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SYSTEMS OF NONLINEAR WAVE EQUATIONS
WITH DAMPING AND SUPERCRITICAL BOUNDARY
AND INTERIOR SOURCES

YANQIU GUO AND MOHAMMAD A. RAMMAHA

ABSTRACT. We consider the local and global well-posedness of the coupled
nonlinear wave equations

utt — Au+ g1 (ut) = f1(u,v),
vt — Av + ga(vr) = f2(u,v)
in a bounded domain Q C R™ with Robin and Dirichlét boundary conditions
on u and v respectively. The nonlinearities fi(u,v) and f2(u,v) have super-
critical exponents representing strong sources, while g1 (u¢) and gz (v¢) act as
damping. In addition, the boundary condition also contains a nonlinear source
and a damping term. By employing nonlinear semigroups and the theory of
monotone operators, we obtain several results on the existence of local and
global weak solutions, and uniqueness of weak solutions. Moreover, we prove
that such unique solutions depend continuously on the initial data.

1. INTRODUCTION AND MAIN RESULTS

1.1. The model. In this article, we study a system of coupled nonlinear wave
equations which features two competing forces. One force is damping and the
other is a strong source. Of central interest is the relationship of the source and
damping terms to the behavior of solutions.

In order to simplify the exposition, we restrict our analysis to the physically more
relevant case when Q C R3. Our results extend very easily to bounded domains
in R™, by accounting for the corresponding Sobolev imbeddings, and accordingly
adjusting the conditions imposed on the parameters. Therefore, throughout the
paper we assume that € is a bounded, open, and connected nonempty set in R?
with a smooth boundary I' = 09.

We study the local and global well-posedness of the following initial boundary
value problem:

uy — Au+ g1(ue) = f1(u,v) in Qx (0,7),

vy — Av + ga(vy) = fa(u,v) in Qx (0,7),

(1.1) Oyu + u+ glur) = h(u) on ' x (0,7),
’ v=0 onT'x (0,7),

uw(0) = ug € HY(Q),u:(0) = uy € L3(),
v(0) = vo € HE(2),v,(0) = vy € L3(),
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where the nonlinearities fi(u,v), fo(u,v) and h(u) are supercritical interior and
boundary sources, and the damping functions g1, g2 and g are arbitrary continuous
monotone increasing graphs vanishing at the origin.

The source-damping interaction in (II]) encompasses a broad class of problems in
quantum field theory and certain mechanical applications (Jorgens [I8] and Segal
[38]). A related model to (L)) is the Reissner-Mindlin plate equations (see for
instance Ch. 3 in [21]), which consist of three coupled PDE’s: a wave equation and
two wave-like equations, where each equation is influenced by nonlinear damping
and source terms. It is worth noting that nondissipative “energy-building” sources,
especially those on the boundary, arise when one considers a wave equation being
coupled with other types of dynamics, such as structure-acoustic or fluid-structure
interaction models (Lasiecka [25]). In light of these applications we are mainly
interested in higher-order nonlinearities, as described in the following assumption.

Assumption 1.1.

e Damping: g1, go and g are continuous and monotone increasing functions
with g1(0) = ¢g2(0) = ¢g(0) = 0. In addition, the following growth conditions
at infinity hold: there exist positive constants o and 8 such that, for |s| > 1,

als|™ < gy (s)s < Bls|™ Y, with m > 1,
als|" T < go(s)s < Bls|"T, with r > 1,
als|? < g(s)s < B|s|7TL, with ¢ > 1.

e Interior sources: fj(u,v) € C*(R?) such that
IV fi(u,v)| < CulP~t + P~ +1), j=1,2, with 1 <p<6.
e Boundary source: h € C*(R) such that
I (s)| < C(|s|" 1+ 1), with 1 <k < 4.

o Parameters: max{p™t prtl} <6, k% < 4.

Let us note here that in view of the Sobolev imbedding H!(Q)) — L5(Q2) (in
3D), each of the Nemytski operators f;(u,v) is locally Lipschitz continuous from
H(Q) x HY(Q) into L?(Q) for the values 1 < p < 3. Hence, when the exponent
of the sources p lies in 1 < p < 3, we call the source subcritical, and critical if
p = 3. For the values 3 < p < 5 the source is called supercritical, and in this
case the operator f;j(u,v) is not locally Lipschitz continuous from H'(Q) x H()
into L?(Q2). However, for 3 < p < 5, the potential energy induced by the source is
well defined in the finite energy space. When 5 < p < 6 the source is called super-
supercritical. In this case, the potential energy may not be defined in the finite
energy space and the problem itself is no longer within the framework of potential
well theory (see for instance [2127,28][43]44]).

A benchmark system, which is a special case of (ILT)), is the following well-known
polynomially damped system studied extensively in the literature (see for instance
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M2.32,33)):
(12) e — Au+ Jug ™ty = fi1(u,v)  in Q x (0,7),
v — Av + |vg|" oy = fa(u,v)  in Q x (0,7),
where the sources fi, fo are very specific. Namely, fi(u,v) = 0,F(u,v) and

fa(u,v) = 0, F(u,v), where F : R — R is the C'*-function given by
F(u,v) = alu 4+ v[P™ + 2b|uv|#7

where p > 3, a > 1 and b > 0. Systems of nonlinear wave equations such as (2]
go back to Reed [35], who proposed a similar system in three space dimensions
but without the presence of damping. Indeed, recently in [I] and later in [2] the
authors studied system ([2]) with Dirichlét boundary conditions on both u and
v where the exponent of the source was restricted to be critical (p = 3 in 3D).
We note here that the functions f; and fy in ([2]) satisfy Assumption [[I] even
for the values 3 < p < 6, and so our work extends and refines the results in [,
on one hand by allowing a larger class of sources (other than those in (L2)) and
having a larger range of exponents of sources, p > 3. On the other hand, system
(TI) has a Robin boundary condition which also features nonlinear damping and
a source term. In particular, the Robin boundary condition, in combination with
the interior damping, creates serious technical difficulties in the analysis (for more
details, see Subsection 2.1).

In studying systems such as ([2)) or the more general system (L], several dif-
ficulties arise due to the coupling. On one hand, establishing blow up results for
systems of wave equations (not just global nonexistence results which don’t require
local solvability) is known to be more subtle than the scalar case. Additional chal-
lenges stem from the fact that in many physical systems, such as (I.2), the sources
are not necessarily C?-functions, even when 3 < p < 5. In such a case, uniqueness
of solutions becomes problematic, and this particular issue will be addressed in this
paper.

In recent years, wave equations under the influence of nonlinear damping and
sources have generated considerable interest. If the sources are at most critical,
ie., p < 3 and k£ < 2, many authors have successfully studied such equations by
using Galerkin approximations or standard fixed point theorems (see for example
[TH3L[14L29,[32H34]). Also, for other related work on hyperbolic problems, we refer
the reader to [TTLI3L17,20,23,24.26,311[40,42] and the references therein. However,
only a few papers [6HI] have dealt with supercritical sources, i.e., when p > 3 and
k> 2.

In this paper we use the powerful theory of monotone operators and nonlinear
semigroups (Kato’s Theorem [5189]) to study system ([IJ). Our strategy is similar
to the one used by Bociu [6], and our proofs draw substantially from important
ideas in [6L[8.9] and in [12]. However, we were faced with the following technical
issue: in the operator theoretic formulation of (I.1]), although the operators induced
by interior and boundary damping terms are individually maximal monotone from
H'(Q) into (H'(Q))’, it was crucial to verify that their sum is maximal monotone.
Since neither of these two operators has the whole space H'(Q) as its domain,
as the exponents m, r, and ¢ of damping are arbitrarily large, then checking the
domain condition (see Theorem 1.5 (p. 54) [5]) to assure maximal monotonicity
of their sum becomes infeasible. In order to overcome this difficulty, we define a
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2268 Y. GUO AND M. A. RAMMAHA

new operator S which can represent the sum of interior and boundary damping.
Indeed, the authors in [4] were able to generalize important results by Brézis [10]
and provide a complete proof of the fact that S is a subdifferential of a convex
functional, which immediately yields the fact that S is maximal monotone. Some
details can be found in Subsection 2.1.

1.2. Notation. The following notation will be used throughout the paper:

[ullg = llul

Ls(Q) uls = |lul Ls(T) HU||1Q = Hu”Hl(Q) )

(u,v) = (u,v) L2, (U, v)r = (w,v) L2y, (W, v)1,0 = (4, V) g1 (),
. m+1 . r+1 _ g+1

m = ’r: ’q
m r q

As usual, we denote the standard duality pairing between (H'(Q))" and H'(f2) by
(,). We also use the notation yu to denote the trace of u on I' and we write
4 (yu(t)) as yue. In addition, the following Sobolev imbeddings will be used fre-
quently, and sometimes without mention:

H=¢(Q) — LT (Q), for € € [0, 1],
(1.3)

H'"(Q) < H><(T) < L= (), for €€ [0,1].

We also remind the reader of the following interpolation inequality:
2 2 2
(1.4) [ull o) < €llully o+ Cle0) [lully

forall 0 < 6 < 1 and e > 0. We finally note that (||Vul|3+|yul3)!/2 is an equivalent
norm to the standard H'(2) norm. This fact follows from a Poincaré-Wirtinger
type of inequality:

lull < C(IVul3 + yul3) for all u e H'(R).
Thus, throughout the paper we put
(L5)  ulli o= IVull; + [yul3 and (u0)1,0 = (Vu, Vo)o + (yu, 7o),
for u, v € HY(Q).
1.3. Main results. In order to state our main result we begin by giving the defi-
nition of a weak solution to (.TJ).

Definition 1.2. A pair of functions (u,v) is said to be a weak solution of (II]) on
[0,T] if

o ucCO(0,T]; H(Q)), v € C([0,T]; Hy (), ur € C([0, T]; L*(2)) N L™H(Q
%(0,T)), yug € LIHT x (0,T)), v, € C([0, T]; L2(Q)) N L™+1(Q x (0,T));
. gé((fgs v(0)) = (uo,v0) € H'(Q)x Hy(), (u(0),v:(0)) = (ug,v1) € L*() x
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e for all ¢ € [0,T], v and v verify the identities

(ue(t), 9(t)) e — (ue(0), ¢(0))Q+/[ (ue(7), 9e(T))e + (u(7), ¢(7))1.0]dT

//g1 ug(T dde—i—// g(yu(1))ye(7)dldr

(16) —/Sjm<»<w<MM+// (yu(r))y6(r)dTdr,

0

(Ut(t)v¢(t))ﬂ—(Ut(o)aw(o))ﬂ+/[ (ve(7), ¥e(T))e + (0(7), ¥ (7))1L0ldr

(1.7) //gg v (T dxdT—/ /fg 7)) (7)dzdr,

for all test functions satisfying:

¢ € C([0,T); HY(Q)) N L™+L(Q x (0,T)) such that v¢ € LT x (0,T)) with
¢y € LY([0,T); L3(Q)) and ¥ € C([0,T); HE(Q)) N L™ (2 x (0,T)) such that 1, €
LY([0,T]; L*(2)).

Our first theorem establishes the existence of a local weak solution to (I.IJ).
Specifically, we have the following result.

Theorem 1.3 (Local weak solutions). Assume the validity of Assumption L1
Then there ezists a local weak solution (u,v) to (1) defined on [0,Tp] for some
To > 0 depending on the initial energy E(0), where

B(6) = (@) g + 10+l (B + (o))

In addition, the following energy identity holds for all t € [0, Ty]:

t t
t —|—/ / [g1 (ut)us + ga(vi)ve] dedr +/ /g(vut)’yutdFdT
0o Jo o Jr

(1.8) = E(0) —l—/o ; [f1(u, v)us + f2(u,v)ve] dadr —l—/o /Fh(’yu)’yutdfdr.

In order to state the next theorem, we need additional assumptions on the sources
and the boundary damping.

Assumption 1.4.

(a) For p > 3, there exists a function F(u,v) € C3*(R?) such that fi(u,v) =
Fu(u,v), fa(u,v) = F,(u,v) and |D*F(u,v)| < C(|ulP~2 + [v|[P72 + 1), for
all multi-indices |o| = 3 and all u,v € R.

(b) For k> 2, h € C*(R) such that |h"(s)| < C(|s|F=2+ 1), for all s € R.

(c) Fork < 2, there exists my > 0 such that (g(s1) —g(s2))(s1—s2) > my|s1—s2|?,
for all s1, s5 € R.

Theorem 1.5 (Uniqueness of weak solutions—Part 1). In addition to Assumptions
LT and A, we further assume that ug, vy € L% (Q) and yuy € L2F=1(T).
Then weak solutions of (L)) are unique.

Remark 1.6. The additional assumptions on the initial data in Theorem are
redundant if p < 5 and k < 3, due to the imbeddings ([[3)). Also, it is often the
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2270 Y. GUO AND M. A. RAMMAHA

case that the interior sources fi and fo fail to satisfy Assumption [[4)(a), as in
system (L2)) for the values 3 < p < 5. To ensure uniqueness of weak solutions
in such a case, we require the exponents m and r of the interior damping to be
sufficiently large. More precisely, the following result resolves this issue.

Theorem 1.7 (Uniqueness of weak solutions—Part 2). Under Assumption [Tl and
Assumption [LA(b)(c), we additionally assume that ug, vy € L*P~D(Q), yug €
L*R=(T), and m, r > 3p — 4 if p > 3. Then weak solutions of (1)) are unique.

Our next theorem states that weak solutions furnished by Theorem [[3are global
solutions provided the exponents of damping are more dominant than the exponents
of the corresponding sources.

Theorem 1.8 (Global weak solutions). In addition to Assumption [[Il, further
assume ug,vg € LPTH(Q) and yug € L**YT). If p < min{m,r} and k < g, then
the said solution (u,v) in Theorem[L3 is a global weak solution and Ty can be taken
arbitrarily large.

Remark 1.9. Recently, the authors [I5,[16] obtained several blow up results for
solutions with negative and nonnegative initial energy (the latter is for potential
well solutions). Indeed, the results of [I5[I6] are for some cases when the conditions
p < min{m,r} and k < ¢ are not fulfilled. More precisely, the results of [15,[16]
show that every weak solution to (IL.I)) blows up in finite time provided either:
(i) the interior and boundary sources are more dominant than their corresponding
damping terms (p > max{m,r} and k > ¢) or (ii) the interior sources dominate
both interior and boundary damping (p > max{m,r,2q — 1}).

Our final result states that the weak solution of (II]) depends continuously on
the initial data.

Theorem 1.10 (Continuous dependence on initial data). Assume the validity of
Assumptions [l and [L4 and an initial data Uy = (ug, vo,u1,v1) € X, where X is
given by X = (HY(Q) N L™ 77 (Q)) x (HL(Q) N L7 (Q)) x L2(Q) x L2(Q), such
that yug € L2*=(D). If UF = (ud,u}, vy, v}) is a sequence of initial data such
that, as n — oo,

Uy — Uy in X and yuy — yug in Lz(kfl)(l"),
then the corresponding weak solutions (u™,v™) and (u,v) of (1) satisfy
(u”, 0" up, vp) — (u,v,up,v) in C([0,T); H), as n — oo,
where H := H1(Q) x H3(Q) x L*(Q) x L*(Q).

Remark 1.11. If p < 5, then the spaces X and H in Theorem [[LI0 are identical
since H1(Q) < L5(2). In addition, if k¥ < 3, then the assumption yu? — vyug in
L2(=1)(T') is redundant since uf — ug in H*(Q) implies yul — ~yuo in L*(T).

The paper is organized as follows. In Section 2] we provide a detailed proof of
the local existence statement in Theorem [[L3] Section [3lis devoted to the derivation
of the energy identity (L8]). In Section [l we provide the proofs of the uniqueness
statements of Theorems and [L7l Section Bl contains the proof of Theorem [L8]
and in Section [6] we provide the proof of Theorem [[.T0l
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2. LOCAL SOLUTIONS

This section is devoted to proving the existence statement in Theorem [[.3] which
will be carried out in the following five subsections.

2.1. Operator theoretic formulation. Our first goal is to put problem (L)) in
an operator theoretic form. In order to do so, we introduce the Robin Laplacian
Ag: D(AR) C L?(Q) — L?(Q2), where Ag = —Au with its domain D(Ag) =
{u € H*(Q) : d,u+u = 0 on I'}. We note here that the Robin Laplacian can be
extended to a continuous operator Ag : H'(Q) — (H'(Q))’ by

(2.1) (Apu,v) = (Vu, Vo)g + (vu,y0)r = (u,v)1.0

for all u,v € H*(Q).
We also define the Robin map R : H(I') — H**2(Q) as follows:

(2.2) q = Rp <= q is a weak solution for { aAquj_(; —» ZL%'
Hence, for p € L?(T"), we know from (Z.2)) that

(2.3) (Rp, )10 = (p,7¢)r for all ¢ € H'().
Combining (21]) and [23)) gives the following useful identity:

(2.4) (ArRp, ¢) = (Bp,d)1,0 = (p,79)r,

for all p € L3(T') and ¢ € H'(Q).
By using the operators introduced above, we can put (II]) in the following form:

u + Ar(u — Rh(yu) + Rg(yur)) + g1(ue) = fi(u,v),
v — Av + ga(ve) = fa(u,v),

uw(0) = ug € HY(Q),u:(0) = ug € L?(Q),

v(0) = vy € HF(Q),v:(0) = v1 € L3(Q).

It is important to point out here that in (2], we can show S; := ArRg(yuy)
and S, := g(u;) are both maximal monotone from H'(€) into (H'(Q2))’. However,
in order to show that S; + Ss is also maximal monotone, one needs to check the
validity of domain condition: (int D(S1)) ND(S2) # 0. The fact that the exponents
of the interior and boundary damping, m and ¢, are allowed to be arbitrarily large
makes it infeasible to verify the above domain condition.

In order to overcome this difficulty, we shall introduce a maximal monotone
operator S representing the sum of interior and boundary damping. To do so, we
first define the functional J : H(Q) — [0, +00] by

(2.6) I = [ e+ [ e,

r

(2.5)

where j; and j : R — [0, +00) are convex functions defined by

(27) Ji(s) = / Cgu(r)dr and j(s) = / g(r)dr.

Clearly, J is convex and lower semicontinuous. The subdifferential of J, 9J :
HY(Q) — (H'(Q))' is defined by

(2.8)  OJ(u) = {u* € (H' () : J(u) + (u*,v —u) < J(v) for all v € H'(Q)}.
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2272 Y. GUO AND M. A. RAMMAHA

The domain D(9.J) represents the set of all functions u € H'(Q) for which 8.J(u)
is nonempty.

By Theorem 2.2 in [4], we know that, for any v € D(9J), 0J(u) is a singleton,
and thus we may define the operator S : D(S) = D(8J) C H*(Q) — (H*(Q))
such that

(2.9) 0J(u) = {S(u)}.

It is well known that any subdifferential is maximal monotone, thus S : D(S) C
HY(Q) — (HY(Q))' is a maximal monotone operator. Moreover, by Theorem 2.2
of [], we also know that, for all u € D(S), we have g;(u) € L*(Q2), g1(u)u € L}(Q),
g(yu) € LY(T') and g(yu)yu € L*(T'). In addition,

(2.10) (Stw)u) = [ p(wuda+ [ glyuyyudr

and

(2.11) (S(u),vy = /le(u)vdx—i—/rg(yu)'yvdf for all v € C(Q).

It follows that for all u € D(S5),

(2.12)  (S(u),v) = /Q g1 (w)vdr + /Fg('yu)’yvdF for all v € H*(Q) N L>®(%).

In fact, if v € HY(Q) N L>(Q), then there exists v, € C(Q) such that v, — v in
HY(Q) and a.e. in Q with |v,| < M in Q for some M > 0. By (ZII) and the
Lebesgue Dominated Convergence Theorem, we obtain (Z12]).

By using the operator S we may rewrite (23] as

u + Ar(u— Rh(yu)) + S(w) = f1(u,v),
v — Av + ga(ve) = fa(u,v),

u(0) = uyg € HY(Q),u,(0) = uy € L3(),
v(0) = vg € HE(Q),v:(0) = v1 € L3(Q).

(2.13)

It is important to note here that S(u;) represents the sum of the interior damping
g(uy) and the boundary damping AgrRg(yu:). However, D(S) is not necessarily
the same as the domain of the operator AgRg(y-) + g(-) : HY () — (H'(Q))".
Therefore, systems (23] and ([ZI3) are not exactly equivalent. Nonetheless, we
shall see that if (u,v) is a strong solution for ([2.I3]), then (u,v) must be a weak
solution for (LI)) in the sense of Definition[[.2] So, instead of studying (L.I]) directly,
we first show that system (Z.I3]) has a unique strong solution.

Let H = HY(Q) x H}(Q) x L3(2) x L?(Q2) and define the nonlinear operator

o D(f)CH— H

by
u tr —y tr
(2.14) a | =" :
Y Agr(u— Rh(yu)) +S(y) — fi(u,v)
z —Av + go(2) — fa(u,v)
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where
2
D) = {(u,v,y,2) € (H'() x H}(Q))
Ar(u— Rh(yu)) + S(y) = fi(u,v) € L*(Q), y € D(S),
— Av+ ga(2) = falu,v) € L(Q), ga(2) € HH@) N LHQ) }.
Put U = (u,v, us, v¢). Then the system ([2I3) is equivalent to
(2.15) Ui+ U =0 with U(0) = (ug,vo,u1,v1) € H.

2.2. Globally Lipschitz sources. First, we deal with the case where the bound-
ary damping is assumed strongly monotone and the sources are globally Lipschitz.
In this case, we have the following lemma.

Lemma 2.1. Assume that,

® g1, g2 and g are continuous and monotone increasing functions with g1 (0)
= g2(0) = g(0) = 0. Moreover, the following strong monotonicity condition
is 1mposed on g:
there exists my > 0 such that (g(s1) — g(s2))(s1 — s2) > mgy|s1 — s2/%.
o fi, fo: HY(Q) x H(Q) — L%(Q) are globally Lipschitz.
e ho~y:HY(Q) — L3(T') is globally Lipschitz.
Then, system ([ZI3) has a unique global strong solution U € W1°(0,T; H) for
arbitrary T > 0, provided the datum Uy € D().

Proof. In order to prove Lemma [Z1] it suffices to show that the operator & + wl
is m-accretive for some positive w. We say an operator & : D(«/) C H — H is
accretive if (a1 — A xo, 21 —x2)g > 0, for all x1, 29 € D(&), and it is m-accretive
if, in addition, o/ + I maps D(&/) onto H. In fact, by Kato’s Theorem (see [39] for
instance), if 7 + wl is m-accretive for some positive w, then for each Uy € D(«)
there is a unique strong solution U of ([ZIH), i.e., U € W1°(0,T; H) such that
U0) = Uy, U(t) € D(«) for all t € [0,T], and equation (2I3) is satisfied a.e.
[0,T], where T' > 0 is arbitrary.

Step 1: Proof for o + wl is accretive for some positive w. Let U = [u,v,y, 2],
U =[4,0,7,%] € D(&). We aim to find w > 0 such that

(o +wDU — (o +wl)U, U~ U)g > 0.
By straightforward calculations, we obtain
(2.16)
(o +wU — (o +wDU,U - U)g = (A (U) — Z(U),U -~ U)g +wlU - U}
=-(y—gu—1a)0—(z—2v—0)10+ (Ar(u—1),y—7)
— (ArR(h(yu) = h(vr)),y — §) + (S(y) — S(9),y — )
= (filw,v) = f1(4,9),y — §o — (A(v — 0), 2 — 2)
+(92(2) — 92(2), 2 — £) — (fa(u,v) — fa(@,9), 2 — 2)q
Fw(|u— 1l T +lly =gl + Iz = 2[13).

?,Q +lv—10
Notice

(2.17) —(A(v—=10),z2—2)=V(w—-17),V(z—2)a=(v—10,2— 2)1.0-
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Moreover, since ga2(y) — g2(§) € H1(Q) N LY (Q) and 2 — 2 € H(Q) satisfying
(g2(2(z ))— 2(2(2)))(z(z) — 2(x)) > 0, for all x € Q, then by Lemma 2.2 (p. 89) in
[5], we have (g2(2) — g2(2))(z — 2) € Ll(Q) and

(2.18) (92(2) — 92(2),2 — 2) = /9(92(2) = 92(8))(z — 2)dz = 0.
Now we show

(Sy)—S@),y—19)
(2.19) > /Q(gl(y) —g1(y)(y — 9)dx + /(g(vy) —9(v9))(vy — v9)dL.

r
Since y — § € HY(Q), if we set

n ify—g9>n,
(2.20) w, =< y—9 ifly—gl<n,
-n ify—9g < —n,

then w,, € H'(Q) N L*>®(Q2). So by ([ZI2) one has

(2.21) (S(y) = S(@),wn) = /Q(gl(y) —gl(z)))wnder/(g(vy) — 9(v9))ywndl.

r

Moreover, by (Z20) we know w, and y — § have the same sign; then since g; is
monotone increasing, one has (g1(y) —g1(9))w, > 0 a.e. in Q. Therefore, by Fatou’s
Lemma, we obtain

(2.22) lim in /Q<g1<y> — g1(§))wndz > /Q<g1<y> 0 (0)y — )

n—roo

Likewise, we have

(223)  lminf / (9(v9) — 9(73))ywndl’ > / (9(v) — 9(v3)) (y — 79)d.

n—roo T

Since w,, — y — § in H*(2), by taking the lower limit on both sides of (Z21]) and

using (Z22)-(223]), we conclude that the inequality (ZI9) holds.
By using (2.1)), 24), (ZI17), 2I8) and [2.I9), we obtain from (2.I6]) that

(o +wl)U — (o +w)U,U - U)y
> (9(vy) = 9(v), vy = v@)r — (h(yu) = h(y@), vy — ¥@)r
- (fl(ua U) - fl('&,ﬁ),y - Q)Q - (fg(u,’l}) - f2(aa @)72 - 2)9
(2.24) tw(lu =g+l =0l o+ Iy — 9l + 2 = 2II3).
Let V = H'(Q) x H}(Q2) and recall the assumption that fi, f> and h are globally

Lipschitz continuous with Lipschitz constant Ly, Ly,, and Ly, respectively. Let
L =max{Ly,, Ly¢,, Ly}. Therefore, by employing the strong monotonicity condition
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on g and Young’s inequality, we have

(2.25)
(9(vy) = 9(v9), vy — v9)r — (h(yu) — h(y@), vy — v9)r
— (fi(w,v) = fi(@,0),y — §)a — (f2(u,v) — fz(ﬁ 0), 2 — 2)q
>myglyy —vils — Lllu—ally o vy —v9le — Lll(w— @0 —9)|y lly — 9ll,
= L[(u—d,v=0)[y [z = £,
> mglyy —vil5 — i—:llu — il o —elvy — 913 - g(l\u — il o+ lv—27q)

. L . " L R
= Sly =3l = S (lu = allf o + v = 0117 ) = 5 = = 213
2 2 2

Combining (224) and [228) leads to

( +wU — (o +wI)U,U - U)y
. L? )
> (mg =y =il + (w— - — Dlu—ilig

. L . L .
= Dllo =830+ @5y~ 5B+ w- )z - 2B

Therefore, by choosing € < my and w > i—: + L, then & + wl is accretive.

Step 2: Proof for of + A\l is m-accretive, for some X\ > 0. To this end, it suffices to
show that the range of o/ + AI is all of H, for some A\ > 0.

Let (a,b,¢,d) € H. We have to show that there exists (u,v,y,z) € D(&) such
that (& + AI)(u,v,y,2) = (a,b, c,d), for some A > 0, i.e.,

—y + Au = a,

—z4+ v =0,

An(u— Rh(yu)) + S(y) - filu,v) + Ay = c,
—Av + g2(2) — fa(u,v) + Az = d.

(2.26)

Note that ([2:26)) is equivalent to

(2.27) {%Ag(y) — ApRh (y432) + S(y) — f1 (42, H2) + My = ¢ — +Ag(a),
—3Az+ go(z) — fo (L, M2) + Xz = d + T Ab.

Recall that V' = HY(Q) x H}(Q) and notice that the right hand side of ([Z.27)
belongs to V’. Thus, we define the operator : D(#) CV — V' by

%’{ Y TT_ [ YAr(Y) — ArRh (v552) +S(y) — f1 (52 5F) + My

+
z —3Az+g2(2) — fo (L, HE) + Az

where D(#) = {(y,2) € V : y € D(S), g2(2) € H1(Q) N L} (Q)}. Therefore, the
issue reduces to proving that B : D(#) C V — V' is surjective. By Corollary 1.2
(p. 45) in [5], it is enough to show that 2 is maximal monotone and coercive.
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We split & as two operators:

g [ ] 2 [ 3ARW) = ArRh(y532) = fi (5, 552) + My
Loz _%Az_ﬁ(%,biz)ﬁ-)\z

and
tr tr
Y S(y)
B = .
’ { % } [ 92(2) ]
%, is maximal monotone and coercive. First we note D(#;) = V. To see

that %, : V. — V' is monotone, we let Y = (y,z) € V and Y = (§,2) € V. By
straightforward calculations, we obtain

(BY — BY,)Y —Y)
= §<AR(9_?3)’Q—Q> - <ARR (h <7aj(y) —h <7a§y)) vy—??>

(s a+y b+z _ a+y b+ 2 .
1 A ) A 1 Y ) A\ 'Y Yy 0

o1 o
+A||y—y||§—X<A(Z—Z),z—z>

B a+y b+ z B a+y b+ 2 . a2

<b< fy b ) b( R >w z>Q+Av 2.

By @2I) and (24]) we have

(BY — BY,)Y —Y)

B aty\_,(.aty o
—A(y 7,9 — U)1,0 <h<7 5 > h(v 5 >,7y 7y>r

f a+y b+z f a+y b+ 2 N
1 I 1 PR Y Yy 0

N 1 . .
FAly -8+ 5~ 52— 2o

B aty b+z\ a+y b+ 2 . L2
(fz( T )\) f2< Ty )72 Z)Q+/\||Z 23

Since f1, f2, h are Lipschitz continuous with Lipschitz constant L,

) 1 ) L ) .

(BY = BY,Y =Y) > Ly - 3o - Sy = 9llvelry = vil2
L . . N 112 1 SN2

- Xll(y —9,2=2)|lvlly =gl + My — 9llz + XIIZ —2[l1.0

L . . . .
M =3,z = 2llvilz = 2ll2 + A= - 2[5
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Applying Young’s inequality yields
2

. . 1 L
_ _ > oy —all2 L —

N n ~
ly = 9ll%.0 = vy = il

L? . 2 7 . . 1 2
— M—A(Ily —dlta+lz=20) = yly =915+ My = 915 + 5 2 = 210

L2 . ) n “ ~
- —477A(||y —jllia+llz—2l1q) - Xllz — 2|3+ Az — 2113
1 332 9 n 9
o (1 s I
> (A 477)\> ly — 9ll1 o AIw Y93

1 2L . 7 2 o112
. (x _ 4777) o= 22q+ (A= 1) (ly - 913 + 11z - 212).

By using the imbedding Hz (Q) «— L%(I') and the interpolation inequality (L), we
obtain
yuld < Clul?,y ) < Bl o + Cslul

for all u € H'(2), where § > 0. It follows that
vy = 7ilz < dlly — 9l o + Cslly — 313

Thus,
oy by )2 (- L 2 Iy il
# = Ly i+ - D - 213+ (55 - 25 o -2l
+ 2l — il 0+ s = 213.0)

Note that the sign of

2N dph A AN

does not depend on the value of . So, we let > 3L? and choose § > 0 sufficiently
small so that 4n6 < 1. In addition, we select A sufficiently large such that \? >
1n + nCs. Therefore,

1 3L 96 2-3L%/n—4né

. . 1 ) ) 1 .
(BY =2 Y =Y) 2 (ly —illia+ 1z - 2lie) = 511V =YV,

proving that 4 is strongly monotone. It is easy to see that strong monotonicity
implies coercivity of %;.

Next, we show that %, is continuous. Clearly, Ag : H'(Q2) — (H'(Q)) and
A : HH Q) — H~Y(Q) are continuous. Moreover, if we set

. b
fiy, 2) == f; (a—;y, ;\Lz>7

then, since fi,fo:V— @2 (Q) are globally Lipschitz, it is clear that the mappings
f1:V — (HYQ)) and fo: V — H~() are also Lipschitz continuous.

To see that the mapping
~ a +
h(y) == ArRh (v 3 y)

j=1,2

) )
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2278 Y. GUO AND M. A. RAMMAHA

is Lipschitz continuous from H'(Q) into (H'(2))’, we use (Z4) and the assumption
that ho~vy: H'(Q) — L?(T") is globally Lipschitz continuous. Indeed,

= (1055 - (05E) )
HYQ)  g]l, =1 A AT e

<op (5) 052 T

< — — .
<5 =il
It follows that %; : V. — V' is continuous, and along with the monotonicity of
A1, we conclude that %, is maximal monotone.

|At) - h@)

% is maximal monotone. First we note that D(%;) = D(%) = {(y,2) € V :
y € D(S), g2(2) € H1(Q)N LY(Q)}. Remember in Subsection 2.1 we have already
shown that S : D(S) € HY(Q) — (H'(R))’ is maximal monotone. In order to
study the operator go(z), we define the functional J; : H}(Q2) — [0, 00] by

Jg(z):/ng(z(a:))dx,

where j3 : R — [0, +00) is a convex function defined by

i = [ " ga(r)ar,

Clearly J, is proper, convex and lower semicontinuous. Moreover, by Corollary 2.3
in [4] we know that 0.Js : H}(Q) — H~1(Q) satisfies

(2.28) OJy(2) ={p e H Q) NLY Q) : p= ga2(2) ae. in Q}.

That is to say, D(0J2) = {z € H}(Q) : g2(2) € H~Y(Q) N LY(Q)}, and for all 2z €
D(0J3), 0J2(z) is a singleton such that dJ3(z) = {g2(2)}. Since any subdifferential
is maximal monotone, we obtain the maximal monotonicity of the operator g»(-) :
D(dJy) C HY(Q) — H (). Hence, by Proposition [[] in the Appendix, it
follows that %5 : D(%HB2) C V — V' is maximal monotone. Now, since %; and
P, are both maximal monotone and D(%;) = V, we conclude that Z = %, + HBo
is maximal monotone.

Finally, since %> is monotone and %20 = 0, it follows that (#2Y,Y) > 0 for all
Y € D(S), and along with the fact % is coercive, we obtain that B = % + S is
coercive as well. Then, the surjectivity of 2 follows immediately by Corollary 1.2
(p. 45) in [5]. Thus, we have proved the existence of (y, z) in D(%) C V = H*(Q) x
H{ () such that (y, z) satisfies (Z27). So by Z26), (u,v) = (L2, 22) € H'(Q) x
H (). In addition, one can easily see that (u,v,y,2) € D(«). Indeed, we have
An(u— Rh(vu)) +8(y) — fi(u,0) = —Ay+c € L2(Q) and —Av+ ga(2) — falu, v) =
—Az+d € L%(f2). Thus, the proof of maximal accretivity is completed, and so is
the proof of Lemma 2.1 |

2.3. Locally Lipschitz sources. In this subsection, we loosen the restrictions on
sources and allow f1, fo and h to be locally Lipschitz continuous.

Lemma 2.2. For m,r,q > 1, we assume that:

e g1, g2 and g are continuous and monotone increasing functions with g1(0)
= g2(0) = ¢g(0) = 0. In addition, the following growth conditions hold:
there exist o > 0 such that g1(s)s > a|s|™ ™, ga(s)s > a|s|"™ and g(s)s >
als|t for |s| > 1. Moreover, there exists mgy > 0 such that (g(s1) —
9(s2))(s1 = 82) = mgls1 — s2f*.
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SYSTEMS OF NONLINEAR WAVE EQUATIONS 2279

o fi, fo: HY(Q) x H}(Q) — L*(Q) are locally Lipschitz continuous.

e hovy:HYQ) — L*(T) is locally Lipschitz continuous.
Then, system ([2I3) has a unique local strong solution U € W1°°(0,Ty; H) for
some Ty > 0, provided the initial datum Uy € D().

Proof. As in [9[12], we use standard truncation of the sources. Recall V = H'(Q) x
H}(Q) and define

o <u, v) if || (u, v)lly < K,
1 ’LL,’U = v .
Tt ) il o)l > K,
e <u, v) i || (u, o)y < K,
2 u,v) = m .
T Tas) il ol > K,
h(yu) i [Jul, < K,
W () = .
h(7|\u|| ) if Hu”l,ﬂ > K,

where K is a positive constant such that K2 > 4F(0) + 1, where the energy E(t)

is given by B(t) = § (lu@)l} o + [0} o + @3 + o113,

With the truncated sources above, we consider the following K problem:
uy + Ag(u — RRE (u)) + S(us) = £ (u,v) in Q x (0, 00),
v — Av + go(vy) = fE(u,v) in Q x (0, 00),
u(z,0) = uo(z) € H' (), u(z,0) = uy () € HY(Q),

v(z,0) = vo(x) € HYH(Q),ve(x,0) = v (x) € HFH(Q).

We note here that for each such K, the operators f, f& : HY(Q) x H}(Q) —
L2(2) and A% : HY(Q) — L*(T") are globally Lipschitz continuous (see [12]).
Therefore, by Lemma [Z] the (K) problem has a unique global strong solution
Uk € WH°(0,T; H) for any T > 0, provided the initial datum Uy € D(&).

In what follows, we shall express (ug (t), vk (t)) as (u(t),v(t)). Since us € D(S) C
HY(Q) and v, € H}(Q) such that g(v;) € H-Y(Q) N LY(Q), then by @I0) and
Lemma 2.2 (p. 89) in [5], we may use the multipliers u; and v; on the K problem
and obtain the following energy identity:

t ¢
-|-/ / g1 (ug)ug + go(ve)vy dIdT+/ /g(’yut)”yutdFdT
Q
(2.29) = / / (FE (uy v)ug + 35 (u, v)v; dl’d7+/ / w)yurdldr.

In addition, since m, r, ¢ > 1, we know m = mT, r = le, qj= q“ < 2. Hence,
by our assumptions on the sources, it follows that fi: H(Q) x H} (Q) — L™(Q),
for HY(Q) x H(Q) — L7(Q), and ho~: HI(Q) — L9(T") are all locally Lipschitz
with Lipschitz constant Ly, (K), Ly, (K), L, (K), respectively, on the ball {(u,v) €
Vi [(u,v)]],, < K. Put

Lk = maX{Lfl (K)7 LfQ(K)7 Lh(K)}'

By using similar calculations as in [12], we deduce f{ : H1(Q) x H}(Q) — L™(Q),
& HY Q) x HY(Q) — L7(Q) and hE : H1(Q) — LI(T) are globally Lipschitz
with Lipschitz constant L.

(K)
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We now estimate the terms due to the sources in the energy identity (2.29). By
using Holder’s and Young’s inequalities, we have

(2.30)
/ FE (uvyurdadr < / 175w 0)), Nl dr

/ it dr + C. / | £ ) e
t . -
ge/o ||ut||ziidr+c€/0 (I . 0) = E 0,007 d + (|75 0, 0)|[7) dr

t t - ~ -
. / e |7 dr + €L / (lull T + [0l o)dr + Cetl f2(0,0)[ ]2,

Likewise, we deduce

t
/ / I (u, v)vpdadr
+1 T P 3
ean  <e [ Julifiar Ca [l o+ ol ar + Cali 00719
and
(2.32)
~ t ~ -
/ / u)yudldr < e/ |’yut\gi}d7' + C’SL‘}(/O ||u||(11’Q dr + Ct|h(0)]?|T).
By the assumptions on damping, it follows that
(2:33)  gi(s)s = a(|s|"" 1), g2(s)s = als|"T ~ 1), g(s)s > a(]s]*™ ~ 1)
for all s € R. Therefore,
[ [0 g1 (up)uedadr > a [ |53 dr — at|Q
0 Jo g1(uuedzdr > o [ luelly iy dr — at|Q,
(2.34) Iy [ g2(vvedadr > a [} o |I15] dr — at|Q),

t t
Iy Jp 9(u)yuwdldr > o [y |yug | 1dr — at|T|.

By combining (230)-(234) in the energy identity ([2:29), one has
E(t)+a / t(||ut||zii + ol + v $57)dr — at(2]9] + [T)
< BO) b [ (2t + Il + bl Ear
+Cfe [ Gl + Volalar + Ok [l + Il e
(2.35)  +C.LY / t lulld ¢ dr + Cet(1£1(0,0)[™2 + | £2(0,0)[7 2] + [1(0)|7|T]).
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If € < @, then ([2Z.35) implies
t ~ ~
E(t) <E(0) + C,L} / (alle + ol )dr

t . . 5 t _
L O / (ull} g + o]} o)dr + C.L, / lull o dr
(236) -+ Ct(1f2(0,0)™1 + [£2(0, 0)12 + [R(O)TIT]) + at(2/2] + [T]).

Since m, 7, ¢ < 2, then by Young’s inequality,

t 5 5 t B t N
/0 (lalle + o] 70)dr < / (ull? g + 0] o + C)dr < 2 / E(r)dr + Ct,

t _ 5 t ~
/0 (Uall} o + llollf 0)dr < 2 / E(r)dr + Ct,

/ el dr<2/ B(r)dr + Ct,

where C is a positive constant that depends on m,r and g. Therefore, if we
set C(L) = 2C(L¢ + Lic + L) and Co = Cc(|£1(0,0)[™[2 + | £2(0,0)|"[Qf +
|R(0)]9|T]) + a(2|22] + |T|) + 3C, then it follows from (Z36]) that
t
E(t) < (E(0) + CoTp) + C(LK)/ E(7)dr, for all t € [0,Ty],
0

where Ty will be chosen below. By Gronwall’s inequality, one has

(2.37) E(t) < (E(0) + CoTp)eC Lt for all ¢ € [0, Tp].
We select
(2.38) Ty=mind — — 2 1og2

. 0 = min 400 c(L )og

and recall our assumption that K2 > 4E(0) + 1. Then, it follows from (237) that
(2.39) B(t) <2(E(0) +1/4) < K?/2,

for all t € [0,Tp]. This implies that ||(u(t),v(t))|,, < K, for all t € [0,T}], and
therefore, f{(u,v) = f1(u,v), f&(u,v) = fa(u,v) and h¥ (u) = h(yu) on the time
interval [0,Ty]. Because of the uniqueness of solutions for the (K) problem, the

solution to the truncated problem (K) coincides with the solution to the system
@I13) for t € [0,Tp], completing the proof of Lemma 22 O

Remark 2.3. In Lemma [2.2] the local existence time Ty depends on Ly, which is
the local Lipschitz constant of: fi : H(Q) x H}(Q) — L™ (), fo : H'(Q) x
HY(Q) — L (Q) and h(yu) : HL(Q) — L" (T). The advantage of this result
is that Ty does not depend on the locally Lipschitz constants for the mapping
fi, f2  HY(Q) x HY(Q) — L*(Q) and h(yu) : HY(Q) — L*(T). This fact is
critical for the remaining parts of the proof of the local existence statement in
Theorem [L3]
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2.4. Lipschitz approximations of the sources. This subsection is devoted to
constructing Lipschitz approximations of the sources. The following propositions
are needed.

_6
— 142€’

m+1

6
Proposition 2.4. Assume 1 <p <6, m,r > 1, p=t= < THoe7
for some € > 0. Further assume that f1, fo € CI(RQ) such that

(2.40) [V £i(u,0)] < C(JufP~ + [P~ + 1),

for j =1,2 and all u,v € R. Then, f; : H'=5(Q) x Hy () — L7(Q) is locally

Lipschitz continuous, j = 1,2, where o = mTH oro = %1

Remark 2.5. Since H'(Q) — H'7¢(€2), then it follows from Proposition 4] that
each f; is locally Lipschitz from H'(Q) x Hg(Q) into LLH(Q) or L (). In
particular, if 1 < p < 3, then it is easy to verify that each f; is locally Lipschitz
from HY(Q) x H}(Q) — L?(Q).

Proof. Tt is enough to prove that f; : H!7¢(Q) x H&fe(Q) — L™(Q) is locally
Lipschitz continuous, where i = ™+tL. Let (u,v), (4,9) € V= H'=¢(Q)x H}~(Q)
such that ||(u,v)|| ,[[(%,?)]y < R, where R > 0. By (2.40) and the mean value
theorem, we have

| f1(u,v) = fi(a, )]
@41) < O(ju—al + o= o) (Jul + fal ! o o 1)

Therefore,

1 auy0) — Fu(@, ) = / () — fi( 6)] " da

gc/ (Ju—a|™ + v — 5|™)
Q
(2.42) (|u\(P—1)m + o@D 4 g P m g (=D 1) d.

All terms in ([Z42) are estimated in the same manner. In particular, for a typical
term in ([2.42]), we estimate it by Holder’s inequality and the Sobolev imbedding

H¢(Q) — Lﬁ(ﬁ) together with the assumption pm < ﬁ and ||ul| g1y <
R. For instance,

1 p—1
/|u — 4™ |u| Py < </ lu — a|mdx> (/ |u|pmdx>
Q Q

N 1)m —1)m A (17T
< Cllu— oy Il 07 < CROD™ [y — a7

Hence, we obtain
||fl(u7 U) - fl(aa @)
completing the proof. O

i < C(R) 1w = @0 = D)l pr—e () ez —<(2) »

Recall that for the values 3 < p < 6, the sources fi(u,v) and fo(u,v) are not
locally Lipschitz continuous from H(Q) x H}(Q) into L?(€2). So, in order to apply
Lemmal[2.2to prove Theorem[[.3] we shall construct Lipschitz approximations of the
sources f1 and fo. In particular, we shall use smooth cutoff functions n,, € C§°(R?),

Licensed to Weizmann Institute of Science. Prepared on Tue Aug 18 14:49:08 EDT 2015 for download from IP 132.76.61.22.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SYSTEMS OF NONLINEAR WAVE EQUATIONS 2283

similar to those used in [30], such that each 7, satisfies: 0 < n, < 1; 9, (u,v) =1
if |(u, v)| < n; Ny (u,v) = 0if |(u,v)| > 2n; and |V, (u,v)| < C/n. Put

(2.43) I (w,v) = fi(u,v)nn(u,v), w,veR, j=1,2, neN,

where f1 and fo satisfy Assumption [[LIl The following proposition summarizes
important properties of fi* and f3'.

Proposition 2.6. For each j = 1,2, n € N, then function f}', defined in (2.43),
satisfies:

o I (u,v) : HY(Q) x Hj(Q) — L*(Q) is globally Lipschitz continuous with
Lipschitz constant depending on n.

e There exists € > 0 such that [} : H'~¢(€) x Hy () — L°(Q) is locally
Lipschitz continuous where the local Lipschitz constant is independent of n,
and where o = mT“ oro = %1

Proof. Tt is enough to prove the proposition for the function fJ*. Let (u,v), (@, 0) €
HY(Q) x H} () and put

(2.44) Q3 ={z € Q:|(u(z),v(x))] > 2n,|(4(z),(x))| < 2n}.

By the definition of 7, it is clear that f]*(u,v) = f7(4,0) = 0 if |(u,v)| > 2n and
|(@t, )] > 2n. Therefore, by ([2:43) we have

(2.45) L7 (uy0) = ST (@, 0) 5 = T + I + I,

where I_] = fQj |fl(u5 U)Un(% U) - fl(ﬁa ﬁ)ﬁn( A7 @)‘de, .] = 15 27 3.
Notice that

L<2 / 1.0, 0) P 1ty 0) — 1 (8, 0) P

Q

(2.46) +2 /Q 100 (2, 0) 21 fa (1, 0) — fu (4, )| 2dz.

Since |V f1(u,v)| < C(JulP~! + [v|P~1 4+ 1), we have
(2.47) [f1(u, 0)] < C(Juf” + [o]” +1),
and along with the fact |u|, [v| < 2n in @y and |Vn,| < C/n, we obtain
L 130 i) = )P
= C/Q (|uf? + [o? +1)*| Vi (€1, &) * (u — 4,0 — )| *dz
1
(2.48) < cn2p-2/ (Ju— a2 + o — 9[?)da.

1
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Moreover, since |n,,| < 1 and |ul, |a], |v],|0] < 2n in Q4, then by ([241]) we deduce
| @01 0) = )
1
< C/ (Ju— a2 + o — o) (JulP~ + o]~  + [afP " + [8P~ + 1) de
o

(249) < cn%*/ (Ju = af? + v — ) da
Q1

Therefore, it follows from (248]), [24])) and (Z49) that
L < C(n)/ (Jju—af* + v — 9|?)dz
Q

where C(n) = Cn*~2. To estimate I, we note that 1, (4,9) = 0 in Qy. Then a
similar argument as in (248)) yields

(2.50)
12_A¥uumwnﬂmv%wm@ﬁ)dxscm{/<w—m<+W—@>w

Qo

where C(n) is as in (249). By reversing the roles of (u,v) and (4, ), one also
obtains I3 < C(n fﬂ (Ju — @|? + |v — ©]?)dz. Thus it follows that

17 (uy0) = f2(0, 9|3 < Cn)(lu— a3 + o —o]f3)

R AN (12
< C(n) (= d,v =)z 0y w2 () »

where C(n) = Cn?’~2, which completes the proof of the first statement of the
proposition.
To prove the second statement we recall Assumption [T} in particular, pmJrl <

6. Then, there exists ¢ > 0 such that 10"“r1 < 1f26. Let (u,v),(4,0) € Vo=

H'=¢(Q) x Hy~“(Q) such that ||(u,v)|¢,]/(@ )|y < R, where R > 0, and recall
the notation m = mTH Then,

(2.51) /7 (u,0) = f7 (0, 0)|[2 = Py + Py + P,

where
Py = [ Vo)) = (i 0 (3,0) e, = 1.2.3,
i
and each €); is as defined in (244]). Since |n,| < 1, one has
P <C |f1(u V)™ 0 (u, v) — 0 (@, 9)| ™ da
+C/|%u I71fi )  fi(,0)|"da

@52) < [ 1A n,0) (5,0 e 4 C i) — (3 5
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By ([241) and the mean value theorem, we obtain

[ 10 0) = (3,0

Qq

<C [ (lul” + o + )™V (&1, &)™ (u — i, 0 = 0)| ™ da
Q1

(2.53) < c/ (| =D 4 (o] =D 4 1) (ju— af™ + v — 8™ )da,
951

where we have used the facts |ul, |[v] < 2n in ©Q; and |Vn,| < C/n.

All terms in ([2.53)) are estimated in the same manner. By using Hélder’s inequal-
ity, the Sobolev imbedding H'~¢(2) — Lﬁ(ﬁ)7 together with the assumption
pm < =5 and [ull gr1-c () < R, we obtain

1+4+2¢
p—1 1
/ |u|(P*1)fn|u _ ﬂ\f"dx < </ |u|p7hd$) </ ‘u _ ﬂ|pﬁ1)
O Q1 Q1
—1)m e —1)m TG
(254) < Clull§y lu—alf ) < CRPD™ lu—alf g, -

Therefore, it is easy to see that
(2.55) /Q |1y 0) ™ 190 (1, ) — 1 (@1, 0) [P < C(R) ||(u — 1,0 — 0) || -

By Proposition 24, we know f, : V = H'"¢(Q) x Hy~¢(Q) — L™(Q) is locally
Lipschitz. Therefore, it follows from ([2.52) and (2353 that

Py < CO(R) ||(u—a,0— 0|2 .

To estimate P», we use n,(4,0) = 0 in Q9 and adopt the same computation in

E353)-(Z55). Thus, we deduce
Py = /Q | f1.(y o)™ 1 (u, 0) = 1 (2, 9)| " da < C(R) || (u— 4,0 = D) -
2
Likewise, P; < C(R) ||(uv — t,v — f/)H?} Therefore, by ([Z351)) we have

A7 (u0) = f1 (0, 0) |2 < C(R) ||(u—a,v — 9) | T,

where the local Lipschitz constant C'(R) is independent of n. This completes the
proof of the proposition. |

The following proposition deals with the boundary source h.

Proposition 2.7. Assume 1 < k <4, q>1 and k% < 1;‘26, for some € > 0.
If h € CYR) such that |W(s)| < C(|s|*"! + 1), then h o~y is locally Lipschitz:

H'-=¢(Q) — L (I).
Proof. The proof is very similar to the proof of Proposition24land it is omitted. [

Remark 2.8. Since HY(Q)) — H!'~<(2), then by Proposition B7, we know h o7 is

locally Lipschitz from H'(2) into LqTH(I‘). In particular, if 1 < k < 2, we can
directly verify that h o~y is locally Lipschitz from H!(Q) into L?(T).
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We note here that if 2 < k& < 4, then h o is not locally Lipschitz continuous
from H'(Q2) into L?(T"). As we have done for the interior sources, we shall construct
Lipschitz approximations for the boundary source h. Let (, € C§°(R) be a cutoff
function such that 0 < ¢, < 1; Gu(s) = 1if |s| < n; Cu(s) = 0 if |s| > 2n; and
Gu(s)] < C/n. Put

(2.56) h™(s) = h(s)Cn(s), s€R, n €N,

where h satisfies Assumption [[LTl The following proposition summarizes some im-
portant properties of h™.

Proposition 2.9. For each n € N, the function h™ defined in (250 has the
following properties:
e h"oxy : HY(Q) — L3(T) is globally Lipschitz continuous with Lipschitz
constant depending on n.
e There exists € > 0 such that h™ o~y : H7¢(Q) — L%(I’) is locally
Lipschitz continuous where the local Lipschitz constant does not depend on
n.

Proof. The proof is similar to the proof of Proposition and it is omitted. |

2.5. Approximate solutions and passage to the limit. We complete the proof
of the local existence statement in Theorem [[3] with the following four steps.

Step 1: Approzimate system. Recall that in Lemma [Z2] the boundary damping
g is assumed strongly monotone. However, in Assumption [[LI] we only impose
the monotonicity condition on g. To remedy this, we approximate the boundary
damping with

(2.57) g"(s) =g(s) + %s, n € N.

Note that g" is strongly monotone with the constant mg, = % > 0, since g is

monotone increasing. Indeed, for all s1,s2 € R,

(97 (52) = 6" (s2))(51 = 52) = (9(50) = 9(52))(51 = 52) + S 151 = 52 = s = sl

Corresponding to g™, we define the operator S™ as follows: replace g with g"
in (1) to define the functional J™ like J in (26]), and then, similar to (29,
we define the operator S" : D(S") = D(0J") C H () — (H'(Q))’ such that
0J™(u) = {S™(u)}. Asin [2I0) and 2IIJ), we have for all u € D(S™),

(2.5%) (") = [ gpwuda+ [ "yt
and
(2.59) (8" (u),v) = /le(u)vda?—i-/rg”(wu)’yvdf for all v € C(Q).

Recall H = H'(Q) x H}(Q) x L*(Q) x L*(Q), and the approximate sources
I, fa, h™ which were introduced in (243)) and (Z356]). Now, we define the nonlinear
operator &/" : D(&/™) C H — H by

tr tr
-y
-z
An(u = B (u)) + $"(y) - fi(u,0) |
—Av +g2(2) = f5'(u, )

u
2.60 am |
(2.60) y
z
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2

where D(/™) = {(u,v,y,z) € (HI(Q) X H&(Q)) : Agp(u — Rh™(yu)) + S™(y) —
f(u,v) € LA2(Q), y € D(S™), —Av + go(2) — f3(u,v) € L2(Q), g2(2) € H-H(Q) N
LI(Q)}.

Clearly, from the space of test functions 2(Q)* C D(&/™), and since 2(Q)* is
dense in H, for each Uy = (uq, v, u1,v1) € H there exists a sequence of functions
Uy = (ul, v, ul,v}) € 2(Q)* such that U} — Uy in H.

Put U = (u,v, us,v;) and consider the approximate system

(2.61) Ui +.@"U =0 with U(0) = (uf, v, uy,v}) € 2(Q)*

Step 2: Approximate solutions. Since g", fi', f3 and h"™ satisfy the assumptions
of Lemma [2.2] then for each n, the approximate problem (2.61]) has a strong local
solution U™ = (u",v",ul,vl*) € W1(0,Ty; H) such that U"(t) € D(«™) for
t € [0,Tp]. It is important to note here that Ty is totally independent of n. In
fact, by (Z38), T does not depend on the strong monotonicity constant m, = %,
and although T; depends on the local Lipschitz constants of the mappings f{* :
HY(Q) x HY(Q) — L™(Q), f3: HY(Q) x H} () — L7(Q2) and h"ovy : HY(Q) —
LA(T), it is fortunate that these Lipschitz constants are independent of n, thanks to
Propositions and Also, recall that Ty depends on K, which itself depends
on the initial data, and since U} — Up in H, we can choose K sufficiently large
such that K is uniform for all n. Thus, we will only emphasize the dependence of
To on K.
Now, by ([2.39), we know E"(t) < K?2/2 for all t € [0, Tp], which implies that

(2.62) U™ Ol = lle" )17 o + 1" O @ + luf O3 + o7 @)l < K2,

for all ¢ € [0,Tp]. In addition, by letting 0 < € < «/2 in [238) and by the fact that
m, q,7 < 2 and the bound (2.62]), we deduce that

To
(2.63) / 7 i+ / ol tae+ [ palztiar < o),

for some constant C'(K) > 0. Since |g1(s)| < B|s|™ for |s| > 1 and gy is increasing
with g1(0) = 0, then |g1(s)| < B(|s|™ + 1) for all s € R. Hence, it follows from

(Z63) that

To 5 5 To
(2.64) / / g1 () [P dadt < B / / ([ + Ddadt < C(K).

o Jo o Jo
Similarly, one has

Ty i Ty i
(2.65) / / lg2(vP)|"dzdt < C(K) and / / lg" (vup)|Ydzdt < C(K).
o Ja o Ja

Next, we shall prove the following statement: If w € H(Q) N L™ (Q) with
yw € LITHT), then

(2.66) (8™ (u}), w) :/le(u?)wdx—l—/Fg”(vu?)fywdF, a.e. [0,Tp].
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Indeed, by Lemma 3.1 in [4], there exists a sequence {wy} C H?(Q) such that
wyp — w in HY(Q), |wg|™ Tt — |Jw|™H in L1(Q) and |[ywg|9T! — |yw|?F! in
LY(T). By the Generalized Dominated Convergence Theorem, we conclude, on a
subsequence labeled the same as {wy,},

(2.67) wy, — w in L™T(Q) and ywyp — yw in LITHT).

Since H2(Q2) — C(Q2) (in 3D), and the fact that u?* € D(S"), then it follows from
(Z359) that

(2.68) (S (), wy) = /Q 01 (u yuopdz + / g™ (Yl g

From (2.64) and (2.65) we note that [|g1(u;')[; and [g"(yuy)|; < oo, a.e. [0, Tp].
Therefore, by using ([2:67), we can pass to the limit in (Z68]) as ¥ — oo to obtain
[250), as claimed.

Recall that U™ = (u",v",u},vy") € D(&™) is a strong solution of [Z.61)). If ¢
and 1 satisfy the conditions imposed on test functions in Definition [[.2] then by
[264)- (Z66]), we can test the approximate system (2.61]) against ¢ and ¢ to obtain

t

(W (), ()2 — (5 H(0))er — / (W, d)adr + / (", @)1 dr

/ /g1 uy ¢d$d7+/ / g(yuy)yedldr + — / /71% ~yodl'dT

(2.69) = / Frun, ") pdadr + / / W™ (yu™)ypdTdr,

0

and
t

(0 (1), B(8))e — (o] $(0))er / (of e )adr + / (v, $)1.0dr

(2.70) //gg vy wdxdr—/ /f2 u”, v )dadr

for all ¢ € [0, Tp).

Step 3: Passage to the limit. We aim to prove that there exists a subsequence of
{U™}, labeled again as {U™}, that converges to a solution of the original problem
([CI). In what follows, we focus on passing to the limit in (Z:69) only, since passing
to the limit in ([2770) is similar and is in fact simpler.

First, we note that ([2.62) shows {U"} is bounded in L*°(0,Ty; H). So, by
Alaoglu’s Theorem, there exists a subsequence, labeled by {U™}, such that

(2.71) U™ — U weakly™ in L>(0,Ty; H).

Also, by ([Z.62), we know {u"} is bounded in L>(0,To; H*(2)), and so {u"} is
bounded in L*(0,To; H*(2)) and for any s > 1. In addition, by (2.63)), we know
{u?} is bounded in L™*1(Q x (0,Tp)), and since m > 1, we see that {u}} is also
bounded in L™(Q x (0,Ty)) = L™(0,Tp; L™(2)). We note here that for sufficiently
small € > 0, the imbedding H' () — H'~¢(Q) is compact, and H'~¢(Q) < L™ ()
(since m < 2). If s > 1 is fixed, then by Aubin’s Compactness Theorem, there
exists a subsequence such that

(2.72) u™ — u strongly in L*(0,To; H'~¢(Q)).
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Similarly, we deduce that there exists a subsequence such that
(2.73) V"™ — v strongly in L*(0, Ty; H'7¢(Q)).

Now, fix t € [0,Tp]. Since ¢ € C([0,t]; H*(Q)) and ¢; € L'(0,t; L*(€2)), then by
211), we obtain

t t
(2.74) lim (u”,qS)LdedT:/ (u, §)1,0dxdr
and

t t
(2.75) lim (uf,@)gdde:/ (u, p¢)odxdr.

In addition, since § < 2 < ¢+ 1 and v¢ € LI1(I" x (0,t)), then y¢ € LI(T' x (0,1)),
and along with (2.63), one has

1t 1 t PEet t NT=
(2.76) ‘—/ /vuqubdFdT <= (/ |7u?gﬂd7> (/ |7¢|g~dt) — 0.
nJo Jr n \Jo 0

Moreover, by (2:64)-(2.63), on a subsequence,

ul) — g weakly in L™(Q x (0,1)),
(2.77) {91( ) 91 y ( (0,%))

g(yul) — g* weakly in LI(T x (0,t)),

for some g € L™(Q x (0,t)) and some g* € LI(T" x (0,t)). Our goal is to show that
97 = g1(ut) and ¢* = g(yus). In order to do so, we consider two solutions to the
approximate problem (2.61)), U™ and U7. For the sake of simplifying the notation,
put @ = u™ —ul. Since U™, UJ € W1>(0,Tp; H) and U™(t), U’ (t) € D(™),
then @, € W1°°(0,To; L*(Q)) and i (t) € H(Q). Moreover, by ([Z63) we know
i € L™THQ x (0,Tp)) and i, € LI(T x (0,Tp)). Hence, we may consider the
difference of the approximate problems corresponding to the parameters n and 7,
and then use the multiplier @; on the first equation. By performing integration by
parts in the first equation, one has the following energy identity:

t .
5 (1B + 1501 0) + [ [ (01() = 1 )i
+/O /F(g(’Y“?)—Q(VU{))’YﬂtdFdT‘F/O /F(%w?— }wﬁ) yiydLdr
= 5 (OB -+ 1301 o) + [ [ (07 = R o))idadr

(2.78)  + /0 /F (R (yu™) — b (yu?))yadTdr,
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where we have used (2.66]). It follows from (2.78) that

2 (1 + 1501 0) + [ [ 02068) ~ oatdidaar
i /ot /p(g (yu') — g(yui))yiidldr
< s 1sia) 2 () [ f i)
o [ [ i ) ffdaar
S /ot/p (1" (yu™) = ()| [yl dT .

We will show that each term on the right hand side of ([Z.79) converges to 0 as
n,j — oo. First, since lim, 0 [lug — uoll; o = 0 and lim, o [[uf —u1ll, =0,

we obtain
lim || =l o -], -
n1j1£0||u(0)||1,9 nio]|%0 ~ Yo 1,0 0
N timie(0)l, = lim i — i, = 0.
(2.80) n,jlgonut(O)HQ WJE)O Uy —u 2 0

By ([2563), we know fot \’yuﬂgﬁdT < C(K) for all n € N. Since ¢ > 1, it is easy

to see fot |yu? |3dT is also uniformly bounded in n. Thus,

1 1 t :
(2.81) lim (— + —,) / / (hum? + |7u§\2) dTdr = 0.
n,j—oo \ N ] 0 T

Next we look at the third term on the right hand side of (Z79). We have

(2.82)
/ / (™) — F ) [ diedr
0 Q

< [ 1o - soiwidedr+ [ ] 170 = fiwoliaddeds
t
+/0 /Q|f1(uﬂf)—ff(u,v)||at|dxd7

4 / /Q | uyw) — F w0 || ddr.

We now estimate each term on the right hand side of (2.82) as follows. Recall, by
Proposition 6, f7* : H'~=¢(Q) x Hy~ () — L™(Q) is locally Lipschitz, where
the local Lipschitz constant is independent of n. By using Holder’s inequality, we
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obtain

/ | (u™,0™) = f1(u, v)| || dedT

(/ o) = i v)lmdxdr) " ( /Ot /Q |Ut|m+ldxd7>ﬁl

m

~ - m-+41
(283) <C(K ></ <||u”—u||;'}1_e(m+||v”—v||21_<<m>df> —0,

as n — 0o, where we have used the convergence ([Z72))-(273) and the uniform

bound in (2.63).
To handle the second term on the right hand side of ([2:82]), we shall show

(2.84) I (u,v) — fi(u,v) in L™(Q x (0,Tp)).
Indeed, by X)), we know U € L*(0,Tp; H); thus u € L>(0,To; H*()) and
v € L>®(0,Tp; H(Q)). In addition, by ([2.43), the definition of fJ*, we have

_ To _
(2.85) ”fln(uav)_fl(uvv)”?ﬁ(ﬂx(O,To)):/0 /Q(Ifl(uvv)\lnn(u,v)—1|)md$dt~

Since 1y, (u, v) < 1, it follows that (| f1(w, v)||17m (w, v) — 1))™ < 27| f1 (u, v)|™. To see
|f1(u,v)|™ € LY (2 x (0,Tp)), we use the assumptions | f1(u,v)| < C(Jul? + |vP + 1)
and pm < 6 along with the imbedding H'(Q) < L5(2). Indeed,

To ) Ty i i
/ / | f1(u,v)|"dxdt < C/ / (Ju|P™ 4+ Jv[P™ + 1)dxdt
o Jo

<c/ (g g + 0127 gy + 19 < .

Clearly, n,(u(x),v(z)) — 1 a.e. on Q. By applying the Lebesgue Dominated
Convergence Theorem on (Z.8h]), ([2:84) follows, as desired. Now, by using Holder’s
inequality and the limit (2:84]), one has

(2.86)
/ /|f1 (u,v) = fi(u,v)||t|dzdr

Ml t ﬁ
< (/ | /1 (u,v) = f1(u, v)|mdmd7') (/ at|m+1dajdr) — 0,
0o JQ 0o JOQ

as n — 00, where we have used the uniform bound in (Z63)).
Combining (283) and ([236) in (Z82)) gives us the desired result,

(2.87) lim / /|f?(u”,v")—f{(uﬂ,vf)||at|dxdT:o.
> 0 JQ

Next we show that

t
(2.88) Jim / / IR (yu™) — b (yud)|[yiie|dTdr = 0,
T

n,j—o0 Jo
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To see this, we write
t . .
| [y = b s
0 T
t t
< [ [mean) = wewladacas + [ [ 6w - bl cds
0 N 0 N

(2.89) + / / Ih(yu) — 19 () ||y dTdr + / / 119 () — b ()| i dT

By Proposition 29l h" o~ : H=¢(Q) — L4(T) is locally Lipschitz, where the local
Lipschitz constant is independent of n. Therefore, by Holder’s inequality

t
/ / 1" (™) — B () |y | AT dr
0

q+1
</ /|h" yu™) — h" (yu |qud7') < /|”yut|q+1dFdT>

q

a+1
(2.90) <C(K (/ [l u||Hl <@ ) — 0, as n — o0,

where we have used the convergence (2.72) and the uniform bound in (2.63).
Since u € L>(0,T; H*(Q)), then similar to (Z84]), we may deduce that

R"™(yu) — h(yu) in LI(Q x (0,Tp)).

Again, by using the uniform bound in ([2:63]), we obtain

/ / |R" (yu) — h(yw)||yi|dldr

g+1 t a+1
(2.91) < </ /|h" ) 7u)|qd1“d¢> (/ /|7at|q+1drd7> — 0,
0o JI

as n — oo. By combining the estimates ([289)-(2.91]), then (2]]) follows, as
claimed.
Now, by using the fact that g; and g are monotone increasing and using ([2.80)-

231, [287)-(288), we can take limit as n,j — oo in (279) to deduce that
t
(292) tim [ [ (@) = on () = o =0
Q

n,)—roo

n,j]—oo

(2.93) lim / / g(yul) — g(yul)) (yult — yul )dUdr = 0.

In addition, it follows from (263 that, on a relabeled subsequence, uf — u;
weakly in L™+1(Q x (0,Tp)). Therefore, Lemma 1.3 (p. 49) of [5] along with (2.77)
and (292) assert that g7 = g1(u¢), provided we show that

g1 L™THQ x (0,1)) — L™(Q x (0,1))

is maximal monotone. Indeed, since g; is monotone increasing, it is easy to see g1
is a monotone operator. Thus, we need to verify that g; is hemi-continuous, i.e.,
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we have to show that

t t
(2.94) lim / /gl(u—i—/\v)wdxdr z/ /gl(u)wdxdT,
A—0 o Ja 0 Jo

for all u,v,w € L™TH(Q x (0,1)).

Indeed, since g; is continuous, then g (u+ Av)w — g1 (v)w point-wise as A —
0. Moreover, since |g1(s)| < B(|s|™ + 1) for all s € R, we know if |A| < 1, then
|91 (u+Av)w| < B(lu+Mv|™ +1)w| < C(|ju|™ [w]+[v["w|+|w]) € L (2x(0,1)), by
Holder’s inequality. Thus, (Z94]) follows from the Lebesgue Dominated Convergence
Theorem. Hence, g7 is maximal monotone and we conclude that g7 = g1 (u¢), i.e.,

(2.95) g1(ul) — g1(ug) weakly in L™(Q x (0,1)).
In a similar way, one can show that g* = g(yu;), that is,
(2.96) g(yu) — g(yuy) weakly in LI(T x (0,t)).

It remains to show that

t t
(2.97) lim //fln(u",v")qbdxdrz/ /fl(u,v)¢dxd7'.
n—eJo Ja 0 Ja

To prove ([297), we write
(2.98

)
’ /ot /Q(f{l(“n’”n) — fi(u,v))pdxdr

< [ [isarom = fraolietdsar+ [ [ 152000 - fwolleldsr

Since ¢ € L™*1(Q x (0,t)), then by replacing @; with ¢ in ([Z83), we deduce

¢
(2.99) lim / / [f1(u™ 0™) = f1(u,v)||¢|dzdr = 0.
In addition, [2:84) yields
¢
(2.100) lim / / | £ (u, v) — f1(u,v)||¢|dxdT = 0.

Hence, (2.97) is verified.
In a similar manner, one can deduce

(2.101) Jim /0 t /F B (vum)ypdTdr — /O t /F h(~yu)yédldr.

n—m—ao0

Finally, by using 271)-(276), (295)-(2.91) and (2I0T) we can pass to the limit
in ([2369) to obtain (LG). In a similar way, we can work on (Z70) term by term to

pass to the limit and obtain (L7 .
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Step 4: Completion of the proof. Since t € [0,Tp] and g, g1 are monotone increasing
on R, then (2ZX79) implies

5 (1@ + o) o)

1 ~ 2 ~ 2 1 1 To n|2 712
<5 (I3 +130)0) +2 (5 + 50 ) | [ (v + b P)drar
To S
[ 1o - R fildsds
0 Q
(2.102)  + / / W™ (yu™) — B (v )|yt | dT dr.
0 r

By (2:80)- (2.81) and 2.87)-(288), we know the right hand side of (2.102)) converges

to 0 as n,j — 00, so

lim ||u"(t) =/ (t)||, , = lim [la(t)]l, o =0 uniformly in ¢ € [0, Ty),
n,j]—0o0 ’ n,j—00 ’
lim ||u(t) — u{(t)H = lim |@(t)||, =0 uniformly in t € [0, To].
n,j—roo 2 n,j—roo
Hence
u"(t) — u(t) in H(Q) uniformly on [0, Tp),
(2.103) ul (t) — ug(t) in L*(Q) uniformly on [0, Tp].

Since u™ € W1°([0, To]; H () and u? € W1°([0,Tp); L*(Q2)), by ZI03), we
conclude

u € C([0,Tp); H*(Q)) and u; € C([0, To]; L*(R)).

Moreover, ([2103) shows u™(0) — u(0) in H*(). Since u™(0) = uf — wug in
H(Q), then the initial condition u(0) = ug holds. Also, since u*(0) — u;(0) in
L?(Q) and u?(0) = uf — uy in L?(Q2), we obtain u;(0) = u;. Similarly, we may
deduce that v, v; satisfy the required regularity and the imposed initial conditions,
as stated in Definition This completes the proof of the local existence statement
in Theorem [L.3]

3. ENERGY IDENTITY

This section is devoted to deriving the energy identity (L) in Theorem [L3
One is tempted to test (L) with u; and (7)) with v, and with that carry out
standard calculations to obtain energy identity. However, this procedure is only
formal, since u; and v; are not regular enough and cannot be used as test functions
in (L) and (7). In order to overcome this difficulty we shall use the difference
quotients Dpu and Dpv and their well-known properties (see [19] and also [33}36]
for more details).

3.1. Properties of the difference quotient. Let X be a Banach space. For any
function v € C([0,7]; X) and h > 0, we define the symmetric difference quotient
by
Ue(t +h) —uc(t—h)

2h ’

(3.1) Dhu(t) =
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where u.(t) denotes the extension of u(t) to R given by
u(0) for t <0,
(3.2) ue(t) = C u(t) for ¢t € (0,7),
uw(T) for t >T.
The results in the following proposition have been established by Koch and Lasiecka
n [19].

Proposition 3.1 ([19]). Let v € C([0,T); X), where X is a Hilbert space with
inner product (-,-)x . Then,

T
. 1 2 2
(3.3) Jim | Dyt = 5 (T e = ) )
If, in addition, u; € C([0,T]; X), then
T
(3.4) / (ut, (Dpu)y) xdt =0, for each h >0,
0
and, as h — 0,
(3.5) Dpu(t) — u(t) weakly in X, for every t € (0,T),
1 1
(3.6) Dpu(0) — iut(O) and Dpu(T) — §ut(T) weakly in X.

The following proposition is essential for the proof of the energy identity (LS.

Proposition 3.2. Let X and Y be Banach spaces. Assume u € C([0,T);Y) and
ug € LY0,T;Y) N LP(0,T; X), where 1 < p < oo. Then Dyu € LP(0,T; X) and
I Dnull 1o 0,7,x) < el pogo.r, x)- Moreover, Dpyu — uy in LP(0,T; X), as h — 0.

Proof. Throughout the proof, we write u; as u'. Since u € C([0,T];Y), then by
B2), ue € C([~h, T + h];Y). Also note that

(3.7)  wl(t)=1u'(t) for t € (0,T) and wu,(t) =0 for t € (—h,0)U (T, T + h),

€

and along with the assumption v’ € L'(0,T;Y), one has v, € L'(=h,T + h;Y).
Since u, and u, € L*(—=h,T + h;Y), we conclude (for instance, see Lemma 1.1,
page 250 in [41])

_uJHJﬂ—%@—h)_]/Hh,
(3.8) Dpu(t) = 5T “w/, u,(s)ds, a.e. t€10,T).
By using Jensen’s inequality, it follows that
1 t+h
(3.9) | Dpu(t)]| < o Hué(s)”i ds, ae. te€[0,T].
By integrating both sides of (B:Ql) over [0,T] and by using Tonelli’s Theorem, one
has
(3.10)

T t+h T h
/ [1Dnu(t)|l dt < Qh/ / [ (5)||% dsdt = h/ / et (s + t)|[% dsdt
0 . -
p h T+s ,
! /
IL%HMHWMM:%Ll [l (£)|[% dtds.
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We split the last integral in (BI0) as the sum of two integrals, and by recalling
B20), we deduce that

T T+s T+s
/HmMWﬁgﬂ//)HuHWm+—// I ()| deds
0
T+s
_ 1 (|2 L 1\ ||P
o [ o s s g [ o as
1 0 T » 1 h T »
L ’ L /
i s+ g [ ol s
1 h T T
—on [ Il s = [ ol an
2h —h JO 0

(3.11) IDnull Lo o,rx) < 1 ll oo, 7ix) »
as desired.

It remains to show that Dpu — v’ in LP(0,T; X), as h — 0.

Let € > 0 be given. By Lemma in the Appendix, Cy((0,7T); X) is dense in
L?(0,T; X), and since w' € LP(0,T; X), there exists ¢ € Cy((0,T); X) such that
[u" = @l o017, x) < €/3- Note that (.8) yields

IN

Thus,

t+h
Dpu(t) —u/(t) = % /tih (u,(s) —u'(t))ds, a.e. t€[0,T].

In particular,

I Dru(t) — ' ()13

t+h
< [ ) =l ds

1 t+h

<on ) (1) = 66)lx + 166 =60l + o) — (1)l ) ds

gp—1 pt+h / g1 etk
<55 /t_h Jur(s) — o(s)|% ds + o /t_h 16(s) — o(0)[% ds
(312 3o WOl

where we have used Jensen’s inequality. Now, integrating both sides of (312)) over
[0, T] we obtain

T
(3.13) /|mww—w@ﬁﬁ§h+b+h
0

3p 1 t+h
— / / () — o(s) % dis,
3? !

/ / l6(s) — b(0) % dsdt,

I3 =3~ 1||¢ u' (O Leorix) -
Since [[u" — ¢l oo, x) < €/3, then

where

P P
3.14 <3 1o - &
(3.19) A

Licensed to Weizmann Institute of Science. Prepared on Tue Aug 18 14:49:08 EDT 2015 for download from IP 132.76.61.22.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SYSTEMS OF NONLINEAR WAVE EQUATIONS 2297

In addition, since ¢ € Cy((0,7); X), then ¢ : R — X is uniformly continuous.
Thus, there exists 6 > 0 (say d < T') such that |¢(s) — o(t)] x

|s —t| < 4. So, if 0 < h < £, then one has

3p !

As for Iy, we change variables and use Tonelli’s Theorem as follows:

317 !
= / / ul(s +t) — ¢(s + 1) dsdt
3p 1 T+s
(3.16) = / / |lul(t) — o(t)|% dtds.

Now, split I; into two mtegrals and recall [B7) to obtain (for sufficiently small h)

=¥ 1 (/ /M ' (8) = S(D)| dtds+/ / I/ (8) = ()% dtds)
< / / I (6) — 6(0) | dds = 37 / I (2) — o(0) I dt

p—1 [,/ P p—1 el v
(3.17) =3"""[ju’ — ¢||LP(O,T;X) <3 33
Therefore, if 0 < h < £, then it follows from 1d), (I5), 317), and @I3) that

[ Dpu — w”ip(oj;x) <é,

< 37177 Whenever

completing the proof. O

3.2. Proof of the energy identity. Throughout the proof, we fix t € [0, Tp] and
let (u,v) be a weak solution of system (II]) in the sense of Definition[[2l Recall the
regularity of u and v, in particular, u; € C([0,t]; L*(Q)) and u; € L™H1(Qx (0,t)) =
L™, L™TH(Q)). We can define the difference quotient Dpu(7) on [0,¢] as in
@), i.e., Dpu(t) = 55 [ue(T + h) — ue(7 — h)], where u.(7) extends u(7) from [0, ]
to R as in ([3.2)). By Proposition B2, with X = L™+1(Q) and Y = L?(Q), we have

(3.18) Dpu € L™ (Q x (0,¢)) and Dpu — uy in L™THQ x (0,1)).
A similar argument yields
(3.19) Dpv e L' (Q x (0,t)) and Dpv — vy in L™TH(Q x (0,1)).

Recall that the notation ~yu; stands for (yu);, and since u € C([0,t]; HY(Q)),
then yu € C([0,t]; L*(T')). Moreover, we know (yu); = yu; € LI (T x (0,t)) =
La+L(0,; LITHT)), so (yu), € LT x (0,t)) = L*(0,¢; L*(T)). So, by Proposition
B2 with X = L(T") and Y = L?(T'), one has

yDpu = Dy, (yu) € LT x (0,t)) and
(3.20) YDpu = Dy (yu) — (yu); = yup in LITHT x (0,1)).
H
t]

Moreover, since u € C([0,t]; HY(Q)) and v € C([0,t]; H}(Q)), then

(3.21) Dyu € C([0,t]; H(Q)) and Dyv € C([0,t]; Hy(2)).
We now show
(3.22) (Dpu); € L*(0,t; L%(Q)) and (Dyv); € L*(0,t; L*(Q)).
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Indeed, for 0 < h < %, we note that
selue(T+h) —w(r—h)], if h<T<t—h,
(Dru)i(m) = § —srue(r —h), if t—h <7 <L,
spur(T+h), if 0<T<h,

and since u; € C([0,t]; L?(Q2)), we conclude (Dpu); € L(0,¢; L?(Q2)). Similarly,
(Dpv); € LY(0,t; L%()).

Thus, BI8)-B22) show that Djpu and Dpv satisfy the required regularity con-
ditions to be suitable test functions in Definition[[.2l Therefore, by taking ¢ = Dpu
in (L6) and v = Dyv in (1), we obtain

t t
(ue(t), Dpu(t))a — (u(0), Dpu(0))g — / (ut, (Dpu)¢)odr +/ (u, Dpu)1,odr

0 0
t t
+/ /gl(ut)Dhudl’dT+/ /g(vut)thudFdT
0 Jo 0 Jr
t t
(3.23) :/ /fl(u,v)DhudxdT—i—/ /h(vu)thudI’dT
0 Ja o Jr

and
t

(ve(t), Dpo(t))a — (v£(0), Dro(0))a — /t(Uta(DhU)t)QdT‘i‘/ (v, Dpv)1 odr

0 0
¢ ¢
(3.24) —|—/ /gg(vt)thdxdT:/ /fg(u,v)thdxdT.
0 Jo 0 Jo

We will pass to the limit as h — 0 in 23] only, since passing to the limit in
B24) can be handled in the same way.
Since u, u; € C([0,t]; L*(R)), then (B.6) shows

1 1
Dpu(0) — §ut(0) and Dpu(t) — §ut(t) weakly in L?(0).
It follows that

lm, (1(0), Dyas(0)) = [[e(0)

h—0
. 1 2
(3.25) Tim (u(8). Dyu(®)) = & [ (03
Also, by (34)
t
(3.26) / (ur, (Dyu))adr = 0.
0
In addition, since u € C([0,t]; H1()), then B3)) yields
. ! 1 2 2
a2 i [ Duradr = 3 (@l g - WO a)

Since u; € L™(Q x (0,t)) and |g1(s)] < B|s|™ whenever |s| > 1, then clearly
g1(ug) € L™(Q x (0,t)), where m = 2. Hence, by [B.15)

m

t ¢
(3.28) lim / /gl(ut)DhudxdT:/ /gl(ut)utdmdr
h—0Jo Ja 0 Ja
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Similarly, since g(yu) € LI(T x (0,t)), then B.20) implies

(3.29) hm // g(yuy 'thudI‘de// g(yuy)yurdxdr.

In order to handle the interior source, we note that since u € C([0,t]; H(Q)) and
v € C([0,t]; H} (2)), then there exists My > 0 such that ||u(7)||, [|[v(7)]lg < Mo for
all 7 € [0,¢]. Also, since |f1(u,v)| < C(Jul? + |v|P 4+ 1), then

/ua Ndx<C/OMﬂP+MﬂP+DMSCU%L

for all 7 € [0,t]. Hence, fi(u,v) € L>=(0,t; L%(Q))7 and so, f1(u,v) € L%(Qx (0,1)).
Since % > 1, then fi(u,v) € L™(Q x (0,t)). Therefore, it follows from (B.I8) that

(3.30) hm / / f1(u,v)Dpudzdr 7/ / fi(u, v)updadr.

Finally, we consider the boundary source. Again, since u € C([0,¢]; H*(2)) and
H(Q) < L*(T"), then there exists M; > 0 such that |yu(7)|s < M; for all 7 € [0, ).
By recalling the assumption |h(yu)| < C(|yulF 4+ 1), then

/mwwmﬁmsc/ﬂva+nascwm
I T

for all 7 € [0,¢]. Hence, h(yu) € L>=(0,t; Lt (T )) and in particular, h(yu) €
L#(T' x (0,t)). Since % > g, we conclude h(yu) € LI(T' x (0,t)). Therefore, (3:20)

yields
¢ ¢
(3.31) lim / /h(’yu)thudI’dT:/ /h(wu)’yutdFdT.
h—0Jo Jr o Jr
By combining ([B25)-B31]), we can pass to the limit as h — 0 in B23)) to
obtain
(3.32)

1 t t
303+ 1@ 0)+ [ [ awudadr+ [ [ gtyu)rudrar
1
= @+ O + [ [ Awoprir+ [ [ newpmaras

Similarly, we can also pass to the limit as h — 0 in ([3.:24)) to obtain

1 2 2 ¢
3013 + 100120 + [ [ aatonjordods
(3.33) = 50O+ 1500+ [ [ fwopudsir

By adding (332) to (333), then the energy identity (L) follows.

4. UNIQUENESS OF WEAK SOLUTIONS

The uniqueness results of Theorem and Theorem [[.7] will be justified in the
following two subsections.
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4.1. Proof of Theorem The proof of Theorem will be carried out in the
following four steps.

Step 1. Let (u,v) and (&, 0) be two weak solutions on [0, 7] in the sense of Definition
satisfying the same initial conditions. Put y = v — @ and z = v — 0. The energy
corresponding to (y, z) is given by

(4.1) B() = 5O o + 1201 0 + Iyl + () 2)

for all t € [0,T]. We aim to show that E(t) = 0, and thus y(t) = 0 and z(t) = 0 for
all t € [0, 7).

By the regularity imposed on weak solutions in Definition [[.2] there exists a
constant R > 0 such that

[[u(t) a(t) (t) o)1, <R,
@)l 12e (@)l 5 [loe (@)l 5 126 (O], < B,

(4.2) T
41 T a ymAl T 1 T 1
fo ”ut”ZJrl dt, fo [l t”ZJrl dt, fo |7ut‘gildt’fo |7ut|gildt <R,
T +1 T a4l
Jo lvellzadt, fo ol dt < R

for all ¢ € [0,T]. Since y(0) = y:(0) = 2(0) = 2,(0) = 0, then by Definition [[.2] y
and z satisfy

t

(y:(1),9(t))a —/ (e, b¢) zd7+/ (y, ¢)1,0dT

//91 ut) — g1 (i) ¢da:dr—|—// g(yur) — g(~viiy))ypdldr
(4.3) :/0 /Q(fl(u,v)—fl(ﬁ 0)) ¢d$d7‘+/ / (vu) — h(~@))ypdldr

and

(2z(1),9(t)a — /t(ztﬂ/)t)ssz-F/t(z V)1, ssz+/ / g2(vt) — g2(0p))dxdr

(4.4) / (fa(u,v) — fo(@, 0))pdadr,
Q
for all ¢ € [0, T] and for all test functions ¢ and v as described in Definition
Let ¢(7) = Dpy(7) in {@3)) and (1) = Dypz(7) in @A) for 7 € [0, t], where the
difference quotients Dyy and Dpz are defined in (B]). Using a similar argument

as in obtaining the energy identity (L&), we can pass to the limit as h — 0 and
deduce

31O o+ 11+ [ [ (n00) = gn(i)ndod

+ / / (9(vuz) — glvin)yyedTdr

(45 = / t /Q (f1(u,0) — f1(3, 8))yscad + / t / (h(u) — h(7@) yyedldr
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and
1 5 2 ! )
OB+ 120 + [ [ (@a0) = g200)udodr
(4.6) - /0 /Q (Faluy0) — folit, 0))zedadr.

Adding (@A) and () and employing the monotonicity properties of g, go yield
¢ t
< [ [(tw) = fia.opmdsdr + [ [ (fawo) =l 0))zadads
0 Ja 0o Ja

+ /Ot /F(h(vu) — h(y@))yy.dldr — /Ot /F(g(vut) — g(va))yyedT,

for all ¢ € [0, T] where E(t) is defined in (@I).
We will estimate each term on the right hand side of (7).

Step 2. “Estimate for the terms due to the interior sources”.

Put

(4.8) Rf:/ot/ﬂ(fl(u,v)—fl(ﬁ ) tdwdT—i—/ / Folu,0) = fol@, ) zedadr.

First we note that, if 1 < p < 3, then by Remark we know f; and fy are
both locally Lipschitz from H!(Q) x H(Q) into L?(€2). In this case, the estimate
for Ry is straightforward. By using Holder’s inequality, we have

/ot /Q(f 1(u,v) = fi (@, 0))yedadr

< </Ot A | f1(u,v) — f1(a, f/)|2d:zd7') < / |yt ] 2dxd7'>
<om) (/ Iyl o+ 1212 0) dT)W (/ ||yt||2d7) <C(R )/ B(r)dr

Likewise, fot Jo(fa(u,v) = fa(ti, 0)) zedzdr < C(R fo 7)dr. Therefore, for 1 < p <
3, we have the following estimate for Ry:

(4.10) R; <C(R) /t E(7)dr.
0

For the case 3 < p < 6, f; and fy are not locally Lipschitz from H'(Q) x Hg ()
into L2(12), and therefore the computation in (Z3) does not work. To overcome
this difficulty, we shall use a clever idea by Bociu and Lasiecka [8,[9] which involves
integration by parts. In order to do so, we require f; and fo to be C?-functions.
More precisely, we impose the following assumption: there exists F' € C3(R?) such
that fl(uav) = auF(u’U)v fQ(U,U) = a’uF(uvv) and |D°‘F(u,v)\ < C(|u|p72 +
[v]P=2 + 1) for all a such that |a] = 3. It follows from this assumption that
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2302 Y. GUO AND M. A. RAMMAHA

f; € C*(R?), j =1,2, and
(4.11)
D fi(u,0)| < C(ju[P~? + [oP~2 + 1), forall |5 =2,
IV fi(u,0)] < C(luP~ + P~ + 1) and | f;(u,v)] < O(|uf” + [v]? + 1),
IV fi(u,v) =V f(a,0)] < C(JufP2 + |afP~2 + [P~ + [0[P~2 + 1) (|y| + [2]),
[fi(u,v) = fi(@,0)] < C(lufP~ + [P~ + Jo[P=1 + [5[P~1 + 1)(Jy| + |2]),

where y =u — 4 and z = v — 0.
Now, we evaluate 2y in the case 3 < p < 6. By integration by parts in time and
by recalling y(0) = 0, one has

_/Q/Ot [Vfl(u,v). <ZI> — Vi, ) - (Zz)} ydrdz

= [1ntuter. o)~ a0 — [ [ i) (%) yards

(4.12) —/Q/(:[Vfl(u,v)—Vfl(ﬂ,@)]~ (’Z:) ydrdz.

As in (£I2)), we have a similar expression for fot Jolf2(u,v) = f2(i, 0))zpdedT. There-
fore, we deduce

(4.13) Ry =P + P+ P;+ Py + Ps,
where

Py = [olfi(u(®),v(t)) = f(a(t), o(1))
Py = [olf2(u(t), v(t)) — f2(ilt), 5(t))]=

Py = [y [o[V fa(u,v) = Vfa(i1, )] - (f‘t> 2)drdz,

Py = fQ fot <Vf1(u,v) : <yt> y+ Vfa(u,v) - (%) Z> drdzx.

2t

By using ([£II) and Young’s inequality, we obtain
[Py + P

(@14 _ c/ﬂqu(tw’*l AP + @) + [P+ )20 + 22(1))da,
(4.15)
|P3 + P4|

t
SC//<|UIH+Ialf"2+|v|”‘2+|@|’"2+1)<y"’+z2)<|ﬁt\+|ﬁtl)drda:-
QJo
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SYSTEMS OF NONLINEAR WAVE EQUATIONS 2303

As for P, we integrate by parts one more time and use the assumptions f; (u,v) =
OuF(u,v) and fa(u,v) = 9, F (u,v). Indeed,

jo /Q /0 t (92 (0. 0)1 + D0 i (0, 0) 20 )
+//t aqu(u,v)yteravfz(u,v)th)dew
/Q/ O f1 (1, 0) (471 + 02, F(u, v)(yz)t—F%&fg(u,v)(ZQ)t)dea:
= [ (50u10(t): o)w(6) + 02, F(ult). o)1) ) o
+ [ 5ot v(0)(tPde

[ st vremn) (o
(419 + / y9oupatn, )22 () dra

By employing (@I and Young’s inequality, we deduce that

P < C/Q(IU(@II"’1 + P+ Dy + |2(t)*)da

t
@i 0 [l ol 0P + ) (] + e
QJo
It follows from ({14), (@IH), (I1), and @I3) that
(4.18)

Ry <0 [ Qo7 + 150+ [ [ 08+ 0ul + ol + [l + oedsdn

0 [ [ (= =2 =2 P20+ 22+ el [l + ot

+ C/ﬂ(lﬂ(lt)\p_1 +Ha®)P=t + P+ [P (YO + [2()*)d.
Now, we estimate the terms on the right hand side of {I8) as follows.

1. Estimate for
b= [ (w0 + |=(0R)ds.
Since y, y; € C([0,T]; L3(Q2)) and y(0) = 0, we obtain

t 2 t t
(4.19) /|y(t)|2d;v: “wiryar dxgt/ lye (P2 dr < 2T/ B(r)dr.
Q 0 0
Likewise, [, |z(t)[*dz < 2T fo 7)dr. Therefore,
t
(4.20) I, < 4T / E(r)dr.
0
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2304 Y. GUO AND M. A. RAMMAHA

2. Estimate for

t
L =/ /<y2+z2><|ut|+\vt|+|at|+|@t\>dwdr
0 Q

A typical term in I, is estimated as follows. By using Holder’s inequality and
the imbedding H'(Q) < L5(£2), we have

t t
2
| [ oPluldode < [l sl 0 o
0 JQ 0

t t

(4.21) <C [ Wl alluloar < c [ By,
0 0
where we have used the fact that ||u(t)|, < R for all t € [0,T] (see ([E2)). There-
fore,
t ~
(4.22) I, < C(R)/ E(7)dr.
0

3. Estimate for
t

I3 = / /(|U|P72 + \ﬁ|p*2 + Mp72 + |@‘p72>(y2 + Z2)(|Ut| + [ou] + [ite] + |64])dadr-
o Ja

A typical term in I3 is estimated as follows. Recall the assumption meH <6
which implies % < m+ 1. Thus, by using Holder’s inequality and (#2), one has

t t
— -2 2
| [ 2ituddodr < [ jullg 1ol e o dr
0 Ja 0 o-r

t t
(423)  <cC / lu 2 lell, 1 dr < C(R) / E(r) el dr.

-2
T 11yl
Therefore,

t

@20 L <O [ BE) (el + ol + il + 00l )
0

4. Estimate for

Iy = /Q(W(?f)l”‘1 )P~ + P+ [P (YO + |2(0)[*)da.

Estimating /4 is quite involved. We focus on the typical term [, |u(t)[P~*|y(¢)|*dz
in the following two cases for the exponent p € (3,6).

Case 1: 3 < p < 5. In this case, we have
(4.25) / (P (1) Pde < / ly(t) 2dz + / ()P y (8)|2de.
Q Q {zeQ:|u(t)|>1}

The first term on the right hand side of ([£.25]) has already been estimated in (£I19]).
For the second term, we notice that if 0 < € < 5—p, then |u(¢)|P~1 < |u(t)|*~¢, since
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SYSTEMS OF NONLINEAR WAVE EQUATIONS 2305

lu(t)] > 1. Again, by using Holder’s inequality, [@.2]), (L3), and (L4), it follows
that

/ uOP ly(OPde < [ Ju(O laOPds < Ju)]3 IOl
{zeQ:|u(t)|>1} Q

< Clu®lig Ol
(4.26) = CR)(c Iy o + Cely®13 )

By using ([19) and [@26), then from (25]) it follows that

azn) [ |u<t>|p-1|y<t>|2dx<c<R>( B+ .1 | e >d7),

in the case 3 < p < 5 and where 0 < e <5 —p.

Case 2: 5 < p < 6. In this case, the assumption ]z)m"’1 < 6 implies m > 5. Recall

that in Theorem [L.3] we required a higher regularlty of initial data wug, vy, namely,
ug, vy € L2®=D(Q). By density of Cy(€Q) in L2(1’ D(Q), then for any € > 0, there
exists ¢ € Cp(Q2) such that |jug — ng%(p_l) <er.

Now,

/Q (P~ y(t) Pde < C /Q u(t) — wolPy(t) 2z + C /Q o — o7~y (1) P

(4.28) +C [ o yto)fde.

< 1. So, by using Holder’s inequality and

2/3 ,
) ()2

Since p < mTl and m > 5, then 23((p 111))

the bound fo ||ut||2_ﬁ dt < R, one has

| 1t =l (o) < ( |ttty =)

, 8(p—1) 2/3
2
<c / / w(r)dr|  dr | @l
Q 0
3(p—1) 2/3
t 2(m+1) m(p—1) ~
<C /(/ ut”’*ldT) dz| T ¥ E(t)
Q 0
(4.29) < C(R)T™H" B(1),

where we have used the important fact that 23((5 111)) < 1.

The second term on the right hand side of (28] is easily estimated as follows:

(4.30) / a0 — 617 (0)d < lluo — 0I5, (02 < Ce()
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2306 Y. GUO AND M. A. RAMMAHA

Since ¢ € Cp(2), then |p(x)] < C(e), for all x € Q. So, by ({I9), the last term on
the right hand side of (28] is estimated as follows:

—1 2 2 ¢ I
(4.31) /Q 6Py ()P < C(e) /Q y(t) 2z < C(e,T) / B(r)dr.
By combining (A29)-(Z31]), then {28) yields

m(p—1)

(4.32) /Q u() P y(0)de < O(R) (775" 4 &) B(1) + O(e. ) /O B(r)dr,

in the case 5 < p < 6.
By combining the estimates in ([A27) and (432]), then for the case 3 < p < 6,
one has

(4.33) /Q uOP y(0) P < C(R) (T + ¢) B#) + C(e, R, T) /0 E(r)dr,

where € > 0 such that e <5 —p, if 3 <p < 5.
The other terms in I, can be estimated in the same way, and we have

m(p—1) r(p—1)

(4.34) I4 < C(R) (TW + T+ + 6) E(t)+C(e,R,T) /tE(T)dT.
0

Finally, by combining the estimates (£20), @22), @24) and (34) back into
(418)), we obtain for 3 < p < 6:

Ry < C(R) (T5H50 + T 4+ ¢) B(t)

t
(4.35)  +C(e R, T)/O E()([well gy + l0ellpqq + 1l gy + 0]y + D,

where € > 0 is sufficiently small. According to (£10), estimate (433]) also holds for
1 <p<3,ie., [@35) holds for all 1 < p < 6.

Step 3. Estimate for

Ry, = / / (h(yu) — h())ygedTr.

First, we consider the subcritical case: 1 < k < 2. Although, in this case, h is
locally Lipschitz from H'(Q) into L?(I"), we cannot estimate R, by using the same
method as we have done for Ry. More precisely, an estimate as in ([9) won’t work
for Ry, because the energy E does not control the boundary trace VY.

In order to overcome this difficulty, we shall take advantage of the boundary
damping term: fg fr (g(yue) — g(yti))yy:dldr. Tt is here where the strong mono-
tonicity condition imposed on g in Assumption [[.4]is critical; namely, the assump-
tion that there exists m, > 0 such that (g(s1) — g(s2))(s1 — s2) > my|s1 — sa|?.
Now, by recalling y = u — @, we have

as) [ t [ (wtrw) =iy v > m, | t [l farar.
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SYSTEMS OF NONLINEAR WAVE EQUATIONS 2307

To estimate Ry, we employ Holder’s inequality followed by Young’s inequality,
and the fact that h is locally Lipschitz from H'(Q) into L?(I") when 1 < k < 2 (see
Remark 2°8]). Thus,

Ry, < (/Ot/rh(w)—h(m)ﬁdrm) (/ /|7yt 2drdT)
w ([ Wit ([ [ parer)

(4.37) <e /0 t /F Iy |2 dTdr + C(R, €) /O E(r)dr.

Therefore, if we choose € < myg, then by ([30) and ([£3T), we obtain for 1 <k < 2:

(4.38) Ry, —/0 /F(Q(’Wt) —g(viu))vye < C(R, 6)/0 E(r)dr.

Next, we consider the case 2 < k < 4. In this case, we need the extra assumption
h € C%(R) such that h”(s) < C(|s|*~2 + 1), which implies
7' (s)] < C(Is]* 1 +1), [h(s)] < C(|s* + 1),
(4.39) |7/ (u) = h(@)] < Cjul*=2 + |a[*=2 + 1)yl
[h(u) = h(@)] < C(ful*~ +[al*~! + 1)y,

—_—~ o~

where y = u — 4.
To evaluate Ry, integrate by parts twice with respect to time, employ (£39]) and
the fact that y(0) = 0 to obtain

(4.40)
o <| [ 6u0) = ntvaeypwar| + | [ [ - wGanadarar
<| [ ittt ~ vty } [ 1/ () — W eyt
T
s 5| [ Gu@ v ] W (yu) ey T dr

<Is+Isg + I7 + Is,

where
a:c/wmm%n
I
t
sz//m%HhMMWHM
0 I
t
hz@//&M”“*M“%WW+Wme%Mﬂ
0 T
&:Cﬁmmm“HWMm“Ww@WP
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2308 Y. GUO AND M. A. RAMMAHA
Since y(t) € H(Q), then I is easily estimated as follows:
Iy = (B < Ol g < M1 o+ Oyt
(4.41) < 2eE(t) + C.T /O t E(7)dr,

where we have used (L3)), (I4)) and (£I9]).

Since ¢ > 1 and H(2) < L*(T"), then I is estimated by

t t
(142 T<C [ (il + hida)llidr <C [ (g + il E(r)dr.
0 0

In I7 we focus on the typical term fg Jr vul*=2|yue||[yy|*dldr. Notice that the
assumption k% < 4 implies ﬁ < g+ 1. Therefore,

t t
/ / Iyul*=2 vy [y P T < / valt= | s |yl
o Jr 0 A=k

t t
(4.43) <c / el 22 rlgsn 192 0 dr < C(R) / ytelgas B(r)dr,

where we have used (£2). The other terms in Iy can be estimated in the same
manner, thus

t
(449 I < C(R) [ (g + Iyielasn) B
0
Finally, we estimate I by focusing on the typical term [i, [yu(t)|*~!|yy(t)|?dT .
We consider the following two cases for the exponent k € [2,4).

Case 1: 2 < k < 3. First, we note that
(4.45)

[ bl thytopar < [ puopar+ | O (o)
r r {

z€l:|yu(t)[>1}

The first term on the right hand side of [@45]) has been estimated in [@A4T). As for
the second term, we choose 0 < € < 3—k, and so, k —1 < 2 —e. By using Hdlder’s

inequality, (L3) and (L4), we obtain
/ P hu®Pdr < [ uP- (P
{zel:|yu(t)|>1} T

< ()3 vy ()| s

TFe/2
< C a2 WO ey

(4.46) < CR)(elly®F o + Celly®)]3)-

Therefore, by using the estimates (£40), (£41]) and (£I9), we obtain from (£45)

that

(4.47) /F Iyu(t)|*yy(t)2dT < C(R) <EE(t) +C.T /0 Emm)

for the case 2 < k < 3, and where 0 < e < 3 — k.
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Case 2: 3 < k < 4. Observe that, in this case, the assumption k% < 4 implies
q > 3. Also, recall that in Theorem we required the extra assumption: vyuy €
L2(k—1)(1\>.

By the density of C(I') in L2*~1)(T"), for any € > 0, there exists 1) € C(T') such
that [yuo — ¥|ak_1) < €=7. Note that

[P b Par < ¢ [ prute) = vl o Par

(4.48) +€ [y = ol (P ar +C [ o y(o)Far.

Since k < qff and g > 3, then ( ) < 1. Therefore, by using ([£2]), we have

/Ot Yy (T)dT e dl“)é (/F |yy(t)4dr>é

a(k—=1) ~
(O} o < C(R)T 1 E(t).

(4.49)

/Iw(t) = quo|*~Hyy(H)PdT < (/
r r
. 2(k—1)
<o [| [ rutrrar
riJo

The second term on the right hand side of ([{4g]) is estimated by
(4.50)

/F Iyao — oy (OPAD < byuo — wlEG (O < Celly(0)]12 o < CeB(p).

Finally, we estimate the last term on the right hand side of ([£48]). Since ¢ €
C(T), then |y (z)| < C(e), for all z € T'. Tt follows from ([@4I]) that

/ E ()T < C(e) / Iy () Pdr
T T

dF>%T (

(4.51) < C(OB() + C(e,T) / "By
0
Now, (@A9)-@5T) and ([EIS) yield

(4.52) /Wu O yy()2dD < C(R, )(T 51 + ) ()+CeT/E

for the case 3 < k < 4. It is easy to see that the other term in Ig has the same
estimate as (417 and [@52). So, we may conclude that for 2 < k < 4 and
sufficiently small € > 0:

(4.53) Iy < C(R, e)(T% +e)E(t)+C(e,R,T) / tE(T)dT.
0

Combine (@4T), (@22)), (£44) and (E53) back into [@A0) to obtain the following

estimate for Ry, in the case 2 < k < 4:

Ry < C(R,&)(T"% + o) E(t)

t
(4.54) 4+ C(e.R.T) / (telass + arlger + D E(r)dr,
0

where € > 0 is sufficiently small.
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2310 Y. GUO AND M. A. RAMMAHA

Step 4. Completion of the proof.

By the estimates (£38), [A3])), ([E54) and employing the monotonicity property
of g, we obtain from (7)) that

m(p—1) r(p—1) q(k—1

B(t) < O(R) (T + T 4 T 1 6) B(t)

t
+CeRT) [ B (el + o0l + il + il

+ |vuelgr1 + [yielgr1 + 1)d77

for all t € [0,T]. Choose € and T" small enough so that

m(p—1) r(p—1)

C(R) (T el s +e) <L

By applying Gronwall’s inequality with an L'-kernel, it follows that E(t) =0 on
[0,T]. Hence, y(t) = z(t) = 0 on [0,7]. Finally we note that it is sufficient to
consider a small time interval [0, T], since this process can be reiterated. The proof
of Theorem is now complete.

4.2. Proof of Theorem [I.71 We begin by pointing out that the only difference
between Theorem [[7] and Theorem [[Hlis that Assumption [ (a) is not imposed
in Theorem [[.7l Thus, the proof of Theorem [[.7]is essentially the same as Theorem
[[5] with the exception of the estimate for Ry in [£8). So, we focus on estimating
Ry in the case p > 3 and the interior sources f1, f2 are not necessarily C*-functions.
With this scenario in place, the method of integration by parts fails twice. To handle
this difficulty, recall the additional restriction on parameters and the initial data in
Theorem [[L7] namely, m,r > 3p — 4, if p > 3, and ug, vy € L3P~ (Q).

Now, since |V f1(u,v)| < C(|u[P~! +|v[P~t +1), then by the mean value theorem,

(4.55) | fi(w,v) = f1(@,0)] < C(lufP~H + [P~ + [P~ + [0~ + 1)(Jyl + |2]),
where y = u — @ and z = v — 0. Thus,

(4.56) /0 /Q(fl(u,v) — f1(6,0))yrdxdr < I + I,

where

t
L=c / / (Il + |2]) |yl dzdr,
0 Q
t
I = C/ /<|u|”—1 + AP+ [P+ B[P (] + |2]) lyeldadr.
0 Q

The estimate for I; is straightforward. Invoking Holder’s inequality yields

t t t
@571 L= [yl + Izl dr < € [ B@iB(r)ar =c [ By
0 0 0

A typical term in I5 is estimated as follows:

t
| P tlastdzar
0 JQ

t t
(458)  <C / / ht — wolPlylleldadr + C / / o P~y ddr.
0 Q 0 Q
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By Holder’s inequality,

/ot/g [w — o [P~ yllye|dwdr
(4.59) < /ot (/Q Ju(7) —uO|3(P—1)d:E>% (/Q |y(7')|6dx>% (/Q |yt(7)|2dx>%dr

Since u, uy € C([0,T); L3(£2)), we can write
/ ug(s)ds
0

/Q|“(T)—“0\3(p’1)dx:/ﬂ

Since m > 3p — 4, then ?’fnp—lll) < 1. Therefore, by using Hoélder’s inequality and
[#2), it follows that

3(p—1)
dx

3(p—1)

M1
(4.61) / () = uo PPV < O(T (/ / e |m+1dsdx> < C(R,T).
Q
So, (L&) and (£59) yield

t t
| [ 1=l ylldzar < CRT) [ (ol ()l b
0 0

(4.62) < C(R,T) /0 E(r)?E(r)?dr = C(R,T) /0 E(7)dr.

By recalling the assumption uy € L3P~1(Q), then the second term on the right
hand side of (58] is estimated by

/ | ol il dadr < / tollZc 1 (g e () 5 dr

(4.63) < C Jluollf, s / E(r
Combining (£62)) and (@63 back into (58] yields
t t
wot)y [ [ lluldsdr < C(R T uolly ) ) | B
0 Jo 0
The other terms in Iy are estimated in the same manner, and one has
t
(4.65) B < C(RT ol - [0l ) | Br)ar
Hence, ([4.57), (£65), and (£56) yield
t
| [ i) = i@ o)udoar
o Ja

t
(4.66) gC(R,T,Hu0||3(p71),||v0\|3(p71))/0 B(r)dr

It is clear that fot Jo(f2(u,v) — f2(, ©))zdedr has the same estimate as in (Z.60).
Finally, we may use the same argument as in Step 3 and Step 4 in the proof of
Theorem and complete the proof of Theorem [I.7
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5. GLOBAL EXISTENCE

This section is devoted to proving the existence of global solutions (Theorem
[[Y). Here, we apply a standard continuation procedure for ODE’s to conclude
that either the weak solution (u,v) is global or there exists 0 < T < oo such that
limsup, ;7 Ei(t) = +00, where E;(t) is the modified energy defined by

Bu(t) 1= 5 () + NI o + e + (o))
1 1 1 L
(5.1) + g @I + @I + g el

We aim to show that the latter cannot happen under the assumptions of Theorem
[[.8 Indeed, this assertion is contained in the following proposition.

Proposition 5.1. Let (u,v) be a weak solution of ([LI)) on [0,To] as furnished by
Theorem [L3l. Assume ug, vo € LPYL(Q), if p > 5, and yug € L*TY(T), if k > 3.
We have:

o If p <min{m,r} and k < q, then for all t € [0,Tp], (u,v) satisfies

t
(5.2) &w+/0mmﬁ+wmﬂ+wwﬂﬂmsanﬂmm
0

where Ty > 0 is being arbitrary.
e Ifp > min{m,r} or k > ¢, then the bound in (B2) holds for 0 <t < T,
for some T" > 0 depending on E1(0) and T.

Proof. With the modified energy as given in (G1I), the energy identity (L8]) yields

t t
—|—/ /[91(ut)ut + g2 (v4)vy] dde—i—/ /g(vut)’yutdFdT
/ / [f1(u, v)ug + folu,v)v da:d7'+/ / (yu)yudldr

+? (u@®P* = [u(O) P + (@) — [0(0)["+)da

1 E+1 _ k+1
T F(Iw(t)\ [yu(0)|"7)dl

t t
+/0 A[f1(u,v)ut+f2(u,v)vt] dwdT-i—/O /Fh(wu)vutdI‘dT

¢ t
(5.3) —|—/ /(|u|p71uut—|—|v|pflvvt)dxd7'—|—/ /|”yu|k71”yu7utdfd7'.
0o Jo o Jr

To estimate the source terms on the right hand side of (5.3]), we recall the assump-
tions |h(s)| < C(|s|F +1), | f;(u,v)| < C(Ju|P + [v|P + 1), j = 1,2. So, by employing
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SYSTEMS OF NONLINEAR WAVE EQUATIONS 2313

Holder’s and Young’s inequalities, we find
t
/ / f1(u,v)udzdr
0 Jo
t D
<C [l (el + 010+ 1907 ) ar
‘ +1 ¢ +1 +1
<e [ Nulttar oo [ (g + ol +190) ar
0 0

t t
(5.4) < e/ |27 dr + ce/ Ey()dr + C.To|9).
0 0

t
< C/ /(|u|p + |v|P + 1)|ug|dadr
0 Jo

Similarly, we deduce

t t t
(5.5) / P, v)vydadr| < ¢ / o2t dr + C / Bu(r)dr + C.T|Q)
0 Q 0 0
and
t t t
(5.6) / / h(yu)yu| < 6/ \’yut|’,:ﬁd7' + Ce/ Ey(r)dr + C.Ty|T|.
0 T 0 0

By adopting similar estimates as in (54]), we obtain

t t
/ /(|u|p_1uut+|v|p_1vvt)dxd7'+/ /|'yu|k_1'yufyutdFdT
0 Jo 0 Jr
t t
< [ [ ullusl + ol ydodr + [ [ prullyudarar
0 Jo 0 Jr

t t
(5.7) <e /0 (25 + vel 251 + el i1 dr + Ce /0 B (7)dr.

By recalling ([2:34)), one has

t t
/ /[gl(ut)ut-i-gz(vt)vt] dxdr—i—/ /g(vut)vutdFdT
0 Q 0 T
t
(5.8) >a /0 (luel3 + o7} + Pyuel2])dr — aTo (219 + |T).

Now, if p < min{m,r} and k < ¢, it follows from (5.4)-(5.8) and the energy
identity (B.3)) that, for ¢ € [0, Ty],

(5.9)

t
“+1 +1 1
Ei() +a / (e ol 7L+ e
0

t

t
(25 + 5L+ bl e +Ce | Ba(r)dr+ O
0 0

t t
<E(0)+e / (el + el + e £+ + . / By (r)dr + Cry 0
< B (0) +¢ /
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2314 Y. GUO AND M. A. RAMMAHA

where we have used Hoélder’s and Young’s inequalities in the last line of (£.9). By
choosing 0 < € < «/2, then (B.9) yields

t

a m+1 r+1 1

B0+ 5 [ i+ ol + bl ar
0

t
(510) S CE/ El(T)dT + E1(0) + OTo,e~
0

In particular,
t
(5.11) Bt) < ce/ Ey(r)dr + By (0) + Cry o
0

By Gronwall’s inequality, we conclude that
(5.12) Ei(t) < (E1(0) + Crp, )eC< ™ for t € [0, Ty],

where Ty > 0 is arbitrary, and by combining (5.I0) and (EI2)), the desired result
in (52) follows.

Now, if p > min{m,r} or k > ¢, then we slightly modify estimate (54]) by using
different Holder’s conjugates. Specifically, we apply Holder’s inequality with m + 1
and m = mT'H followed by Young’s inequality to obtain

t t
/ fi(u, v)ugdzdr| < C/ /(|u|p + |v|P + 1)|ug|dadr
o Jo

< C/ HutllmH IIuII + vl +|Q|1/’”) dr
t
(5.13) Se/ IIutll,ﬁi}dHCe/ (lllZ7s + el + 1921) dr
0 0
Since pri < 6 and H'(Q) — L%(), then

t
[ el [ (1l + I + o) ar

t
(5.14) §e/ ||ut\|$1}d7+c€/ (7)) dr + C.TH|Q.
0 0

¢
/fl(u,v)utdxdT <
0 Jo

Likewise, we may deduce

t t ¢ i
(5.15) / [ . opdsdr ge/ Hvt||:ﬁd7+06/ Ev(r)% dr + C.Ty|Q)
0 0 0
and
t 1 t kg
(5.16) h(yu)yuy| < e/ \’yut|gild7'+0€/ Ei(1)2dr + CTp|T.
0 0
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SYSTEMS OF NONLINEAR WAVE EQUATIONS 2315

In addition, by employing similar estimates as in (B.13)-(E14]), we have

t t
’/ /(|u\p71uut+\v\pflvvt)dde—F/ /\’yu\kilfywyutdFdT
0 Q 0 T
t t
< / / (ulPlue] + [of? |or)ddr + / / Ival* g |dTdr
0 Q 0 I

t
+1 +1 1
<e / (el 4 el + el S dr

t .
(5.17) +CE/ (E1(T)% + Ei(7)2 B +E1( )TQ)dT.
0
By using (&14)-(ETI7) along with ([B.8]), we obtain from the energy identity (53]
that
(5.18)

t
+1 +1 1
Ev(t) + a / el 2+ el + |2y

t t
< E(0)+ ¢ / aell ™42 + ool + ey dr + . / Ey(r)7dr + Cry e,
0 0

where 0 = max{Z"*, & %1} > 1. Notice that the assumption p > min{m,r} or

k > ¢ implies that o > 1. By choosing 0 < € < «/2, then it follows that

t
(&% m—+1 r+1 1
B0+ [ (allith + ol 5+ bl ar

t
(519) < CE/ El(T)ng + El(O) + OTg,e for t € [O, To]
0
In particular,
t
(5.20) Eit) < C. / By(r)7dr + By (0) + Cry . for t € [0,T)).
0

By using a standard comparison theorem (see [22] for instance), then (520) yields
that E1(t) < 2(t), where 2(t) = [(F1(0)+Cr, )' 77 —Ce(o— 1)t]_ﬁ is the solution
of the Volterra integral equation

c/ 5)7ds + B1(0) + Cry ..

Since o > 1, then clearly z(t) blows up at the finite time T} = m(El(O) +
Cr,.e)'™, ie., 2(t) — oo, as t — T, . Note that T; depends on the initial
energy F1(0) and the original existence time Ty. Nonetheless, if we choose T =
min{TO, %Tl}, then

(5.21) Ey(t) < 2(t) < Co:= [(E1(0) + C1, )7 — Ce(0 — )T’ 71

for all ¢ € [0,T']. Finally, we may combine (5.19) and (5.2I)) to obtain

(5.22)

t
B0+ 5 [ (it + ol + uslfEdr < CTCF + Br(0) + O
0

for all ¢ € [0,T"], which completes the proof of the proposition. |
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2316 Y. GUO AND M. A. RAMMAHA

6. CONTINUOUS DEPENDENCE ON INITIAL DATA

In this section, we provide the proof of Theorem [[LI0l The strategy here is to
adopt the same argument as in the proof of Theorem and use the bounds of
Proposition G511

Proof. Let Uy = (ug,vg,u1,v1) € X, where

3(p—1)

X:(Hl(ﬂ)mL : (Q))X(Hg(a)mL

3(p—1)
Pl

(Q)) % L2(Q) x L2(9)

such that yug € L2*=1(T"). Assume that {UJ = (ull,u}, vy, v?)} is a sequence of
initial data that satisfies

(6.1) Ul — U in X and yull — yue in L2F~D(T), as n — oc.

Notice that in Remark [[.TI] we have pointed out that if p < 5, then the space
X is identical to H = H'(Q) x H}(Q) x L*(Q) x L*(), and if k < 3, then the
assumption yuf — yug in L2*~1(T) is redundant.

Let {(u™,v™)} and (u,v) be the unique weak solutions to (II]) defined on [0, Tp]
in the sense of Definition [[L2] corresponding to the initial data {U}'} and {Up},
respectively. First, we show that the local existence time Tj can be taken inde-
pendent of n € N. To see this, we recall that the local existence time provided by
Theorem [[3] depends on the initial energy F(0). In addition, since U} — Up in
X, then u? — ug, v§ — vg in LPTH(Q), if p > 5, and yul — yug in LFFH(T),
if kK > 3. Hence, we may assume E7(0) < FE1(0) + 1, for all n € N, where Ey(t) is
defined in (B.1)) and E}(t) is defined by

1
E+1

where E"(t) = 3([un(®)I o + 0" (01 + [ ()13 + o7 ()] Therefore, we
can choose K, as in (2.38), sufficiently large, say K2 > 4E;(0) + 5. Then the local
existence time Tj for the solutions {(u™,v™)} and (u,v) can be chosen independent
of n € N. Moreover, in view of [5.2]), To can be taken arbitrarily large in the case
when p < min{m,r} and k < ¢q. However, in the case when p > min{m,r} or k > ¢,
we select the local existence time to be T'= T", where T" is given in Proposition [5.1]
(which is also uniform in n). In either case, it follows from (5.2]) that there exists
R > 0 such that, for all n € N and all ¢ € [0, 7],

t +1 +1 +1
By () + Jo (luellmy + el + lyuelgiidr < R,

1 n 1 b2 1 n
EY(t) == E"(t) + p—(||u Oty + @Ol + yu” ()11

+1

(6.2)

t +1 +1 1
B () + fo (lup iy + loplliis + heplgin)dr < R,

where T' can be arbitrarily large if p < min{m,r} and k < ¢, or T is sufficiently
small if p > min{m,r} or k > q.
Now, put y"(t) = u(t) — u"(t), 2"(t) = v(t) — v"(t), and

n 1 n 2 n 2 n 2 n 2
(6.3) En(t) = 5(ly" @10 + 2" Ol 0 + Iy @1z + 2 0)]12),
for t € [0,T]. We aim to show E,,(t) — 0 uniformly on [0, 7], for sufficiently small
T.
_ We begin by following the proof of Theorem [[L.3] where here u, v, u™, v", y", 2",
E,, replace u, v, 4, 9, y, 2, E in the proof of Theorem [[.5] respectively. However,
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SYSTEMS OF NONLINEAR WAVE EQUATIONS 2317

due to having nonzero initial data, y™(0) = ug — ug and 2"(0) = vy — vjj, we have
to take care of the additional terms resulting from integration by parts.

First, as in ([@7), accounting for the nonzero initial data, we obtain the energy
inequality

(6.4) En(t) < E,(0) + R} + Ry,

where

Rf _/ o fl u, ’U fl(u v ))yt dl‘dT+/ / f2 U, ’U f2(unavn))2f?d$d7’

-/ [ = v

As in Step 2 in the proof of Theorem [L5] the estimate for R} when 1 <p <3
is straightforward. Indeed, following ([@9)-(#I0), we find

an

(6.5) R} < C(R) /0 E,(7)dr.

If 3 < p < 5, we utilize Assumption [[4] and integration by parts in (AI12)-I3)
yields the additional terms:

/Q (Fa (1o, v0) — Fa(ufl, uf)) 2" (0)da

?

Q1= ‘/ (f1(uo,vo) = fi(ug,vy)) y"(0)dz| +
Q

which must be added to the right hand side of (£I3]). Another place where we pick
up additional nonzero terms is in ([@I6]); namely, the terms

Q2 - ‘/Q <%8uf1(U0, v0)|yn(0)|2 + azsz(uo’,UO)yn(O)zn(O)

+30fa(u )" O)F ) o

must be added to the right hand side of ([I0]).
By using ([@IT]), we deduce

Q1+ Q2
(6.6) < C/ (luolP~ + [ug [P~ + Jvo[P~ " + |ug [P~ + D)(ly™ (0) ] + |27 (0)[)da.
Q

A typical term on the right hand side of (6.0]) is estimated in the following manner.
By using Hoélder’s inequality and (6.2)), we have
(6.7)

/ gy (0)Pda < flug g, 9" O)l5 < C(R) 5" (O)]} o < C(R)En(0).
Thus,
(6.8) Q1 + Q2 < C(R)E,(0).
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2318 Y. GUO AND M. A. RAMMAHA

The nonzero initial data, y™(0) # 0 and 2™(0) # 0, also changes the estimates in

(@T19)-(@20). Indeed,

[ropa = [ o+ / (s

§2/Q|y”(o)|2dac+2/Q /Oty?(T)dT

<C(I O o+t [ I lzar)
(6.9) <C (En(()) + T/Ot En(T)dT> .

2
dx

2
dxr

Also, since the integral [, |2"(¢)|*dz can be estimated as in ([6.3), we conclude that

(6.10) /Q(|y”(t)|2+|z”( )?) dz < O( (0 )+T/()tEn(T)dT>.

Another place where one must exercise caution in estimating the typical term is
in [, [u™(t)[P~ y™(t)|*dz. As in the proof of Theorem [LF] we consider two cases,
3<p<dand 5<p<6.

If 3 < p < 5, then by using [@25]), (£20) and (69, we obtain for 0 < e < 5 — p:

(6.11) /Q ™ ()P~ " (1) 2da < 2eB(t) + C(e, R)En(0) + C(e, R, T) /0 B(r)dr

If 5 < p < 6, the nonzero initial data make the computations more involved
than ([@28))-[@32). Recall the choice of ¢ € Cy(2) such that ||ug — ¢||s-1) < €P-T,
2
where the value of € > 0 will be chosen later. Then, we have

(6.12)
[ @ptoPde < [ ) - a0 P
Q Q
[ s = w0+ [ uo - Py OPde + [ ol 1)),
Q Q Q

As in [{.29), we deduce that

m(p 1)

(6.13) / [ (8) — B Py (1) e < C(RYT™57 B (1),

Also, by using Hélder’s inequality and the embedding H'(Q) < L5(£2), we obtain

(6.14) /Qlug —uo[PHy" (1) [Pdar < ug _UO||3(p b [y @l < eEn(b),
for all sufficiently large n, since ufj — wug in L2 (Q). Moreover, from (£30]),
we know
(6.15) / lug — @[Py™ (1) Pda < CeEy(t).
Q

Licensed to Weizmann Institute of Science. Prepared on Tue Aug 18 14:49:08 EDT 2015 for download from IP 132.76.61.22.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SYSTEMS OF NONLINEAR WAVE EQUATIONS 2319

As for the last term on the right hand side of ([612]), we refer to ({31 and (6.9I),
and we have

(6.16)

[ iep=yrtae < o) [ ropas < o (& <>+T/Ot A)ir).

Thus, for the case 5 < p < 6, it follows from (6.I3))-(G10) and ([GI2) that
JRECIRORE
Q
m(p-1)

(6.17) gC&ﬂM®+OmXTmH—Hﬁ%@+0@ffEﬂﬂm
0

By combining the two cases (6.11)) and (6I7]), we have for 3 < p < 6:
[l @p- )P
Q
1(p—1)

(6.18) g(ﬁ@,R)Enm)+wjua(7'm+l +6)E;@)+wj@,3;r)/dﬁzcﬂdr
0

Now, by looking at (6.8), (€.10) and (6.I8), we notice that the nonzero initial data
y™(0) and z™(0) also contribute the additional term C'(e, R)Ey,(0), which should be
added to the right hand side of Ry, and so, for 3 < p < 6 we have:

r(p

@gC@ME@HC@KfMJ+TWI+§&@

t
619) +CeR.T) [ Eu(r) (Wt + lotle o+ 1 s + 167140+ 1)

for all sufficiently large n, and € > 0 sufficiently small, and according to (E3]), the
estimate ([G.I9) also holds for the case 1 < p < 3.

By using a similar approach (which is omitted) we can estimate R} in (64) as
well. Finally, from (6.4]), we conclude that

En(t) < En(0) + R} + Ry,
~ m(p—1) p—1) a(k—1) ~
gC@RMMm+CmNTmH4J’M +Tw1+QEMﬂ

t
CleRT) [ Bal) (s + el + s+
0
+ utfg1 + |uf g1 + 1)d7-
Again, we can choose ¢ and T small enough so that

m(p—1) r(p—=1)

C(R) (T T T +e) <1

By Gronwall’s inequality, we obtain

t
En(t) < Cle, R.T) E(0) exp | / (Wt + 0l

6.20) s 0+ flgr + g + 1)),
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2320 Y. GUO AND M. A. RAMMAHA

and so, by ([6.2), we have

(6.21) E,(t) < C(e, R, T)E,(0),
for all sufficiently large n. Hence, E,(t) — 0 uniformly on [0,7]. This concludes
the proof of Theorem [[.T0l |

7. APPENDIX

Proposition 7.1. Let X and Y be Banach spaces and assume Ay : D(A;) C X —
X*, Ay : D(A2) CY — Y™ are single-valued mazimal monotone operators. Then,
the operator A : D(A1) x D(A2) C X XY — X* x Y* defined by

a(p) ()

Proof. The fact that A is monotone is trivial. In order to show that A is maximal
monotone, assume (zg,yo) € X X Y and (z§,y}) € X* x Y* such that

(7.1) (x — w0, Ar(2) — 25) + (y — v0, A2(y) — y5) > 0,

for all (x,y) € D(A1) x D(Asg).

If 2o € D(A;), then by taking z = ¢ in (1)) and using the maximal monotonic-
ity of Ay, we obtain yg € D(A2) and y§ = Az2(yo), and then we can put y = yo in
([T1I) and conclude from the maximal monotonicity of A; that af = A;(z). Simi-
larly, if yo € D(A3), then it follows that xo € D(A1), 2§ = A1(x0) and y§ = A2(yo).

Now, if 2y € D(A;) and yg & D(Asz), then since A; and A, are both maximal
monotone, there exist 1 € D(A;1), y1 € D(Az) such that (x1 —x0, A1(x1) —2f) <0
and (y1 —yo, A2(y1) —y5) < 0. Therefore, (x1 — o, A1(21) —25) + (Y1 — Yo, A2(y1) —
yg) < 0, which contradicts (Z.I]).

Therefore, we must have xg € D(A;) and yo € D(Az), with xf = A1(zo) and
ys = Az2(yo). Thus, A is maximal monotone. a

is also mazximal monotone.

Lemma 7.2. Let X be a Banach space and 1 < p < co. Then, Cy((0,T); X) is
dense in LP(0,T; X), where Co((0,T); X) denotes the space of continuous functions
u: (0,T) — X with compact support in (0,T).

Remark 7.3. The result is well known if X = R™. Although for a general Banach
space X such a result is expected, we couldn’t find a reference for it in the literature.
Thus, we provide a proof for it.

Proof. Let u € LP(0,T; X), € > 0 be given. By the definition of L?(0,T; X), there
exists a simple function ¢ with values in X such that

T
(7.2 1660 = uo)f e <

0
Say ¢(t) = X7, wjXxg,(t), where z; € X are distinct, each z; # 0, and E; C (0,7T)

are Lebesgue measurable such that E; N Ej, = 0, for all j # k.
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By a standard result in analysis, for each E;, there exists a finite disjoint sequence

of open segments {1, },~, such that

mj € p
(7.3) m | E;A L] < (7> for j=1,2,...,n
UL | <\ gapiy

where m denotes the Lebesgue measure, and EAF is the symmetric difference of

the sets ¥ and F. In particular, we have

my c p ’
m (EJA U Ij,k) n [O,T] < (m) for J = 1,2, ey N
k=1 INX

Let us note that (EjA U2, Ing) no,7) = EjA(UZZl Ik N [O,T]>. So, we may

assume, without loss of generality, that each I, C [0, 7.
Now, if E, F C [0,T] are Lebesgue measurable, then

(7.4)
T
/0 e (t) — xr(t)Pdt

= / XE(t) — xp(t)Pdt + / XE(t) — xp(t)Pdt + / IXB(t) — xr(b)Pdt
E\F F\E ENF

= / xe(t)dt +/ xr(t)dt = m(EAF).
E\F F\E
Therefore, by (4] and (T3)),

T m;

€

(7.5) Jla % / e, (8) = X, (O1Pdt = [l m (EjA U Ij,k> <(5
k=1

)

Since I, k C [0, 7], we can select d; such that 0 < &;x < §(bj,x — a; ), where

I = (ajk, bj ). Choose § > 0 such that
1
8(2n)P=1 370 (Nl 1% my)

(7.6) 6 < min {5j7k,

e k=1,...,mj;j=1,...

).

Now we define the functions g;, € Co((0,T);R) such that g; x(¢t) = 1 on [a;, +
26,b; 1 —26], g;.x(t) is linear on [a; x+6, b, +28]U[b; r —28,b; 1 — 6], and g; x(t) =0

outside [a;x + d,b;, — d]. Let us notice that
(7.7)

/T
0 k=1

T ™My
/ Z X(ajsa;0+28) (E) + X, —256;)( ) 245f4m;
0

m; p

Z(XIJ () = g5k(t))

mj

n m;

Finally, we define g(t) = Z:z:j
=1 k=

yields

(7.8)

T p
dtS/ (Z(X(aj,wj,ﬁza)(t)+X(bj,k—25,bj,k)(t))> dt
0

gjk(t). Clearly, g € Cy((0,T); X). Then, (72)
1

||u - gHLP(O,T;X) < Hu - ¢||LP(O,T;X) + ||¢ - g||LP(07T;X) <€t ||¢ - gHLP(O,T;X) :
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For ¢t € (0,T), we note that

Hd)(t) ”X - Z jXE — Iy Zgj k

X

n m; m;
= > (#ixm, (t) — 25 Z X, (8 + 25> xa,, (8 =5 > gik()
Jj=1 j=1 k=1 ¥
n
>

n iy
sl e, () = xgs, 1, O+ D il - [ ®) = 0]
1 j=1 k=1

So, by Jensen’s inequality and ((CH)-(Z7), we have

T n T
|16 = e < Cny Sl [ b, (0= xg, o, (1

j=1
n p
et g / Z It () — gin(0)] ) dt
j=1
1
(7.9) (2n)P~ 12(2n> + (2n)P~ 1Jz:1||:s]||x4mj(5< —ep+§6p:ep.
Combining (Z.9) with ([Z8) yields [[u — gl 1o 7, x) < 2€. O
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