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Abstract

We prove the existence of inertial manifolds for the incompressible hyperviscous Navier—Stokes equa-
tions on the two or three-dimensional torus:

ur +v(=APu+w-Viu+Vp=7f, (t,x)eRy xT9,
divu =0,

where d =2 or 3 and 8 > 3/2. Since the spectral gap condition is not necessarily satisfied for the aforemen-
tioned problem in three dimensions, we employ the spatial averaging method introduced by Mallet-Paret
and Sell in [26].

© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

Let us consider the following hyperviscous version of the Navier—Stokes equations of incom-
pressible fluid flow on a torus,
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ur +v(=APu+w-Viu+Vp=1f (t,x)eR, xT,

! (1.1)
divu =0, ul;—9 = uo,

where 8 > d /4 + 1/2 for the spatial dimension d > 3, and 8 > 1 for d = 2. Here, T = [—m, n]d
is endowed with the periodic boundary condition. It is well-known that the regularized system
(1.1) is globally well-posed in the L? space (see, e.g., [8]). It has been used, among others, by
numerical analysts as a substitute model for the standard case 8 = 1 and plays a key role in
understanding turbulent phenomena in science (cf. Avrin [2], Borue and Orszag [4], Basdevant
et al. [6], Browning and Kreiss [7], Cerruto et al. [10], Fornberg [20] and McWilliams [27]).
Besides, the system (1.1) has some physical meaning (see again [10]). Given the nonlinear na-
ture of turbulent incompressible viscous flows and the ensuing multiscale interactions, the direct
numerical simulation of the Navier—Stokes equations is still presently lacking apart from some
investigations performed on regularized systems which still retain the basic nonlinear structure
and the essential features of the full hydrodynamic Navier—Stokes equations (cf. Holst et al. [22],
Gal and Medjo [21]). Among such regularized models, it is worth noting the following globally
well-posed systems in three dimensions: the Leray-o model (cf. Cheskidov et al. [11]), the sim-
plified Bardina model (cf. Cao et al. [9]), the Navier—Stokes-« equations (cf. Foias et al. [16])
and the Navier—Stokes—Voight equations (cf. Kalantarov and Titi [23], Coti-Zelati and Gal [14]).
One advantage of using the hyperviscous Navier—Stokes equations (1.1) with 8 > 5/4 in the
three-dimensional domain is that the system only modifies the spectral distribution of energy,
and the global well-posedness (i.e., existence, uniqueness and stability with respect to the initial
data) of the solutions can be rigorously proven unlike for the three-dimensional Navier—Stokes
equations (see [2,8]). On the other hand, (1.1) has also been proposed and investigated for the
purpose of direct numerical simulations of turbulent incompressible viscous flows, although or-
ders of dissipation 8 > 2 have typically been used (see again [7,10,20,27]). The existence of
finite-dimensional global attractors for the regularized family (1.1) can be proven by employing
standard theory of attractors. For the sake of completeness, we provide a brief proof of the global
well-posedness and existence of global attractors of (1.1) in the appendix.

Furthermore, by directly verifying a spectral gap condition it was shown in [33] that the hyper-
viscous Navier—Stokes equations (1.1) possess an inertial manifold in L? provided g > d for any
spatial dimension d > 2. Exploiting the same strategy and a more refined analysis, the existence
of inertial manifolds for (1.1) with 8 > 5/2 in three-dimensional domains was established in [3]
(the results in [3] actually hold for a general family of hyperviscous operators). The purpose of
this manuscript is to prove the existence of an inertial manifold for (1.1) with 8 > 3/2 in two
or three dimensions when the spectral gap condition is not necessarily fulfilled. The motivation
for this line of research is the long-standing open problem concerning the existence of inertial
manifolds for the Navier—Stokes equation (8 = 1).

We recall that the existence of an inertial manifold guarantees that, in the long-term, the sys-
tem resembles a finite-dimensional system of ordinary differential equations, which describes the
limit dynamics of the original system as time goes to infinity (see, e.g. [18,35]). Indeed, spectral
gap conditions have been widely used in the literature to establish the existence of inertial man-
ifolds for many dissipative evolution equations (cf. [1,13,17-19,32,34]). However, for a system
that lacks the spectral gap condition, in their pioneering work [26], Mallet-Paret and Sell have
introduced the so-called spatial averaging method to prove the existence of inertial manifolds for
a three-dimensional reaction—diffusion equation. This technique was further simplified by Zelik
[35], and extended by Kostianko and Zelik to the three-dimensional Cahn—Hilliard equation [25],
and by Kostianko to the three-dimensional modified Leray-o model [24].
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In the present work, we employ the spatial averaging method to establish the existence of
inertial manifolds for the system (1.1) in the hyperdissipation range § > 3/2 in three dimensions
when the spectral gap condition fails, whereas in two dimensions an arbitrarily large spectral gap
is available. We draw techniques from the contributions [18,24-26,35]. In particular, we would
like to mention the article [25] by Kostianko and Zelik in which they studied the existence of
inertial manifolds for a model problem that can be associated with the Cahn—Hilliard equation
subject to periodic boundary conditions on T. The model problem in [25] reads

ur+ A%u+ AF () =0, ul,—o=uo, (1.2)

where A is a positive self-adjoint operator in some Hilbert space H, with compact inverse. The
Cahn-Hilliard equation on T? is an example of (1.2) when A = —A with periodic boundary
conditions on T? and F (1) = u> — u. It is well known that the Cahn—Hilliard equation can
be also obtained as the conserved gradient flow in H~! (i.e., the dual of a proper subspace of
H') associated with the Fréchet derivative of some free energy functional. Indeed, the Cahn—
Hilliard equation is naturally dissipative in H~! in the sense that the solution semigroup is
well-defined in H~!, possessing an absorbing ball in H~!. Based on this interpretation, one
may then employ analytical techniques that are similar to ones for the reaction—diffusion equa-
tion u; + Au+ F (1) = 0. Roughly speaking, this is also the approach used in [25] where in order
to verify the existence of an inertial manifold for the Cahn—Hilliard equation, one constructs in-
variant cones in H~! and adopts the spatial averaging method that was initially developed for
the 3D reaction—diffusion equation in [26].
Inspired by [25,26,35], we study an abstract model in some Hilbert space H,

ur+ APu+ AVPFW) = f, uli—o = uo, (1.3)

for B > 3/2. Notice that the hyperviscous Navier—Stokes equations (1.1) with v = 1 coincides
with the model problem (1.3) when A = —A and F (u) = A~Y?B(u,u), where B (u,v) =
P;((u - V)v) is the bilinear form associated with the advection term in (1.1). Here P, is the
Helmbholtz—Leray orthogonal projection operator. Then one needs to extend the aforementioned
invariant cone and spatial averaging method to our model (1.3) for establishing the existence of
a Lipschitz inertial manifold. Our argument also relies on number theoretic results from [29] by
Richards, and from [26] by Mallet-Paret and Sell. Specifically, we explicitly use the fact that
the size of the gap among certain quadratic forms of integers is logarithmic growing (see The-
orem 4.3). The most technical and essential content of this paper is contained in the proof of
Theorem 2.4.

This manuscript is divided into sections as follows. Section 2 is devoted to a treatment of the
model problem (1.3) by finding sufficient conditions that guarantee the existence of an inertial
manifold. In particular, in Subsection 2.1, we state a well-known optimal spectral gap condition
which immediately implies the existence of inertial manifolds for (1.3). Next, in Subsection 2.2
we adapt the method of spatial averaging developed in [26] and further exploited by [25], to treat
the critical case 8 = 3/2 of (1.3), when the spectral gap condition is violated. Section 3 is de-
voted to an application of the theory established on the abstract model (1.3) to the hyperviscous
Navier—Stokes equations (1.1). Specifically, in Subsection 3.1 we briefly verify the existence of
a compact global attractor for (1.1) with 8 > 3/2 by showing the existence of an absorbing ball
in H*. Then, in Subsection 3.2, by adopting the technique in [24], we modify (1.1) outside of
this absorbing ball in such a way that the new equation possesses an inertial manifold. As usual,
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this inertial manifold will still be invariant with respect to the solution semigroup associated with
(1.1) at least in the neighborhood of the global attractor and therefore will contain all of its non-
trivial dynamics. All the corresponding conditions of our abstract theorem are verified directly in
Subsection 3.3. The appendix contains some supporting material from number theory (see Ap-
pendix 4.1), and the proof of a standard result which says that the cone invariance property and
the decay property together imply the existence of inertial manifolds for the model problem (1.3)
(see Appendix 4.2). For the sake of completeness, in the appendix we also provide the verifica-
tion of the strong cone property for (1.3) when the optimal spectral gap condition is fulfilled (see
Appendix 4.3), as well as a brief proof of the global well-posedness of weak solutions and the
existence of the global attractor for the hyperviscous Navier—Stokes equations (1.1) for 8 > 5/4
in three dimensions (see Appendix 4.4).

2. The abstract model
First, let H be a Hilbert space. We study the following abstract model in H,
up+ APu+ AVEF@W) = f, ulimo = uo, 2.1

for B > 3/2. Here F is an operator mapping from H to H, and A : D(A) — H is a linear
self-adjoint positive operator with compact inverse. The operator A possesses the complete or-
thonormal system of eigenvectors {e;} i in H which corresponds to eigenvalues A ; such that
Aj—> ooas j— ooand

Aej:Ajej, O<A <A <A3<--- 2.2)

Throughout, we denote by | - | the norm of H and (-, -) denotes the inner product in H. For
N e N, let us now define the following projection operators

N o]
PNv=Zvjej, QNv= Z vijej, (2.3)
j=1

j=N+1

where v; = (v, ¢j).

Our goal in this section is to find sufficient conditions on the operator A and F such that the
model problem (2.1) possesses an inertial manifold in H. An application to the hyperviscous
Navier—Stokes equations (1.1) shall be discussed in the subsequent section. Let us first recall the
notion of inertial manifold for a dynamical system (see, e.g., [18,35]).

Definition 2.1. Let H be a Hilbert space. A subset M C H is called an inertial manifold for
a dynamical system in H associated with the semigroup S(¢) if the following conditions are
satisfied:

(1) M is invariant with respect to the semigroup S(¢), i.e. S(t) M = M, for all ¢t > 0;
(2) M is a finite-dimensional Lipschitz manifold, i.e. there exists a Lipschitz continuous func-

tion ® : Py H — Qy H such that

M= {M+ + (D(Lt+), Uy € PNH}
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(3) The exponential tracking property holds, namely, there exist C, « > 0 such that for every
uqy € H, there exists vg € M such that

[S(H)ug — S(t)vo| < Ce ¥ |ug — vg|, forall £ > 0.
2.1. A spectral gap condition

We state the following well-known optimal spectral gap condition which guarantees the exis-
tence of inertial manifolds for (2.1) (see [28,30,35]).

Theorem 2.2. Let the above assumptions on the operator A hold, and assume F : H — H is
globally Lipschitz continuous with Lipschitz constant L. Suppose there exists N € N such that
the following spectral gap condition is satisfied:

B B
AP -

b NS L. (2.4)
W2 I

N+1 N

Then (2.1) possesses an N -dimensional inertial manifold in the sense of Definition 2.1.

Remark 2.3.If 8 > 3/2, then the spectral gap condition (2.4) is satisfied if we assume that
Aj—>o00as j— o0o0,and Ay41—Ay > 1 for some large N. However, in the critical case g = 3/2,
the condition (2.4) demands a large spectral gap. Indeed, if Axy+1 — Ay > 2L, then (2.4) is valid
for g =3/2.

This result with sharp spectral gap condition (2.4) was derived by Miklavcic [28] and Ro-
manov [30] (see also Zelik [35]). The condition (2.4) is optimal in the sense that one can find
globally Lipschitz nonlinearity F such that (2.1) does not possess an inertial manifold if (2.4) is
violated (cf. [15,31,35]).

For the reader’s convenience, in Appendix 4.3 we prove a strong cone property provided the
optimal spectral gap (2.4) is satisfied, which eventually leads to the existence of inertial manifolds
for the model problem (2.1).

2.2. The spatial averaging scheme

In the above subsection, we have pointed out that, regarding the critical case § = 3/2 for the
model (2.1), the spectral gap condition (2.4) demands a sufficiently large spectral gap for the
operator A, which may not be available. This motivates us to consider the model problem (2.1)
in the critical case

up+ APu+ AVPF@) = f, 2.5

under the scenario when the eigenvalues of A do not have a sufficiently large gap.
We define the projection operators on the low, high and intermediate Fourier modes, respec-
tively, as follows:
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P yu = Z ujej, Qg Nu:= Z ujej, Rpyu:= Z ujej,

Aj<An—k Aj>An+k AN—k=<A;<An+k

where u; = (u, ¢;), for some k < Ay.

The following theorem states that if the spectral gap condition for (2.5) (i.e. )‘?V/il — )3\,/2 >

L()\}\,/er] + k}\l/z)) is not fulfilled, but the spatial averaging condition (2.6) is valid, then a strong

cone property can be obtained, which implies the existence of an inertial manifold for (2.5).

Theorem 2.4. Let uy and uy be two solutions of (2.5) in H. Set v =u1 — up. Define V(t) =
|q|2 — |p|? where p = Pyv and q = Onv. Assume F : H — H is Gateaux differentiable with
|F/(u)|£(HyH) < L for all u € H, and for some L > 1. Suppose there exist N € N and k €

[y logAn, An) for some y € (0, 1] such that Ly > e40L2/V with 1 <An41 — Ay <2L, and the
spatial averaging condition holds:

|Rk. v F' (u) Ry yv| < 8|v|, forall ueH, (2.6)

for some § < %. Then the following strong cone property is valid,

1/2
d A
VO + (/\fﬁ] +A§V/2) V() < —%w(m?, forall t>0. Q.7

Proof. Let u; and u, be two solutions of (2.5) and set v = u| — uy, then one has
v+ A3 0+ AV2[F(uy) — F(up)] =0. (2.8)
Set p = Pyv and g = Qnv. Take the scalar product of (2.8) with p and g respectively:

T4y p2 + A4 p|? + (F(u1) — F(uz), AV p) =0,

1d .2 3/4,12 1/2 29)
salal” +1A°77q1" + (F(u1) — F(uz), A/=q) =0.
By subtracting the two equations in (2.9), we obtain
d
V(O = =214 = |4 )+ 2(F () = F(ua), A'2p — A1), (2.10)
Due to the fundamental theorem of calculus for the Gateaux derivative, we have
1
F(ul)—F(u2)=/F/(su1 + (1 —s)up)vds. (2.11)

0

W32 302
Therefore, by setting o := “**>—"—, and due to (2.10) and (2.11), we have
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SV 4270 = [av ()~ (1474~ 14| - (4P~ alg )
1

— (alpl? = 1A + 2/ (F’(sul + (=), AV2p — Al/zq) ds. (2.12)
0

The idea is to properly bound each of the summands on the right-hand side of (2.12). Since

32 p| s A3/2

2
[v[* = [pl* + |q|* and |A*/*q|" > Ay, 1q1%, |p|?, we have

aV(t) — (A3 41> — 1A p?)

2372 3/2
3/2 3/2
< (g~ 1pP) = a b P Ayl
3/2 3/2
A —A
=— N“z N v (2.13)

For any real numbers a > b > 0, the following elementary inequality holds:

- =@-b)@®+ab+b*)> %(a —b)(a*>+2ab +b*) = %((ﬂ — b a+b). (2.14)

Hence,

3/2
N+l

2

3/2

A — Ay

—

> 20 AN O AN = —Al/z (2.15)

owing to the assumption Ay4+1 — Ay > 1.
Applying (2.15) to (2.13) yields

1/2
/||

aV(t) — (A2 — 1A p) < — (2.16)

Next notice that p = Py yv + R n p. Thus, since |Pk,NA3/4v‘2 <(An— k)3/2 ‘Pk,/vv|2 and

Rk,NA3/4p’2 5)3\,/2 2 we have
alpl* — |A¥pl?
5302 +)»3/2
= VTN (1l 4 1Rep ) — (1A 0P + Ry A Y4 P)
3/2 3372 3/2 3/2
Avirt A —A
> [% —(AN—k)W] |Pk,Nv|2+%|Rk,Np|2. (2.17)

Since Ay > Ay and due to the elementary inequality (2.14), one has
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W32 430
N+12 N _ Gy =k )‘?\{2 — Oy — k)2

l[AN—(AN I + O — k)2 > x1/2. (2.18)

[\

Thus, applying (2.18) and (2.15) to (2.17) shows that
k. 1,2 1 12
alpl® 1A p* = 20,07 1Pl + 505 IRk p P (2.19)

Since ¢ = Qk NV + Rk, ng, we write |A3/*q|? — alq|? as follows:
1A 12 — alg? = (1 @k n A *0? — @l Ok nol?) + (R nAY 41 — a| R vg|?). (2.20)

Clearly, |Ry yA34q 2 > 232

Vi1 Rk.ng|%, then by using (2.15), we have

32 .32

ANt 1.1
IRk v AY*q1? — | R ng|* > %mmqﬁ > EAN/ |Ring|>. (2.21)

By the assumption k > y logiy and Ay > e4OL2/V, one has

k> 40L>. (2.22)
5302 +)\3/2
Moreover, note that |Q yA¥*v|?> > (Ay + k)¥?| Q) yv|?. Then using a = % <
)Li,/i 1» as well as the elementary inequality (2.14), we obtain

|0en A o = al Qv = [y +072 =333, | 1ol

1
> S0 +k =) [ +02 4232 | 10k v ol?

> (k —2L)hy 1| Ok Nl (2.23)

by the assumption Ay — Ay <2L. Also we have used Ay +k > Ay +2L > Ay41, Where the
first inequality is due to (2.22) as well as L > 1.

However, we may find another lower bound for |Qk,NA3/ 4v)? — | Q. yv|? different from
(2.23). Indeed,

3/4 .2 2
|0k v A 02 — & Qg N

ylogAn ylogin
> %wk,NAW“vP + [(1 —~ % |0k v A 02 — & Qg Nl
N N

ylogiy y login
> QN A PP 4 | (1= = ) 1@k A o) — | Qe | (224)
Ay AN
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We shall show that the second term on the right-hand side of (2.24) is nonnegative. By the
assumptions Ay >k > y logAy for some y € (0, 1] and Ay < Ay + 2L, we evaluate

lo )\.N
(1 - &> |0k N A2 — | Qp y vl
AN
log Ay 3/2
> (1 = %) O + 52210k vl = 232 10 n ol
log Ay
> [(1 - %) Oy + 7 logAn)¥? = Gy + 2L)3/2} 10Nl (2.25)

Now, we calculate

log A 2
(1—w> (Ay +ylogin)?
N
(ylogain)*  (ylogiy)’

=y + Ay y loghy — 2An (y logan)® — 2(y logAn)? + /\g + fz

N N
>33 + 132 L logay = 43 200222 > (hy +2L)° (2.26)
ZANT S NVIOEAN Z Ay N = AN ’ ’

since we assume Ay > 4L/ ¥, where L > 1. The inequality (2.26) implies that the right-hand
side of (2.25) is non-negative, and then due to (2.24), we obtain

y logAn

10k v APy, (2.27)
aL2 ’
N

3/4. 2 2
|Qk v A 0 — | Qp NI >

We apply the estimates (2.21), (2.23) and (2.27) to the equality (2.20). Then

ylog iy k—2L 1, L 1,
1A —algl® > W@k,NA”%F + TAN/ka,NvF + EAN/ |Re.ng
N

(2.28)

In order to deal with the nonlinear term in (2.12), we evaluate (F'(u)v, A'/2p — A'/2q) for
any u € H as follows.
(F'(uyv, AV p — A2¢)
— (RN F'()v, A2 p — AV2q) + (Pn F'(wyv, A2 p — AV2g)
+ (kN F (v, AV p — AV2g)
= (RiwF' W) Rexv. A p— A1) + (R x /o) Py, AV p — A1)
+ (Re,n F' () Qivv, AV2p = AV2q) + (P v Fl ), A2 p — A1)
+ (Qk NF (v, A2 p — AV2g)
= (Re.vF' () Renv, A2 p — AV2q) + (F'(u) Pi.vv, RevAY? p)
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— (F'(u) P yv, Re NAY2q) + (F' () Qk v v, RenAY2 p) — (F'(u) Qp v v, Re v A )
+ (F'(w)v, Py A7) — (F' (v, Qe v A ). (2.29)

We shall estimate every term on the right-hand side of (2.29). Since |F'(u)| LHH) < L, we
notice that

|(F' ) Pivv, Rion A2 p)| + [(F' () Qi v, Riow A )|
< L(|Pe.nvl+ |QknvvD)|RenAY? pl

1/2
< LA (|Penvl + | Ok v VD Ren Pl
172
2,172 2 2\, Av 2
< 1232 (1PevoP + 100 o) + 225 Ry pl2 (2.30)

Similarly,

|(F' () Pi.n v, RenA?q)| + |(F' () Qu.nv, Rev A 2q))
< L(|Pr,nv| + |Qk,NU|)|Rk,NAl/2q|
< L(\Pe.nvl+ 0k vy + 5[ Ry vgl

< L(Pe.yv| +1Qknv)2an) 2| Re v gl
1/2

A
<4237 (1Penvl +10uavl’) + 2= R . (2.31)
where we have used the assumption k < Ay.
Next,
|(F'()v, P yAY?0)| < LIv|| Py AY?0] < LIv| Gy — )V [Pyl
A]/z

< L2 1P vl < SL202 Pevol? + TR (2.32)

Also,

I(F'(u)v, Qk.vA?0)| < LIv|| Qv A 0]

1/2
2L2)L/|| ylogiy

v
ylogin 81 }V/z

|0k NAY )2 (2.33)

Moreover, by the spatial averaging condition | Ry y F’(u) Ry nyv| < 8|v]| (see (2.6)), we obtain

|(Re.n F' () Ry v, A2 p — A2g)| < 81v]| A2 p — A'2q| < 8[v]|A'?p| + 8|v|| A ?q]
1/2

<802 [vlpl + 81v]| @k v A" v] + 8[v] | Ry A
1/2

< AN (v + 81v]| Qi v A Pu] + 82AN) 2 [v]| Reng|
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252212 log A a?
12 Y 10gAN 12
<8y P 4 B o S 0n A Pl 4 48PN + SR | Reva P
ylogin 8y
282 1/2 j/lO )\N )»1/2
= [5+7+432] horl |v|2+7‘?/2|gk,NA1/2v|2+ “N_\Ri.ngl* (2.34)
v login 8y 8

Substituting (2.30)—(2.34) into (2.29) yields

282+ L 1
((F (), A2 p — AV2g)| < (H_g_i_%z 1/2|v|
ylogiy 20
log A
+ L2800 100y A0 4 SL2AN2 0k Wl + 10L2 2 P ol
4.
1/2 512
+ = IReNa + = IRov pI?, (2.35)

foranyu € H.
Now we apply (2.16), (2.19), (2.28), and (2.35) to the equality (2.12). It follows that

d
— V(@) +2aV(t
T ) + 20V ()

1 482+ L2 1
< __zg_g_gy 1/2| E

2 y log Ay 10

k—2L k

—[ —1OL2] 10k Nl — [E—ZOLZ] 2o 1P n ol (2.36)

By (2.22) we know that k > 40L2, where L > 1, then clearly

k—2L
2

k
—10L? >0 and 5 —20L% > 0.

Since § < 1/50 and y logAy > 40L2 with L > 1, then

1 482+ L?
__zg_g_g(gz_

1
—. (2.37)
2 y logiy 10~ 4

By (2.36)—(2.37), we conclude that

d A2
EV(” +2aV (1) < —%Mz, forall >0,

32 .32
Nritr
2

where « = . This completes the proof. O

The following result shows that the strong cone property (2.7) implies the cone invariance
property and the decay property.
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Proposition 2.5. Let u| and uy be two solutions of (2.5) in H. Set v=u| — uy. Define V(t) =
|q|2 — |p|2 where p = Pyv and ¢ = Qnv. Assume F : H — H is globally Lipschitz continuous
with Lipschitz constant L. Suppose the strong cone property

d
EV(t)+(xV(t) < —plv®?, forall t >0, (2.38)

holds for some constants o, u > 0. Then, the following properties hold.

e Cone invariance property: If V(0) <0, then V(t) <0 forall t > 0.
e Decay property: If V(T) > 0 for some T > 0, then

lv(0)]> < Ce™ |v(0)|?, forall t €[0,T], (2.39)
where C > 0. (This is also called the squeezing property.)

Remark 2.6. Notice that, the cone invariance property implies that, if V(7T') > 0 for some T > 0,
then V(¢) > O forall t € [0, T].

Proof. The argument adopts the proof of [35, Corollary 2.22]. The cone invariance property
follows directly from (2.38). It remains to show the decay property. Indeed, taking the scalar
product of (2.8) with v yields

1d

|Al/2v|2
2dt

L2
]2+ |A%40)2 < |(F(u1) — F(ua), AY?v)| < 7|v|2+ —

by using the Lipschitz continuity |F(u1) — F (u2)| < L|v|. Without loss of generality, we assume
the eigenvalues A ; of A satisfy A; > 1 forall j € N, so that |A3/%v| > |A1/2v|. It follows that

d
Elvl2 < L’ (2.40)

Define V, (1) = €|v(t)|? + V(¢). Multiply (2.40) by € and add to (2.38), then

d 2 2
EVE(I) +aVe(t) <le(w+ L") — ullv|* =0,

by choosing € = m Jl:Lz' It follows that
Ve(t) <e V. (0), for t>D0. (2.41)

If V(T) > 0 for some T > 0, then by the cone invariance property, we have V() > 0 for all
t € [0, T1]. Also, notice that V (t) = |q|*> — | p|*> < |q|> + | p|> = |v|?. Therefore, due to (2.41),

WO =P + V1) < (pOP +VO) < (e + DO (242)

forall € [0, T]. Then, [v(1)]* < (14 1)e™|v(0)|?, forall 1 € [0, T]. O
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It is expected that the cone invariance property along with the decay property should imply
the existence of inertial manifolds. This result is stated in Theorem 2.7 below. For the sake of
completeness, we refer the reader for a proof of Theorem 2.7 in Appendix 4.2.

Theorem 2.7. Assume F : H — H is globally Lipschitz and |A~Y*F(u)| < C for all u € H.
Assume that the solutions of (2.5) satisfy the cone invariance property and the decay property
stated in Proposition 2.5. Then problem (2.5) possesses an N -dimensional inertial manifold M
in the sense of Definition 2.1.

Finally, owing to Proposition 2.5 and Theorem 2.7, we conclude that the spatial averaging
condition of Theorem 2.2 guarantees the existence of an inertial manifold for the model problem
(2.5). In particular, we have the following corollary.

Corollary 2.8. Suppose the assumptions of Theorem 2.4 are satisfied and |A~"*F (u)| < C for
all u € H. Then problem (2.5) possesses an N -dimensional inertial manifold M in the sense of
Definition 2.1.

3. Application to the hyperviscous Navier—Stokes equations

We aim to employ the theory that has been established on the abstract model (2.1) in Section 2
to prove the existence of an inertial manifold for the hyperviscous Navier—Stokes equation (1.1)
in two or three dimensions. We focus on the scenario when the hyperviscosity v(—A)Pu has the
critical power 8 = 3/2, because for the case of 8 > 3/2 the spectral gap condition (2.4) is satis-
fied. Moreover, we shall concentrate on the case of the three-dimensional spatial domain. Indeed,
the two-dimensional setting is much easier to study since the required spectral gap condition (2.4)
in Theorem 2.2 is fulfilled by a number theoretical result (Theorem 4.2) due to Richards [29].

Specifically, we consider the incompressible hyperviscous Navier—Stokes equation on the
three-dimensional torus:

ur + v(—A)3/2u +Ww-VYu+Vp=f (t,x) eRy x T3:

: (3.1
divu =0, ul|;—=uo.

Set the phase space H as

H:={ue (L*(T?)*: /udx =0, divu =0}.

sl

We denote by | - | the norm of H.
Notice that, if u € (L*(T?))3, then u = > jezd it je"/"* where it ; are Fourier coefficients. Thus,
fW udx = 0 is equivalent to #y = 0. Therefore, if u € H, then

_ L.
u= Z u]e .
JEZ3\(0}

We denote by P, : (L>(T3))3 — H the Helmholtz—Leray orthogonal projection operator, and by
A = — P, A the Stokes operator. Since we work with the periodic space, it is known that
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Au=—P,Au=—Au, forall ueD(A). (3.2)
The operator A~! is a self-adjoint positive definite compact operator from H to H.

As usual, the Sobolev spaces H® := D(A*/2), s > 0, with the norm | - | s = |AZ - |, are defined
as

H =ueH ul= Y 1jl*li?<oo
JEZ3\{0}

For s <0, one defines H* as the completion of H with respect to the corresponding norm || gs.
For wy, wy € H!, we define the bilinear form

B(wi, w2) = Py (w1 - V)wn).

Notice that (3.1) can be written in the equivalent form in H:

ur +vA2u+ Bu,u) = f, uli—o = uo. (3.3)

Since the exact value of v is not essential to our mathematical analysis, we assume without
loss of generality that v = 1. Thus in the following work we consider the equation

ur + AU+ Bu,u) = f, uli—o = uo. (3.4)
Given the vectors u = (11, uaz, u3), v = (vy, v2, v3), w = (wq, wa, w3), we denote

3
b(u,v,w) :=(Bu,v),w)= Z /umamvnwndx 3.5

m,n=1,H,3

whenever the integrals in (3.5) make sense. It is known that b(u, v, w) has the property

b(u,v,w)=—-b(u, w,v), (3.6)

which implies that b(u, v, v) =0.

We state the following global well-posedness result for problem (3.4). The solvability of (3.4)
will become clear from the dissipative estimates that we obtain in the subsequent subsection. We
choose to omit the proof of Theorem 3.1 since it follows from classical arguments employed for
the Navier—Stokes equations (see, e.g., [12,8]).

Theorem 3.1. Ler f € H™3/2. Then for every ug € H, problem (3.4) possesses a unique weak
solution such that u € C ([0, T]; H) N L0, T; H3?) for an arbitrary time T > 0. The weak
solution depends continuously on the initial datum in a Lipschitz way.
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3.1. Dissipative estimates

This section is devoted to showing that the dynamics of (3.4) has an absorbing ball in H*, such
that (3.4) possesses a global attractor. Let S () : H — H be the solution semigroup generated by
the system (3.4).

Theorem 3.2. Let f € H'. Then (S, H) possesses a compact global attractor G in the phase
space H, which is a bounded subset of H*.

Proof. We recall that the existence of a finite dimensional global attractor in H for a slightly
more general problem than (3.4) is also proven in [3]. Here, for the sake of simplicity we pro-
vide the a priori estimates for the existence of a regular absorbing set for the semigroup. The
conclusion of the theorem then follows in a standard way (see, e.g. [33]).

In the following estimates, we repeatedly use Holder’s inequality, Young’s inequality and the

Sobolev imbedding H® — L%Zs in three dimensions for s € (0, 3/2).
Step 1 (L*-estimate). Take scalar product of (3.4) with u. We get

1d _ 1 1
EZ'”'z + AU = (Ffu) = (A4 F, A3 < Elfli,,g/2 + 5|A3/4u|2.

It follows that

d
Sl 1A <11 s (3.7)
Therefore,
d 2 2
E|“| +lul” <1 fl5-3-
This implies
ul® <1 f13 52 (1 —e™) + e Juol*. (3.8)
Consequently, we have
limsup lu(0)] < | f1 5737 (3.9)
t—40o0

Due to (3.9) there exists #y > 0 such that
lu(t)] <2|f|g-32, for t>ty. (3.10)

This shows that all trajectories of (3.4) enter an absorbing ball of radius 2| f|y-3/2 in H for ¢ > 1y.
Step 2 (H'-estimate). Take scalar product of (3.4) with Au. We get

1d 1
§E|A1/2u|2 1A U + b, u, Auw) = (f, Au) < | f15,-1 + Z|A5/4”|2’ (3.11)
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We estimate
1
2 5/4 5/4 12 4
1bGu, u, Aw)| < Clul plul 1| Aul s < Clul?, | A 4ul < ;14 Pul + Clult,,. (3.12)

By (3.11) and (3.12), we see that

d
Ewﬁ,l + AP < Clull, +21f 13,210 (3.13)

Notice that, by integrating (3.7) from ¢ to ¢ + 1, we obtain

t+1
[ WOBade < P + 150 <517 5 (3.14)
t

for t > ty by using (3.10). By (3.13) and (3.14) along with the uniform Gronwall inequality (see
Appendix 4.1, Lemma 4.1), we have

)y = ot i=exp (CILFR 5 ) (1713 3o + 2 10), for tzr0+ 1. (3.15)

Therefore, all trajectories of the dynamical system enter an absorbing ball of radius p; in H'!
whenever t > 1o + 1.
Step 3 (H?*-estimate). Take the scalar product of (3.4) with A%u. We deduce

é%mmz + 1A U < |b(u, u, A%uw)| + |(f. A%u)|
< IbGe, . A2+ 1120 + %|A7/4u|2. (3.16)
We estimate
|b(u, u, A%u)| < C (|u|H| |AY2u), 61 A3 U5 + |u|L6|Au||A3/2u|L3>
< Clul g1 |Au]|ATu|
< Cp?Au)® + %|A7/4u|2, (3.17)

for t > 19 + 1, on account of (3.15).
We obtain from (3.16) and (3.17) that, for t > 19+ 1,

d
Ewﬁ,z +[ul3 < Cotlul?y + 21 £ 1300 (3.18)

In order to find an absorbing ball for u in H?2, we drop the term |u |§{7 ,2 in(3.18) and then integrate
the inequality from s tot + 1 forzgp + 1 <7 <s <t + 1. One has
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t+1

D <)o + CoF [ o)yt + 211 By (3.19)
t

Next, integrating (3.19) with respect to s from ¢ to ¢ 4 1 yields

t+1
ju(t + DI, < (Cof+1) / (@) pad +21f i (3.20)
t

By integrating (3.13) from ¢ to ¢ 4+ 1 and using (3.15), we obtain that

t+1
f (D) 50dt < pF +Co + 211, (3.21)

fort >t + 1.
By virtue of (3.20) and (3.21), we see that

u() s < 03 = C (00 + PF1F0) + 21 f o, for 12 10+2. (3.22)
This implies that any solution of (3.4) enters an absorbing ball of radius p, in H? after a suffi-
ciently large time t >ty + 2.
Step 4 (H 4-estimate). Recall our assumption f € H 1 Then, from equation (3.4), we have
Ay + A%u+ AV2Bu,u)=A"Y?f, in H. (3.23)
Since |AY2B(u, u)| < Cluliﬂ, we obtain from (3.23) and (3.22) that

ulgge = 1Au] < luel g + ClulPps +1f 1 < luel gy +Co3 + | flgr, for t=10+2. (3.24)

It remains to show that |u,| 1 has a uniform bound for large time. To this end, we take the scalar
product of (3.4) with Au;:

1d
g3 + §E|u|§,5/2 = —b(u,u, Auy) + (f, Auy)
< Clulalugl gt +1F el < Sl 4 Cod 4 1Py for 13 10 +2
= g2 lUel gl HlutHI_zut %) g1, lor t=1o .
Hence,
2d2<C422ft>t2 3.25
|ut|H1+E|u|H5/2— Py + 21 fle, for t =10 +2. (3.25)
Integrate (3.25) over [s,t + 1] forfp+2 <t <s <t +1:

u(t + 113,50 < ()35 + Cp3 + 21 £ 13,1 (3.26)
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Integrating (3.26) over [¢, t + 1] with respect to s yields
t+1
Ju(t + Dlgps < / () |352ds +Co3 +21 f13
H5/2 = H5/2 2 H!
t
<p3:=pi+Cof +21f 1510+ Coy +21f 15, for 1 =19+2, (3.27)

due to estimate (3.21). Now integrating (3.25) over [¢,t + 1] for t > f9 4+ 3 and using (3.27), we
obtain

t+1
/ lus |3 dt < p3 + Cps +2|f 13, for t>19+3. (3.28)
t

Next we differentiate (3.4) in time,

g + A3 ?u; + B(ug, u) + B(u,u,) =0. (3.29)

By taking the scalar product of (3.29) with Au,, we have

1d
55"’”'%—11 + |”t|i15/2 =—b(us,u, Aus) — b(u, ur, Aug) < Clug| sy ur g |ul g

It follows that

d 2 2 2 2 2012

E|ut|H1 +luelyysp < Cluelyluly < Coiluely,, for 1>19+1. (3.30)
Owing to (3.30) and (3.28), we deduce

lus |3 < (Cot + D)(p3 + Cps + 2| f17,1). for t =19 +4. (3.31)

Finally, by virtue of (3.24) and (3.31), we conclude

lulggs < pi=Clp1 + D3 + p3 + 1 f11), for 1> 10+4. (3.32)

That is, all trajectories of (3.4) enter an absorbing ball in H 4 with the radius p whent>t)+4
if f € H'. The proof is complete. [

Remark 3.3. The existence of an absorbing ball in H* is crucial for the construction of an inertial
manifold for (3.4) as we modify the nonlinearity outside the absorbing ball and show that the
modified nonlinearity satisfies the spatial averaging condition in the subsequent sections. On the
other hand, the global well-posedness of weak solutions and the existence of a global attractor for
equation (1.1) for any B > 5/4 in three dimensions can be shown by using the standard energy
method. For the sake of completion, we briefly discuss in Appendix 4.4 the case 8 > 5/4 for
(1.1)in 3D.
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3.2. Modification of the nonlinearity outside the absorbing ball

Since we are concerned with the large-time behavior of the hyperviscous Navier—Stokes equa-
tions, we may freely modify the nonlinearity outside the absorbing ball in H*. In this section we
adopt the method by Kostianko [24] to truncate the nonlinearity of our system (3.4). To this end,
let us introduce a smooth cut-off function 6 € C§°(C) satisfying

0(&)=¢ for [£]<1 and |A(§)] <2 forall £ eC.
Also, we define the corresponding vector-valued cut-off function as

0:=(0(£1),0(82),0(&)) € C3, for £ = (&1, &, &) € C.

Recall that H denotes the L? divergence-free vector field with zero mean value. The Helmholtz—
Leray orthogonal projector Py : (L*(T3))3 — H is defined as

Pou = Z Pjﬁjeij'x
JEZ3\{0}

where the 3 x 3 matrices P; are given by
| (BB Shk o i
Pji= GE| T2 i +J5 i3
—jvj3s  —hjs JitJ3

P; are orthonormal projectors in C3.
Following the idea in [24], we introduce the operator U : H — H defined as

VS N
U=y %P,-@('” ”f>el”, (3.33)

JEZA\{0} g p

where p is the radius of the absorbing ball in H 4 established in (3.32) for the system (3.4). We
remark that, in two dimensions, the operator U can be defined in a similar way.

In order to modify the nonlinearity B(u, u) in (3.4) outside the absorbing ball in H 4 we shall
replace B(u, u) by B(U (u), U(u)), and then prove the existence of an inertial manifold in H for
the so-called “prepared” equation for (3.4), namely

e+ A3 ?u + B(U ), Uu)) = f, (3.34)

for f € H'. Indeed we shall see that the original equation (3.4) and the “prepared” equation
(3.34) have the same large time behavior in the absorbing ball in H 4,
For the sake of preparation, we prove a few useful properties of the operator U.

Lemma 3.4. The function U : H — H has the following properties.

(1) U(u) =u, for all u € D(A?) with |u|ys < p.
(2) U is a regularization operator: forany § >0, U : H - H 3-8 and there exists a constant
Cs such that
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|U(”)|H%755C5’ forall ue H. (3.35)

3 . .
Moreover, the map U : H — H?27% is continuous.
(3) U is Gateaux differentiable from H to H, and its derivative U’ has the expression

.4A‘ ..
U'(w)v = Z Pj9/<|J| uj)ﬁje”'x, for u,veH. (3.36)
o

JEZ3\{0}
Moreover, there exists L1 > 0 such that

\U' )| ey < Ly, forall ueH. (3.37)
Furthermore, for each v € H, the map u + U’ (u)v is continuous from H to H.

Proof. The proof is similar to the arguments in [24].
(1) Let u € D(A?) such that

ulpe= > 1il*a <o
JEZA\{0}
then obviously,

1%,
P

<1, forall jeZ\{0}.

o iy e
Since 0(§) =& for |€] < 1, one has 6 (\/\Tu/) = MT”’ forall j € Z>\{0}. Hence by the definition
(3.33), we see that U (1) = u provided |u| g+ < p.

(2) Letu € H. Since |0(§)| <2 for all £ € C, then by (3.33), we calculate

2
.15-28 P 1
U@Ps  =C 3 1if 2‘Smscp2 > s < Co.
JEZA\{0} / JEZA\{0} /

5 . . .
Next we show that U : H — H?>~? is continuous. Indeed, given € > 0, let u, v € H such that
|lu — v| < o. We estimate

U@ - U5 |
H?2

2
o2 s (1% s 11%;
= Z 3725 |7 -0
Vias o P

JEZA\{0}

~ 2 Lty (1| P
- Z |j[3+28 0 0 —0 T +CZ W’ (3.38)

1<|jl=N ljl>N
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where we have used the fact that 6 is uniformly bounded in C*. Now we choose N sufficiently
2 . ~ A~
large such that CZU|>N m’;ﬁ < 5. Next, since |u — v| < o, one has |ii; — 0;| < o for every

j € Z3\{0}, then by the uniform continuity of g, we may select o > 0 small enough such that the
Ist summation on the right-hand side of (3.38) is bounded by 5.

(3) Let u, v € H. We calculate

U +ev)—U(u)
&

L s [5 (M) _ (M)} Jiis
€ el ¥l P P

1
LY a -
= Z Pj ﬁ]-/g’ (M>dr el (3.39)

JEZA\{0} 0 P

where we have used the fundamental theorem of calculus.
If U’ (u)v is given by (3.36), we aim to show that the L?-norm of the difference of (3.36) and
(3.39) converges to zero if ¢ — 0. Indeed,

2
’U(u—i—sv) U@ U
H
1 RPN A VN 2
| oo () (o))
JeZ\0) 0 i’ p u
1 SdoA ~ SdA 2
= > |ﬁj|2/ 7 (—“' (”f“”f')) _q ("'—”f> dx
JANC g P
! VPPN ” VN 2
= > R (—'J' (“f“”f))_é/(M) dr+C Y 0P (3.40)
<IN} P P N

where we have used 6 is uniformly bounded in C3. Let § > 0. Since v € H, we choose N
sufficiently large such that the C ZI jI=N v |2 < % Also, since 0’ is uniformly continuous, we

can select € small enough such that the 1st summation is less than % This implies

2
<34
H

—U'(w)v

3

‘U(u%—sv)—U(u)

for sufficiently small €, provided U’(u)v is given by (3.36). Therefore, we conclude that (3.36)
is the correct expression for U’ (u)v.

Next, by (3.36) and the uniform boundedness of 6’, there exists L, > 0 such that |U’(u)v] <
Li|v|,forallu,ve H,ie., U W)z g <LiforallueH.
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Finally, let v € H, we show that the map u + U’(u)v is continuous from H to H. Indeed,
given € > 0, we let u, w € H such that [u — w| < o. Due to (3.36), we have

(U’ (u) — U’ (w))v]?

2
4 4 A
- u;j - w
_ ¥ 9,<|]| ])_9,<|]| ]> 6,1
JEZA\{0} p P

2
4 . 4N
<y 9/<|J|_”-/>_9/<'1'_“’1) 0,24+C 3 19, (3.41)

1<IjI<N p L JI=N

where we have used 6 is uniformly bounded in C3. Since v € H, we may choose N sufficiently

large such that C2|j|>N |Oj|2 < 5. Also, since [u — w| < o, one has |i; — ;| < o for any

j € Z3\{0}, and then by the uniform continuity of 6’, we may select ¢ > 0 small enough such that
o ik o ita N\ 2

S iepgien |6 (L51) = 7 (UE2) 716, < 5. Therefore, we have |(U' (@) — U'(w)l? < e if

lu—w|<o. O

3.3. Verification of the spatial averaging condition

This subsection is devoted to verifying the spatial averaging condition for the “prepared”
equation (3.34). In fact, in order to employ our theory established on the abstract model (2.5),
we write the hyperviscous Navier—Stokes equations (3.4) in the form of (2.5):

ur+ A3?u+ AV2F(u) = f, where F(u) :=A""?*B(u,u). (3.42)

Notice that, for the operator A = —A, the eigenvector ¢'/** corresponds to the eigenvalue | j|2.
We modify F(u) outside the absorbing ball in H* by replacing u by U (1). Namely, we define
Z :H — H by

F W) :=FUw)=A"Y2BU®w), U@)). (3.43)

By Lemma 3.4, for any u € D(A?) such that || g4 < p, one has U(u) = u, and thus .F (u) =
F(U(u)) = F(u) if |u|g+ < p. Hence, after the trajectory u(¢) enters the absorbing ball in H*
with radius p, the equation (3.42) is equivalent to

ur + A32u+ AV Z W) = f, where Z(u)=A""?BU®w),U(u)), (3.44)

for f € H'. Recall that (3.44) is named the “prepared” equation for (3.42), since equations (3.42)
and (3.44) have the same large time behavior in the absorbing ball in H*.

Before showing that .% is Gateaux differentiable from H to H (see Proposition 3.5 below),
we formally compute the Gateaux derivative of .% : H — H at the point u € H in the direction
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of ve H. In fact, for any w € H,

(F ). w) = hn})(ﬁ"(u +&v) — 9(u)7w>

&

— lim (B(U(u +¢ev), U(u +¢v)) — B(U(u), U(u)) ’ A_1/2w>

e—0 &

= (B(U(M), U/(I,t)l)), Ail/zw) + (B(U/(M)U, U(M)), A*l/zw)
= ~b(U @, A~ 2w, V') = U @, A7 P, U@, (345)

where we have used (3.5) and (3.6).

Proposition 3.5. Let .% be the operator defined by (3.43). Then F is uniformly bounded from
H to H?, i.e., there exists C > 0 with |.Z ()| y2 < C for all u € H. Moreover, F is Gateaux
differentiable from H to H, and its derivative F' has the expression:

(F (v, w) = —bU W), A~ ?w, U (w)v) — bU w)v, A~ w, Uw)), (3.46)

foru, v, w € H. In addition, there exists L > 0 such that

|.Z' W) cmy <L, forall ueH.

Proof. To show that .% is uniformly bounded from H to H?, we take an arbitrary w € H and
estimate

(AZ ), w) = (AV2B(U (u), U(u)), w)
< Clwl (142U @)} + 1U @)~ AU @)

< Clw||U@)[3.
Thus |AZ (u)| < |U(u)|f112 <C, forall u € H, by virtue of (3.35).

Next, we show that .% is Gateaux differentiable from H to H. Indeed, for any u, v, w € H,
we calculate

(ﬁ(u+ev)—ﬁ(u) ) <B(U(u+8v),U(u+8v))—B(U(u),U(u)) 1/2>
. W= . ,A w

——b (U(u Fevy, a2y, YT 8';) - U(“)>

_b<U(u+8v)—U(u),Al/2
&

w, U(u)> , (3.47)

where we have used (3.5) and (3.6).
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In order to show that b (U(u +ev), A7/ 2y, w> = b(U ), A~V2w, U'(u)v) as
& — 0, we evaluate the difference:

Uu+ev)—U(u)
&

U(u +8U)—U(u)>'

‘b (U(u+su),A—1/2w, )—b(U(u),A_1/2w, U’ (u)v)

=
€

b <U(u +ev) —Uu), A~V

Uu+ev)—U(u)

+ ‘b (U(u), A"y, — U/(u)v>‘. (3.48)

We shall show that the right-hand side of (3.48) converges to zero. Since U is Gateaux dif-
ferentiable and the map u — U’(u)v is continuous from H to H due to Lemma 3.4, by the
fundamental theorem of calculus for the Gateaux derivative, we have
1
Uu+ev)—U) = / U'(u + tev)evdr. (3.49)
0

As aresult,

’b (U(u +ev) — U(u), A~ ?w, U +ev) — U(“))'

&
1

<|b U(u+8v)—U(u),A_l/zw,/U’(u—i—tsv)vdt
0
1

<ClU@u+ev)—U@u)|r=|w| /U’(u + tev)vdT

0 H
1

<C|U(u+¢ev) — U(u)ILoo|w|/ \U'(u + tev)v|, dt
0

=CL1|U(u+ev) = U@)|g2|wl|v| (3.50)

where we have applied (3.37). Also, by Lemma 3.4, the map U : H — H? is continuous, thus
|U(u+ev) — U(u)|g2 — 0 as ¢ — 0. It follows that the right-hand side of (3.50) converges to
zero as € — 0.

Next, we deal with the second term on the right-hand side of (3.48). Due to (3.49), we see that

1
<|b U(u),A_l/zw,/(U’(u—i-rev)—U/(u))vdr
0
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1
< ClUG)| = w] /(U’(u +tev) — U'(w)vde
0

H

1
< C|U )| g2|w] / [(U'(u+ tev) — U'(w)v|gdr. (3.51)
0

According to Lemma 3.4, the map u +> U’(u)v is continuous from H to H. Therefore,
sup, (0.1 (U’ (u+tev) = U'(w))v|y — 0 as e — 0. It follows that the right-hand side of (3.51)
converges to zero as € — 0.

We have shown that both terms on the right-hand side of (3.48) converge to zero as ¢ — 0.
Hence

Uw+ev)—U(u)

lim b <U(u +ev), A7y
e—0 &

) =b(U®), A~ ?w, U ). (3.52)

Analogously, we may show that

fim b<U(“+8U)_U(“),A—1/2

; w, U(u)) =bU (v, A~ ?w, Uu)). (3.53)

e—0

By (3.47), (3.52) and (3.53), we conclude that

. <ﬁ(u+8v) — F(u)
lim )

; w) =—bU @), A~ ?w, U (u)v) — b(U' w)v, A~ *w, U)),

e—0

for all u, v, w € H. This implies (3.46).
Finally, we show that |.%'(u)| £(u, i) is uniformly bounded. By (3.46) we estimate

(F' (v, w) < |bU @), A~V 2w, U'w)v)| + |b(U (w)v, A~V 2w, Um))|
< CUw)|re|w||U" (u)v]
< C|U )| g2|wl||U’ (u)v]
< CLy|wl|lv| forall we H,

where we have used (3.35) and (3.37) to obtain the last inequality. It follows that
|F" ()| g my <CLy, forall ueH.
This completes the proof. O

Next, we verify the spatial averaging condition (see Theorem 2.4) for the “prepared” equation
(3.44) in T3.



4360 C.G. Gal, Y. Guo / J. Differential Equations 265 (2018) 4335-4374

Proposition 3.6. Let # be the operator defined by (3.43). Given § > 0. There exist arbitrarily
large N e N and k € [y logAn, An) for some constant y € (0, 1] independent of N, such that

|Re. v-F' (u) R nv| < 8]v],
foranyu, ve H.

Proof. Let u = (u1,us,u3), v= (v, v2,v3), w = (wy, wp, w3) be vectors in H. Then, due to
(3.46), we have

(Rik.nF W) Ry yv, w) = (F'(u) Ry nv, R nw)
= —b(U(u), AV Ry yw, U’ (u) R yv) — b(U' ) R yv, A™V2 Ry yw, U(u)).  (3.54)

We denote by U (u),, the n-th component of the vector U («), and denote by [U’(u)v], the
n-th component of the vector U (u)v, where n =1, 2, 3. By applying (3.5) we write

b(U (u), A~ 2Ry yw, U’ () R nv)

3
> [ W RN @0L) (Renin A~ P

m,n=1T3

3
> [ R W@ RMU W01) 8,47 P

m,n=1T3

It follows that

3
b ), A~ Ry yw, U' )R y) | < [wl Y [Riy (U @) Re NLU' )v],) |

m,n=1
The same estimate holds for the second term on the right-hand side of (3.54). Therefore,

3
(R, v F' () R,y v, w) < 2|w Z |Ri.nv (U ) Re N LU ()v],) |- (3.55)

m,n=1

In order to estimate the right-hand side of (3.55), we let ¢, ¥ € L2(T3) such that ¢ and ¥
have mean value zero. Let r > 0 and then denote

P>r = Z @jeijac’ and @, = Z (ﬁjeij‘x-

Lil>r I<|jl=r

Thus, ¢ = ¢~ + ¢~,. Then

Ri,N(@Ri NY) = R N (@1 R, NY) + R N(@<r R NY). (3.56)
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By Proposition 4.5 (see Appendix 4.1), there exist arbitrarily large A > 0 and « € [y logi, A)
for some y > 0 independent of the choice of X, satisfying: whenever n)% 12 € [ — &,
A + «] with distinct n and [ € Z3 one has |n — [| > r. Without loss of generality, we assume
y € (0, 1]. Therefore, due to Weyl’s law Ay ~ CN %, there exist arbitrarily large Ay > 0 and
k € [y logAy, Ay) satisfying: whenever |n|2, |l|2 € [Ay — k, An + k] with distinct n and [ € Z3
one has |n — [| > r. It follows that

Ren(prRiny) = ) Y Guatn €M =0. (3.57)
v —k<in2<iy+k | ay—k<|l2<in+k
1<|n—I|<r

Due to (3.56) and (3.57), for the chosen N and k, we have

Ri,N(@Ri NY) = R N (9> R NY).

Consequently, by assuming ¢ € H? with zero mean and using a basic interpolation inequality,
we obtain

;3
|ReN (@R NV < 105 Ri N | < L0 r 1] < lgsr# L0l Fn 0] (3.58)
Notice that
n 1 4. 1
==Y 9P =) WI;I“ijIz < 1ol (3.59)
ljl>r ljl1>r

By (3.58) and (3.59), it follows that

1
|Re, N (@R NY)| < —r|¢|Hz|w|. (3.60)
By (3.55) and (3.60), one has
2u| &
(Ri,nF ()R vv, w) < — Z \U )| g2 (U (u)v],]. (3.61)
ﬁ m,n=1

By (3.35) and (3.37) in Lemma 3.4, we see that |U(u)|gy2 < C for all u € H and |U’(u)v| <
Lq|v|. Therefore, we derive from (3.61) that

CcL
(Re.n-Z ()R yv, w) < —Lvl|w], forall u,v,w e H.
’ ’ Jr
This implies that

CL
\Ri.nF ()R] < 71|v| <6lv|, forall u,v,we H,
r
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by choosing r sufficiently large. Notice that the value of r does not depend on N and k. This
completes the proof. O

3.4. Existence of an inertial manifold

Finally, we state and prove the main result of the manuscript: the existence of inertial man-
ifolds for the hyperviscous Navier—Stokes equations (1.1) for the critical case § = 3/2. Recall
that, if f € H!, all solutions of u; + A3y 4+ B(u,u) = f enter an absorbing ball & in H* for
large time, which coincide with solutions of the “prepared” equation (3.62) in A.

Theorem 3.7. Consider the “prepared” equation for the incompressible hyperviscous Navier—
Stokes equations on T, d=2or3, namely,

ur+ AU+ BU W), U@)) = f, (3.62)

for f € H'. Then equation (3.62) possesses an inertial manifold in H in the sense of Defini-
tion 2.1.

Proof. First, we write (3.62) in the form
up + Ay + AV2Z ) = f,

where .Z (u) = A~V2B(U (w), U (u)). By Proposition 3.5 (whose statement is valid in both two
and three dimensions), .% is Gateaux differentiable from H to H such that |.%'(u)| LH,H) <L
for all u € H. Also |.# (u)|y2 < C for all u € H, for some constant C > 0. Let {%, = ViRE
j € Zd\{O}}, d =2 or 3, such that 0 < A < Ay < A3 < ---, correspond to the eigenvectors
{el*: j eZ4\{0}} of Ain H.

Case I: If there exists a sufficiently large spectral gap, namely, there exists N € N such that
AN+1 — AN = 2L, then by Theorem 2.2, there exists an N-dimensional inertial manifold for
(3.62). In particular, on the two-dimensional periodic domain T?, an arbitrarily large gap for
eigenvalues of A = —A is guaranteed by Theorem 4.2 (see the Appendix), due to Richards [29].

Case 2: In three dimensions, there does not necessarily exist a sufficiently large spectral gap.
But, by Proposition 3.6, there exist N € N and k € [y logAy, An) for some y € (0, 1] such that

AN > 6‘40L2/y and 1 <Ay41 — Ay <2L,and
|Rk.n-F (u) Ry, yv| < 8|v|, forall u,veH,

for some § < %. Consequently, the spatial averaging condition (2.6) is fulfilled, so we conclude
from Corollary 2.8 that equation (3.62) possesses an N-dimensional inertial manifoldin H. O

4. Appendix

In this appendix, we include a series of well-known theoretical results (see Appendix 4.1) and
then provide the complete proof of Theorem 2.7 (see Appendix 4.2). We also provide a proof of
the strong cone property when the optimal spectral gap condition is satisfied (see Appendix 4.3),
and a proof of the global well-posedness of weak solutions and the existence of global attractors
for the hyperviscous Navier—Stokes equations (1.1) when 8 > 5/4 in three-dimensional domains
(see Appendix 4.4).
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4.1. Supporting results
First let us recall the uniform Gronwall inequality.

Lemma 4.1 (Temam [33]). Let g, h and y be nonnegative locally integrable functions defined
for t > tg. Suppose

d
d—ffgerh, Jor t > 1.

Then, it holds

t+1 t+1
141
Yt +1)<eli 8o /y(r)dt+/h(r)dt , for t> 1.

t t

Next we state a few number theoretic results which are related to the construction of an inertial
manifold.

Theorem 4.2 (Richards [29]). The sequence {s, = k% + k% k1, ko €Z and s,41 > s,} satisfies

. Sn+1 — Sn
limsup ———

2 87
n—00 log s,

for some § > 0.

Theorem 4.3 (Mallet-Paret and Sell [26]). Let D C Z be a finite nonempty set of integers with
the property that [ | ;c o d is not a perfect square whenever A C D has odd cardinality. There exist
arbitrarily large m € N and h > Clogm for some constant C > 0 independent of m, satisfying:
if T is any quadratic form

T(k1, ko) = ak? + bkiky +ck3, a,b,c€Z,
with discriminant d = b* — 4ac € D, then

T (k1,kp) ¢ [m,m + h] foreach ki,ky €Z.

Proof. Theorem 4.3 has been proved by Mallet-Paret and Sell in [26]. The estimate of the size
of the gap #, i.e., h > Clogm has been claimed in [26] without a detailed argument. For the sake
of completion, we present the proof for the estimate & > Clogm as follows. The idea is from
the proof of Theorem 4.2 by Richards in [29]. Indeed, since we consider the discriminant d =
b* — 4ac € D, without loss of generality, one may assume that every element d in D satisfying
d =0or 1 (mod 4). It has been proved in [26] that there exists r 7 0 such that

d
ged (d,r)=1 and (—):—1, for each d € D, 4.1)
r
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where (g) is the Jacobi symbol. Define § := lcm {|d| : d € D}. By (4.1), one has ged (§,r) = 1.
Let & > 0 and set

A:= sup |r+4§j]. 4.2)
0<j<h
Define P be the product
P:=]]p"* (4.3)

where the product is taken over all primes p with

pt8 and p* <A < plt®

for some integer o« > 0. “4.4)
Recall gcd(8, r) = 1. Set the integer m € [1, P] satisfying
dm =r (mod P). 4.5)

It has been shown in [26] that T (ky, k) ¢ [m,m + h] for any k1, ko € Z. We argue that h >
Clogm. Indeed, the number of primes p < A is asymptotic to @. By (4.3), we obtain that

2(14+¢)A
P <A Tea —=20+9A £ omee > 0.

This implies that

log P logm
A > >
T2(14¢) T 2(14¢)

(4.6)

since P > m. Moreover, since r and § are fixed integers, then 4 and A can be chosen arbitrarily
large such that (4.2) is valid and
h> A “@.7)
Z 55 .

(=2}

In view of (4.6) and (4.7), we conclude that

logm
> .
T 45(1+¢)

This demonstrates the size of the gap stated in Theorem 4.3. O
The following result is a corollary of Theorem 4.3.

Corollary 4.4 (Mallet-Paret and Sell [26]). Let 7 be a finite collection of functions T of the
form

T (ky, ko) = aki + bkiky + ck3 + sky + thy +u,
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with rational coefficients and negative discriminant, i.e.,

a,b,c,s,t,ueQ, b* —4dac < 0.

Then, there exist arbitrarily large m € N and h > C logm for some constant C > 0 independent
of m, such that

T (ky,kp) ¢ [m,m + h] foreach T € T and ki, k) € Z. (4.8)
Corollary 4.4 implies the following proposition.

Proposition 4.5 (Mallet-Paret and Sell [26]). Let r > 0. There exist arbitrarily large . > 0 and
k > Clog\ for some constant C > 0 independent of A, satisfying: whenever |n|?,|l|> € [A — «,
A + k] with distinct n and | € Z3 one has |n —1| > r.

4.2. Proof of Theorem 2.7

It is standard that the cone invariance property and the decay property together imply the
existence of an inertial manifold in H for the model problem (2.5). We present the proof of
Theorem 2.7 for the sake of completion.

Proof of Theorem 2.7. We adopt the proof by Zelik [35] (see also Kostianko and Zelik [25]).
The argument can be split into four steps.
Step 1: We aim to prove that the boundary-value problem

u +Au+ AV2Eu) = f

4.9)
Pyu(0) =uo, Qnu(=T)=0

has a unique solution for any 7 > 0 and ug € Py H.
In fact, let us denote by S(¢) the semigroup induced by (2.5) and consider the map Gr :
PyH — Py H given by

Gr(p)=PnS(T)p, for o € PyH.

First notice that G is Lipschitz continuous. To see it, we let ¢ and ¢, € Py H. Set u1(t) =
S(t)p1 and us(t) = S(t)¢p2. Due to (2.40), one has

d 2 2 2
E|u1(t)—u2(t)| < L?ui(t) —ua(t)|~, forall >0.

Therefore,

1 () — ua (1)) < €|y — o, forall ¢ > 0.

It follows that
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2
1Gr(91) — Gr(g2)> <eTL'|p) — o|?, forany @i, ¢ € PyH.

This shows that G7 : Py H — Py H is Lipschitz continuous.

Next we shall justify that the map G is injective. Put v(¢) = u1(t) — ua(¢). Also set p(t) =
Pyv(t) and ¢ () = Qyv(t). Taking the inner product of v; + A3/ ?>v 4+ AY2(F(u1) — F(u2)) =0
with p yields 14 |p|? +|A¥*p|2 + (F(u1) — F(u2), AY?p) = 0, which implies

1d
YT + 23212+ LA vl 2 0, (4.10)

where we have used the Lipschitz continuity |F(u1) — F(u2)| < Lluy —ua| = L|v|.
Since v(0) = @1 — @2 € Py H, by the cone invariance property, |q(t)| < |p(t)|, for all # > 0.
Thus |v(t)| <2|p(¢)|, for all £ > 0. Then, due to (4.10), one has

d
E|p|2+2( 3/2+2LA1/2>|p|220, forall 7> 0.

( 3/2+2LA1/2)

As aresult, [p(0)] <e |p(¢)| for all £ > 0. Consequently, we have

5372 172
(V2L G 1) — Grien) @.11)

lpr — g2 <e
This implies that G7 : Py H — Py H is injective, and G;l is Lipschitz continuous on its domain.
Since Py H is finite dimensional and Gr is continuous and injective, by using the theorem
of invariance of domain [5], we conclude that G is a homeomorphism from Py H to an open
set G (PyH). Due to (4.11), we see that the open set G (Py H) has no boundary. For, if ¢
is a point on the boundary of the open set G7(Py H), then there exists a sequence {y,} C
Gr(PyH) such that ¥, — Y9, and by (4.11), G;lw,, is a Cauchy sequence and has a limit
point ¢g in Py H, then G7(¢o) = o by the continuity of G, which contracts the assumption
that Yo ¢ Gr(PyH). As aresult, Gr(PyH) = Py H,i.e., Gr is a homeomorphism from Py H
to Py H. Therefore, G1(¢) = ug is uniquely solvable for all ug € Py H. It follows that u(t) =
S+ T)G;1 (up) is the unique solution of the boundary-value problem (4.9).
Step 2: Given ug € Py H. Let ur(t) be the solution of the boundary-value problem (4.9). We
aim to prove that the limit

a(n) = lim ur (1) 4.12)

exists for all # <0 and is a backward solution of the problem u, + A3y + AV2F (u) = f with
Pyu(0) = ug.

Indeed, let 7> > T7 > 0, and set v(t) = ur, (t) —ur,(t), for t € [-T1,0]. Put p(t) = Pyv(t)
and ¢ (t) = Qnv(1). Notice that p(0) = Pyur, (0) — Pyur,(0) = uo — uo = 0. Then by the cone
invariance property, we have |g(¢)| > |p(¢)| for all r € [—T1, 0], and thus 2|g(¢)| > |v(¢)| for all
t € [—T1,0]. Then by the decay property, we obtain that

lu(®)] < Ce UV y(—Ty)| < 2Ce ™ HTD g (~T))| = 2Ce V| Qnur, (~T1),  (4.13)
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for all ¢ € [—T7, 0], where the last equality is due to the fact that Qyu7, (—77) = 0. In order to
find a uniform bound for |Qyu7z,(—11)| for any 7> > T} > 0, we consider an arbitrary solution
ur of problem (4.9). One has

1d

M|Qw|2 + A4 Qnur | < |(F(ur), A2 Qnur)| 4 |(f, Onur)|
1 1

<A™V Fur)? + Z|A3/4QNur|2 +IAT P+ Z|A3/4QNMT|2,

fort € [T, 0]. It follows that
d
E|QNuT|2 + 1A Qnur P <2IA7 VA F )P +21A73 4 f12 < C,

for t € [—T, 0], due to the assumption that |A~!/4 F (u)| is uniformly bounded for all u € H.
As a result, we have

d
E|QNMT|2+£\,/L|QNMT|25C, for t € [—T, 0]. (4.14)
Since ur is a solution of (4.9), we know that Qyur(—T) =0, then by (4.14), one has
|Qnur()* < C, (4.15)
for some constant C > 0 and all ¢ € [T, 0] and for any T > 0. It follows that
|Qnur, (T)* < C.
Therefore, by (4.13), we obtain that
lug, (1) — ur, ()] = Jo(@)] < Ce TV forall 1 €[~T1,0],
for any T > T; > 0. Consequently, for any * > 0, as T}, T» — 00, one has
lug, (1) — ug, ()] = 0, uniformly on [—¢*,0].
This implies that u7 is a Cauchy sequence in C([—t*,0]; H) for any t* > 0. Hence, & =
limy_, o ur exists in C([—t*,0]; H) for any t* > 0, where ur is the solution of (4.9). This
shows that 7i(¢) is a backward solution of u, + A32u + AY2F(u) = f with Pyu(0) = ug and
it has a unique extension # which solves u; + A3y + AV2F(u) = f for all t € R. Also, we
remark that, due to (4.15), |Q yu ()| is uniformly bounded for all ¢ € R.

Step 3: Define the set A as the set of all solutions i(t), t € R, of (2.5) constructed in Step 2
using the limiting process (4.12). By the construction, the set A is invariant in time, i.e.,

T(t)A=A, where (T(t)a)(t)=u(t+ 1), T €R.

Also, for two trajectories 7 and ii; € A, we claim that
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QN (1 (1) —u2(0)| < [Py (a1 (t) —uz(2))|, forall t eR. (4.16)

Indeed, by the limiting process (4.12), there exist u(l) and u% € Py H such that limy_, o ur, =

i1 and lim7_ o Ur,2 = iy, where u j = 1,2, are solutions of (2.5) with the boundary

T,ué’
condition Pyu(0) = u‘(’), Onu(—T) = 0. Since QNMTYM(I)(—T) = QNuT’u(z)(—T) = 0, then by
the cone invariance property, we obtain that

QN Gy g () = 7 2 ()] < Py (g () =t 2@, forall 1= =T.  (@17)

By passing to the limit on (4.17) as T — oo, we obtain (4.16).
We define the map @ : PyH — Oy H by

®(ug) = Onu(0) where u € A with Pyi(0) = ug.
Due to (4.16), we have
|On (@1(0) — u2(0)| < | Py (1(0) — u2(0))].
That is,
|D(uf) — @) < luy —ufl, forany u),u}e H.

This shows that ® : Py H — Qy H is Lipschitz continuous with Lipschitz constant 1.
Now we construct the Lipschitz manifold of dimension N as

M :={ug+ ®(ug) : up € PyH}.
The invariance of A implies the invariance of M with respect to the semigroup S(z).
Step 4: We aim to show that any trajectory of the solution of (2.5) approaches the finite-

dimensional Lipschitz manifold M exponentially fast. Indeed, let u(z), t > 0, be a solution of
(2.5) such that its trajectory does not belong to M. For each T > 0, there exists i € A such that

Pyu(T) = Pyur(T).
Then by the cone invariance property, we have
| PN (u(t) —ur (@) < |Qn(u@) —ur@)], for r€l0,T], (4.18)
and by the decay property, we have
lu(t) —ir(t)] < Ce *u(0) —ir(0)|, for te[0,T]. (4.19)
Recall in Step 2, we have shown that, for any it € A, | Q v ()] is uniformly bounded in R. Hence,
we have that |Q yii7(0)] is uniformly bounded for all T > 0. Also, due to (4.18), | Py (u(0) —

ur(0))] < |Qn@(0)—iur(0))]. As aresult, |iz7 (0)| is uniformly bounded for all 7 > 0. Since the
Lipschitz manifold M is finite dimensional and 7 (0) € M, there exists a sequence i1, (0) —
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i(0) € M as Tj — oo and the corresponding trajectory u(t) € A. Since iy, and u are both
solutions of (2.5), due to (2.40), we obtain that

iz, (1) — (D)) < e |iig; (0) — (O)%, forall 7> 0.

This implies that |IZT_/ (t) —u(t)| — 0 as T; — oo for each ¢t > 0. Therefore, by virtue of (4.19),
we conclude that

lu(t) —ii(t)| < Ce " |u(0) — (0|, for t > 0.

This shows that any trajectory u(¢) outside the inertial manifold M exponentially approaches a
trajectory u(¢) in M. O

4.3. Derivation of the cone property under the optimal spectral gap condition

For the self-containedness of the paper, we derive a strong cone property for model (2.1) with
the assumption of the sharp spectral gap condition (2.4).

Proposition 4.6. Let u; and uy be two solutions of (2.1). Set v =u| — uy. Denote p = Pyv
and g = Qnv. Define V(t) = |q|§1,l/2 - |p|12q,1/2. Assume F : H — H is globally Lipschitz
continuous with Lipschitz constant L. Suppose the spectral gap condition (2.4) is satisfied. Then,

the following strong cone property holds:

1d
S VO V() —ulo®P, forall t >0, (4.20)
AN s P
where o = XN —NEEN and p = S — L > 0.
Ni1tAy Nt+1TAN

Proof. Let u; and u, be two solutions of (2.1) and set v = u| — uy, then one has
v+ APv + AV F(u) — Fun)] =0, 4.21)

where g > 3/2. Set p = Pyv and ¢ = Q yv. Take the scalar product of (4.21) with A~/?p and
A~124 respectively:

{%%mi,m + AP p2 ), + (F(ur) — F(uz), p) =0, )
Y1l 1 +1APPq12 4 (Fu) — Fu2), q) = 0.
Define V() = |q |ir1 5l plir,1 12 Subtracting the two equations in (4.22) yields

1d
S VO + (14721 = 1APPpP ) = (F@n) = F). p—q) < Livl

due to the assumption that F : H — H is globally Lipschitz with Lipschitz constant L. It follows
that
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1d
EEV(I) +aV() <— (|Aﬂ/24|§{—1/2 - 0‘|‘]|§1—1/2) - <“|P|%1—1/2 - |A'B/2P|?1—|/2> + L|U|2~

(4.23)
.12 B 12
Since a = %, we calculate
N+I+A'N
N B B B B
a— A o —A Anpl — Ay
alplyp = 1APPpl p =) —1 Wil 2 =t Iel = R lel @424
j=1 *j N N+1 T AN
Also,
x AW LA LAY
2 12 2 2 AN+1 2 N+l — N 2
|Aﬁ/ CI|H—1/2—0‘|C]|H—1/2: Z j]/z |v/| = _'1/2 |CI| = 1/2+ 1/2|CI| .
j=N+1 4 N+1 N+1TAN
(4.25)

Substituting (4.24) and (4.25) into (4.23), we obtain

B B
1d AP
5EV(;) +aV(t) > — <M — L) lv|2,

172 172
ANt T Ay
B B
U . .
where © = J;I—M — L > 0 owing to the spectral gap condition (2.4). O
N+1 N

By adopting the proof of Proposition 2.5 and using the estimates % lv(t) |2 <2 [v(t) |2 as well
as % |v(t) |il_1 n < L|v(t) |2, it can be readily shown that the strong cone property (4.20) implies
o Cone invariance property: If V(0) <0, then V(¢) <0 for all ¢t > 0;
e Decay property: If V(T') > 0 for some T > 0, then

®)? < Ce ' v(0)|* and [v(1)]%, 1/ < Ce ™ w(O)[3,_,, forall t€[0,T]. (4.26)

It is standard that the above cone invariance and the decay properties lead to the existence of
an inertial manifold in H~'/2, and thanks to the parabolic smoothing property, it immediately
becomes an inertial manifold in the phase space H.

4.4. Global well-posedness and global attractors of equation (1.1)

For the reader’s convenience, we provide a brief analysis of the hyperviscous Navier—Stokes
equations (1.1) in three dimensions when 8 > 5/4. For the sake of clarity, we consider the bor-
derline case that 8 = 5/4. Our analysis can readily be adapted to treat the general case 8 > 5/4.
(The reader may also refer to [8,22] for well-posedness and the existence of global attractors for
some general families of problems including (1.1).) Without loss of generality, we assume v = 1.
So in the following analysis, we consider
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ur 4+ AU+ Bu,u)=f in T2, ul—o = uo. (4.27)

Theorem 4.7. Let f € H™5/4. Then for every ug € H, problem (4.27) possesses a unique weak
solution such that u € C ([0, T]; H) N L?(0, T; HY*) with u, € L*>(0, T; H™>/*) for an arbi-
trary time T > 0. The weak solution depends continuously on the initial data.

Proof. We provide the following a priori estimates. By taking the inner product of (4.27) with u,
it is easy to deduce that

d
Sl s < 1 s (4.28)
From (4.28), we see that
u(®))> < e luol* + | f13,-5s (1 — "), for t >0, (4.29)
and
t
f |u[3,54dT < |uol* +£| f13,_s4. for £ > 0. (4.30)

0

Using the Sobolev imbedding H* — L% in three dimensions for s € (0, 3/2), we deduce

(Bu,u),§) =b(u,u, ¢) < Cl@|p2|Vulpis|ul < Clo|gs/alulgsalul.

It follows that | B(u, u)|g-s/4 < Clu|gs/+|ul|. Then due to (4.29) and (4.30), we have B(u, u) is
bounded in L2(0, T; H_5/4), and thus

u; is bounded in L%(0, T; H /%), (4.31)
On one hand, the existence of global weak solutions can be easily obtained by standard Galerkin
method, using the a priori estimates (4.29)—(4.31) and a compactness argument. On the other
hand, it is crucial to verify the uniqueness of weak solutions, which explains why § =5/4 is the

borderline case for the well-posedness of 3D hyperviscous Navier—Stokes equations. To show
the uniqueness, we take two solutions u# and u; of (4.27) and set v = u1 — u;. Then, we have

v + A*v + B(uy,v) + B(v, uz) = 0. (4.32)

Take the L2 inner product of (4.32) with v, then

1d
5 27 01 0l < 1B, ua, ) = [b(v, v, u2)]

1
2 2 2
< Clualp2|Vulpizs|v] < Clualgsalvlgsslvl < 5|v|H5/4 + Clualyslvl.

It follows that
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d
IO 0l < Clualpysalvl®. (4.33)

Thanks to the Gronwall inequality, we obtain from (4.33) and (4.30) that

t
@) <exp| C / lus|?,sad T |v(0)|2sCexp(|uz<0)|2+r|f|§,_5/4)|v(0)|2, (4.34)
0

for t > 0. If v(0) = u1(0) — u(0) =0, then (4.34) shows that v(t) = u(t) — uy(¢t) = 0 for all
t > 0, so weak solutions are unique. Inequality (4.34) also implies the continuous dependence on
initial data. O

Theorem 4.8. Let f € H™'/*. Then the dynamics induced by (4.27) possesses a compact global
attractor in the phase space H.

Proof. Estimate (4.29) implies that all trajectories of the dynamics induced by (4.27) enter an
absorbing ball of radius 2| f|z-s/4 in H. Namely,

lu(t)| < 2| f|g-s4, for t>to. (4.35)

To construct an absorbing ball in H!, we take the inner product of (4.27) with Au,

l1d
mwﬁ,l + |30 < 10w, u, Aw)| + |(f. Au)|
< Clulpre|Au|pslul g+ [u| gossl flg-1s
15 2 2 2 1o 2
< Clulgs/slulgosalul g1 + 4|M|H9/4 H 115 ya < Clulyspaluly: + 2|M|H9/4 + 11514

Hence,
d 2 2 2 2 2
E|”|H1 + |M|H9/4 = C|“|H5/4|M|H1 +2|f|H—1/4- (4.36)

Notice that ]j*‘ ul3,5,4dT < [u(®)? + | f13, 58 < 5IfI, 5 for t > 19 owing to (4.28) and
(4.35). Therefore, by using the uniform Gronwall inequality on (4.36), we obtain

@)1 = p? = exp (CILIR s ) SIf By s + 20/ a0, forrzm+1. 437)
Estimate (4.37) shows that all trajectories of the dynamics enter an absorbing ball of the radius p
in H! for large time. Therefore, due to the standard theory of attractors (see [33]), the dynamics
possesses a compact global attractor in the phase space H. O

Acknowledgment

The authors are grateful to the reviewer for providing valuable comments and suggestions
which further improved the quality of the paper.



C.G. Gal, Y. Guo / J. Differential Equations 265 (2018) 4335-4374 4373

References

[1] M. Abu Hamed, Y. Guo, E.S. Titi, Inertial manifolds for certain subgrid-scale o-models of turbulence, SIAM 1J.
Appl. Dyn. Syst. 14 (2015) 1308-1325.
[2] J. Avrin, Singular initial data and uniform global bounds for the hyper-viscous Navier—Stokes equations with peri-
odic boundary conditions, J. Differential Equations 190 (2003) 330-351.
[3] J. Avrin, The asymptotic finite-dimensional character of a spectrally-hyperviscous model of 3D turbulent flow,
J. Dynam. Differential Equations 20 (2008) 479-518.
[4] V. Borue, S.A. Orszag, Local energy flux and subgrid-scale statistics in three-dimensional turbulence, J. Fluid Mech.
366 (1998) 1-31.
[5] L.E.J. Brouwer, Zur Invarianz des n-dimensionalen Gebiets (German), Math. Ann. 72 (1912) 55-56.
[6] C. Basdevant, B. Legras, R. Sadourny, M. Beland, A study of barotropic model flows: intermittency, waves, and
predictability, J. Atmos. Sci. 38 (1981) 2305-2320.
[7]1 G.L. Browning, H.O. Kreiss, Comparison of numerical methods for the calculation of two-dimensional turbulence,
Math. Comp. 52 (1989) 369-388.
[8] J.W. Cholewa, T. Dlotko, Fractional Navier-Stokes equations, Discrete Contin. Dyn. Syst. B (2017), https://doi.org/
10.3934/dcdsb.2017149.
[9] Y. Cao, E. Lunasin, E.S. Titi, Global well-posedness of the three-dimensional viscous and inviscid simplified Bar-
dina turbulence models, Commun. Math. Sci. 4 (2006) 823-848.
[10] S. Cerruto, C. Meneveau, O.M. Knio, Spectral and hyper-eddy viscosity in high-Reynolds-number turbulence,
J. Fluid Mech. 421 (2000) 307-338.
[11] A. Cheskidov, D.D. Holm, E. Olson, E.S. Titi, On a Leray-o model of turbulence, Proc. R. Soc. Lond. Ser. A Math.
Phys. Eng. Sci. 461 (2005) 629-649.
[12] P. Constantin, C. Foias, Navier—Stokes Equations, Chicago Lectures in Mathematics, University of Chicago Press,
Chicago, IL, 1988.
[13] P. Constantin, C. Foias, B. Nicolaenko, R. Temam, Spectral barriers and inertial manifolds for dissipative partial
differential equations, J. Dynam. Differential Equations 1 (1989) 45-73.
[14] M. Coti Zelati, C.G. Gal, Singular limits of Voigt models in fluid dynamics, J. Math. Fluid Mech. 17 (2015) 233-259.
[15] A. Eden, V. Kalantarov, S. Zelik, Counterexamples to the regularity of Mane projections in the attractors theory,
Russian Math. Surveys 68 (2013) 199-226.
[16] C. Foias, D.D. Holm, E.S. Titi, The three dimensional viscous Camassa—Holm equations, and their relation to the
Navier—Stokes equations and turbulence theory, J. Dynam. Differential Equations 14 (2002) 1-35.
[17] C. Foias, B. Nicolaenko, G.R. Sell, R. Temam, Inertial manifolds for the Kuramoto—Sivashinsky equation and an
estimate of their lowest dimension, J. Math. Pures Appl. (9) 67 (1988) 197-226.
[18] C. Foias, G.R. Sell, R. Temam, Inertial manifolds for nonlinear evolutionary equations, J. Differential Equations 73
(1988) 309-353.
[19] C. Foias, G.R. Sell, E.S. Titi, Exponential tracking and approximation of inertial manifolds for dissipative nonlinear
equations, J. Dynam. Differential Equations 1 (1989) 199-244.
[20] B. Fornberg, A numerical study of two-dimensional turbulence, J. Comput. Phys. 25 (1977) 1-31.
[21] C.G. Gal, T.T. Medjo, On a regularized family of models for homogeneous incompressible two-phase flows, J. Non-
linear Sci. 24 (2014) 1033-1103.
[22] M. Holst, E. Lunasin, G. Tsogtgerel, Analysis of a general family of regularized Navier—Stokes and MHD models,
J. Nonlinear Sci. 20 (2010) 523-567.
[23] V.K. Kalantarov, E.S. Titi, Global attractors and determining modes for the 3D Navier—Stokes—Voight equations,
Chin. Ann. Math. Ser. B 30 (2009) 697-714.
[24] A. Kostianko, Inertial manifolds for the 3D modified-Leray-o model with periodic boundary conditions, J. Dynam.
Differential Equations 30 (2018) 1-24.
[25] A. Kostianko, S. Zelik, Inertial manifolds for the 3D Cahn—Hilliard equations with periodic boundary conditions,
Commun. Pure Appl. Anal. 14 (2015) 2069-2094.
[26] J. Mallet-Paret, G.R. Sell, Inertial manifolds for reaction diffusion equations in higher space dimensions, J. Amer.
Math. Soc. 1 (1988) 805-866.
[27] J.C. McWilliams, The emergence of isolated coherent vortices in turbulent flows, J. Fluid Mech. 146 (1984) 21-43.
[28] M. Miklavcic, A sharp condition for existence of an inertial manifold, J. Dynam. Differential Equations 3 (1991)
437-456.
[29] I. Richards, On the gaps between numbers which are sums of two squares, Adv. Math. 46 (1982) 1-2.


http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4162752D47756F2D54697469s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4162752D47756F2D54697469s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib417672696Es1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib417672696Es1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib417672696E32s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib417672696E32s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib424Fs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib424Fs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib42726F75776572s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib424C53s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib424C53s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib424Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib424Bs1
https://doi.org/10.3934/dcdsb.2017149
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib434C54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib434C54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib434D4Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib434D4Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib43484F54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib43484F54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4346s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4346s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib43464E54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib43464E54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib435A47s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib454B5As1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib454B5As1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib464854s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib464854s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib464E5354s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib464E5354s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib465354s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib465354s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib465354697469s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib465354697469s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib46s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4754s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4754s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib484C54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib484C54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4B54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4B54s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4B6F737469616E6B6Fs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4B6F737469616E6B6Fs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4B6F73742D5A656C696Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4B6F73742D5A656C696Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4D616C6C65742D53656C6Cs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4D616C6C65742D53656C6Cs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4D63s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4D696Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib4D696Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib5269636861726473s1
https://doi.org/10.3934/dcdsb.2017149

4374 C.G. Gal, Y. Guo / J. Differential Equations 265 (2018) 4335-4374

[30] A. Romanov, Sharp estimates for the dimension of inertial manifolds for nonlinear parabolic equations, Izv. Akad.
Nauk SSSR Ser. Mat. 43 (1994) 31-47.

[31] A. Romanov, Three counterexamples in the theory of inertial manifolds, Math. Notes 68 (2000) 378-385.

[32] G.R. Sell, Y. You, Inertial manifolds: the non-selfadjoint case, J. Differential Equations 96 (1992) 203-255.

[33] R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, second edition, Applied Mathe-
matical Sciences, vol. 68, Springer-Verlag, New York, 1997.

[34] J. Vukadinovic, Inertial manifolds for a Smoluchowski equation on the unit sphere, Comm. Math. Phys. 285 (2009)
975-990.

[35] S. Zelik, Inertial manifolds and finite-dimensional reduction for dissipative PDEs, Proc. Roy. Soc. Edinburgh Sect.
A 144 (2014) 1245-1327.


http://refhub.elsevier.com/S0022-0396(18)30329-2/bib526F6D616E6F763934s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib526F6D616E6F763934s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib526F6D616E6F76s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib5359s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib54656D616Ds1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib54656D616Ds1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib56756Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib56756Bs1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib5A656C696B3134s1
http://refhub.elsevier.com/S0022-0396(18)30329-2/bib5A656C696B3134s1

	Inertial manifolds for the hyperviscous Navier-Stokes equations
	1 Introduction
	2 The abstract model
	2.1 A spectral gap condition
	2.2 The spatial averaging scheme

	3 Application to the hyperviscous Navier-Stokes equations
	3.1 Dissipative estimates
	3.2 Modiﬁcation of the nonlinearity outside the absorbing ball
	3.3 Veriﬁcation of the spatial averaging condition
	3.4 Existence of an inertial manifold

	4 Appendix
	4.1 Supporting results
	4.2 Proof of Theorem 2.7
	4.3 Derivation of the cone property under the optimal spectral gap condition
	4.4 Global well-posedness and global attractors of equation (1.1)

	Acknowledgment
	References


