, denoted also by u,,, Wy, W, ¥, and corresponding limits, u,
w, w, and ¥, respectively, such that

u, - u, w,—w, weakly*in L=, T; H'(Q)), 3.7
Viwm = Viw, Ayw, — Apw, weakly in LZ(Q x (0,7)), (3.8)
0.wp — 0w, Vyo,wy, - Vyw,, 0¥, — 0,4, weakly in L2(Q x (0,7)). 3.9)

Moreover, due to the a priori estimates in Sec. II, we find that

sup (Iun(llf g+ lwn®l3q,) <K (3.10)

0<t<T

where K is independent of T but depends only on parameters Re, €, L and the H'-norms
[lag|| H(Q) and |Jwol| H'(©Q) of the initial data. Also thanks to the weak-* convergence stated in
(3.7), one has |[ullpe 7.1 @) < HMiInf e Wl Lo rm1 @) and [[wllLe@ a1 @) < liminf, e
lwm |l Lo 0.7:171 ))- Therefore, we obtain from (3.10) that

2

sup (a@®l%, o + Ol o) <K
OgtsT( HY(Q) H‘(Q))
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In order to obtain the strong convergence of the approximate solutions, we shall derive uniform
bounds for d,w,, and d,u,,. First, we claim that the sequence 90,w,, is uniformly bounded in L2(Q x
(0, T)). Indeed, for any function ¢ € L*3(0, T; L*>(Q)), we use Lemma 2.1 to estimate

T
/ / |(w,, - Viawn)e|dxdydzdt

1/2 1/2 1/2
<C / w1y (s + 10:0mlly) 21V win Ly > Apwinlly * ot

1/2 1/2
<C sup (llwnlly (laully + 10.wnl1,) 1V 5wnlly?)

t€[0,T]
1/4
( / ||Ahwm||§dt) ( / ||¢||“’3dt)
< Claollgs Nlwoll gDl zar0,7:.12(02))s (3.11)

where the last inequality is due to the a priori estimates (2.2), (2.6), (2.7), and (2.11). Consequently,
the sequence

u,, - V,w,, is uniformly bounded in L4(0, T; LZ(Q)). (3.12)
As aresult, from (3.5), (3.6), and (3.12), we obtain from (3.1) that the sequence
Oywy, is uniformly bounded in L2(Q x (0,7)). (3.13)

Next, we show that d,u,, is uniformly bounded in L*(Qx (0, T)). Recall the Hilbert space H Q)=
{f eLz(Q) Vif ELZ(Q)} associated with the norm |[f||H @) |[f||2 + ||V;f||2 For any functlon pe

L2(O, T:H)} A (©2)), we apply Lemma 2.1 in order to estimate

T
/ / |, - Vyw)dldxdydzdt

< C/ lomlly (N lly + 10:wnlly) 2V swmlla 1613 (1l + VraI1) /de

<C sup (llwnlly (wully + 16:0,115)'7?)

tel0,T]
12, . 1/2
( / ||vhwm||§dr) ( / (||¢||§+||vh¢||§)dr)
0 0
< Cllwollzrs lwolly)$l 20747 ) (3.14)

where we have used the a priori estimates (2.2), (2.6), and (2.11). Therefore, the sequence
W, - V4w, is uniformly bounded in L*(0, T3 H, (Q)"), (3.15)

where (Hg (€Y))’ is the dual space of Hg (Q). Consequently, according to (3.5), (3.6), and (3.15), we
obtain from (3.2) that the sequence

0wy, is uniformly bounded in L*0,T: H,i (Q)), (3.16)

and thus
0y, is uniformly bounded in L*(Q % (0, T)). (3.17)

Then, we infer from (3.13) and (3.17) that there is a subsequence such that

Swm — dw, du,, — du weakly in L*(Q x (0, T)). (3.18)
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By (3.5), (3.13), and (3.17), and thanks to Aubin’s compactness theorem, we have, for a
subsequence, that the following strong convergence holds,

w, > u, w,—w in LX(Q x (0,7)). (3.19)

Next, we show the convergence of the nonlinear terms in (3.1) and (3.2). Let 17 be a trigonometric
polynomial with continuous coefficients. For m larger than the degree of r7, we have

T
/ / Py, - Viywp)ndxdydzdt
0 Q

T T
= / / (u - Vywy,)ndxdydzdt + / / ((w,, — ) - Vyw,)ndxdydzdt. (3.20)
o Ja o Ja

Since Vjw,, = Vyw weakly in L2(Q x (0, T)), u,, — u in L*(Q x (0, T)), and V,w,, is uniformly
bounded in L*(Q X (0, T)), we can pass to the limit in (3.20),

T T
lim / / Py, - Vyw,)ndxdydzdt =/ /(u - Vyw)ndxdydzdt. 3.21)
0o Ja 0o Ja

m—o0

An analogous argument yields

m—oo

T T
lim / / Py, - Viyw,,)ndxdydzdt :/ /(u - Vaw)ndxdydzdst. (3.22)
0o Ja 0o Ja

Therefore, due to (3.7)—(3.9), (3.18), (3.21), and (3.22), we pass to the limit for the Galerkin
approximate Eqgs. (3.1)—(3.3). It follows that

T 1
/ / (6,w +u-Vyw -0y — —Ahw)ndxdydzdt =0, (3.23)
0 Q Re

T 1
/ / (6[0) +u-Vw-ow- —MNw- ezﬁzzlﬂ)ndxdydzdt =0, (3.24)
0 Q Re

with V;, -u =0, for any trigonometric polynomial n with continuous coefficients.

By using an estimate similar to (3.11), we can deduce u - V,w € L*(0, T; L*>(Q)). Also, using an
estimate similar to (3.14), one may derive u- V,w € L*0,T; H;l (Q)’). Then we conclude from (3.23)
and (3.24) that (1.17) and (1.18) hold.

It remains to verify the initial conditions u(0) = ug and w(0) = wy. Indeed, one infers from (3.19)
that, on a subsequence, w,, () — w(f) in L>(Q) for a.e. t € [0, T]. We multiply (3.1) by a trigonometric
polynomial ¢ and integrate over the region Q X [0, 7] and then pass to the limit using (3.4), (3.7),
(3.8), and (3.22). It follows that

1
(w(t) —wo, &) + / / (u -Vyw — 0y — iAhw Edxdydzds =0, (3.25)
0 Ja Re

for a.e. r € [0, T]. Now, we multiply (1.17) with £ and integrate over Q X [0, 7]. We then compare the
resulting equality with (3.25) to get (wo, &) = (w(0), &) for any trigonometric polynomial &, which
implies w(0) = wy. Similarly, one can verify u(0) = ugp.

Finally, due to the regularity of solutions, we can multiply (1.17) and (1.18) by (w,%)" and
integrate the result over Q X (0, ¢) for ¢ € [0, T']. Then the energy identity (1.19) follows.

IV. UNIQUENESS OF STRONG SOLUTIONS

This section is devoted to proving that strong solutions for the system (1.7)—(1.9) are unique and
depend continuously on the initial data. Assume that there are two strong solutions (u;, w1)™” and
(up, w7)" on [0, T] in the sense of Definition 1.1. Set u = u; — up and w = w; — wy. Therefore,
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1
6—w+u.vhw1 +uw - Viw — a—"l’z—Ahw, inL*(Q % (0,7)), 4.1)
ot 0z Re
d d 1 9?
a—": +u- Vo +u - Viw — 6_‘;’ = ReA W + eza—f, inL*(0,T; HL(Q)), 4.2)
with V;, -u=0.

Since u and w satisfy the regularity (1.16), we can multiply (4.1) and (4.2) by (w,)" and
integrate over Q. By using (1.11), (1.12), (1.14), and (1.15), we obtain, for a.e. ¢ € [0, T,

1d 1 2 2 2 2
e + o (IVnwlly + 1V5ul3) + € gl

</ [(u- Vhw)wlldxdydz+/ [(uy - Vi)w|dxdydz. “4.3)

2 2
(w3 + Iall3)

Next we estimate the two integrals on the right-hand side of (4.3).
Using Lemma 2.1 with f = wy, g =u, and h = V,,w, we obtain
/ [(u - Vyw)w |dxdydz
< C||Vhw1||”2(||w1||2 +10-willy) " lally 21Vl 1 Vawll,

< e (I3l + 19012) + CIVgawn 12 (o 1 + 10201 12) . (4.4)

Also, using Lemma 2.1 with f =uy, g = V¥, h = w, we have
/ (s - Vig)wldxdydz < Cllwally*(hually + 102 11) 2 1)l y 1 Vyully

ST —[IVaull3 + Cllwali3(uzll3 + 8wz 15)ull3. 4.5

Now, we combine the estimates (4.3)—(4.5) to deduce, for a.e. t € [0, T],

1
2 2 2 2 2 2
13+ lhull3) + == (Va3 + IVull3) + € llgell3

4
2 2 2 2 2 2 2
< C[I1Vawi 13 (w13 + 16:w1113) + llwa 3wz 13 + l16:u15)] lhull3.

By Gronwall’s inequality, it follows that

2 2
lw®Il5 + [la@)ll;
‘ 2 2 2 2 2 2y 70
< (”w(o)”% + ”u(o)”%)ec Jo IVpwi I5(lwy 15+ 10, wy 1)+ w2 (5 CHIug [15+10.uz [15)ds

< (Ilw(O)H% + ||u(0)||§)gfc(llw1(0)HH1,Iluz(O)llyl), (4.6)

for any ¢ € [0, T. In particular, if (u(0), w(0))" =0, i.e., the initial values of the two solutions (uy, w; )"
and (uy, wy)" coincide, then (4.6) implies ||w(t)||§ + ||u(t)||§ =0forall ¢ € [0, T]. This completes the
proof for the uniqueness of strong solutions.

To see the continuous dependence on the initial data, we let (iig, )" € (H'(Q))* and take a
bounded sequence {(ug, w(’)’)" } of initial data in H1(Q) such that (ug, w(’)‘)” — (#lg, Do) in L2(Q) and
||u8||H1, IIwSIIHl, [[Qg g1, |@ollg1 <M for some M > 0. Denote the corresponding strong solutions
by (", w™)" and (@1, ®)", respectively. Then, on account of (4.6), we have, for all ¢ € [0, T,

- 2 o 2 - 2 ~ 2\ tC( || Lafl
1@ — w13 + 13 - w13 < (Ildo — wfI2 + lldo — ug12) e 195 1)

- 2 ~ 2\ T-C(M
< (110 — wll3 + llizo — ull3)e” <.
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It follows that (0", w™)" — (ii, ®)" in C([0, T]; L*>(Q)). This completes the proof for the continuous
dependence on the initial data with respect to the L?-norm for the strong solutions.

ACKNOWLEDGMENTS
The work of E.S.T. was supported in part by the ONR Grant No. N00014-15-1-2333.

APPENDIX: PROOF OF LEMMA 2.1

We prove the anisotropic Ladyzhenskaya type inequality stated in Lemma 2.1.

Proof. 1Tt suffices to prove the inequality in Lemma 2.1 for smooth periodic functions and then
pass to the limit using a standard density argument. Recall Q = [0, L]* x [0, 1]. For a fixed (x, y) €
[0, L]? and for every z, o € [0, 1], we have

“d
FACRYIE / p: (F*eey.8)de +4x,y,0)

1
<4 /0 I (x,y, OP [fe(x,y, E)ldE +fH(x, y, 0). (A1)

Integrating (A1) with respect to o over [0, 1], we obtain

1 1
froay, <4 / Oy, OP fex.y, 6)ldé + / fHxy,o)do,
0 0
and by the Cauchy-Schwarz inequality, we have

£y, S AN + 11 (A2)

I/p .
where |[f||L;; = (fol [f(x,y,z)l”dz) g if p > 1. Also we denote |[fl;s =sup, ¢y f (x,y,2)|. Then,
inequality (A2) can be written as

U llze < CIFIE LN " + 11l (A3)

Thanks to Holder’s inequality and (A3), we have

/ \fghldxdyds < / V1l gl 2 1ell 2 ey
Q [0,L]2 ) : -
<c / (WPIEUENL + s g2Vl oy
[O’L] z T "

1/4
<C(IFn* ey + ||f||4)( / i ||g||jzdxdy) 1Al (A4)
[0,L] <

Recall the Ladyzhenskaya inequality (see, e.g., Ref. 15) in the three-dimensional periodic
domain Q,

6-p

=) 2 22
lell, < Collgll,” (llella + ligalla) @ (liglla + lgylly) ™ (llglly + lleella) = (AS5)
for ¢ € H'(Q) and p € [2,6]. By (AS), one has
IFlls < CUIFI + IVAF 1) (F 1l + I l1) (A6)

and

£l < CIEIL Q1 + IVRFI) Y2 A + 1 11) 4 (A7)
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By virtue of (A6) and (A7), we have

WY + 11y < CUEN + IVRFL) 2 (1L + 1A 1) 2. (A8)
Recall Agmon’s inequality (see, e.g., Ref. 1) in one dimension,
12 1/2
||¢||L°°([0,L]) < C”¢”L2([0,L])|I¢|IH1([O,L]) (A9)

By using (A9), we obtain

L rl L rl
/ ||g||idedy§ // sup g>dzdy // sup g dzdx
[0.L]? < 0 Jo xe[0.L] 0o Jo ye[o,L]
1

5

<C /OL/OI(/OLgde)Z(/OL(gZ+g)25>dx)2dzdy
. /OL /01(/0Lg2dy)2(/:(g2 +g§)dy)zdzdx

< Cligl3(I1gll3 + 1Vagl13)- (A10)
By combining (A4), (A8), and (A10), we conclude the proof of Lemma 2.1. ]
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