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Energy decay of a viscoelastic wave equation with supercritical nonlinearities

Yangiu Guo, Mohammad A. Rammaha and Sawanya Sakuntasathien

Abstract. This paper presents a study of the asymptotic behavior of the solutions for the history value problem of a
viscoelastic wave equation which features a fading memory term as well as a supercritical source term and a frictional
damping term:

oo}
utt — k(0)Au — [ k' (s)Au(t — s)ds + |ug|™ tus = [u[P~1u, in Q x (0,7),
0

u(z,t) = uo(x,t), in Q x (—o0,0],

where Q is a bounded domain in R3 with a Dirichlét boundary condition and ug represents the history value. A suitable
notion of a potential well is introduced for the system, and global existence of solutions is justified, provided that the history
value ug is taken from a subset of the potential well. Also, uniform energy decay rate is obtained which depends on the
relaxation kernel —k’(s) as well as the growth rate of the damping term. This manuscript complements our previous work
(Guo et al. in J Differ Equ 257:3778-3812, 2014, J Differ Equ 262:1956-1979, 2017) where Hadamard well-posedness and
the singularity formulation have been studied for the system. It is worth stressing the special features of the model, namely
the source term here has a supercritical growth rate and the memory term accounts to the full past history that goes back
to —oo.
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1. Introduction
1.1. The model

Viscoelasticity is the property of materials that exhibit both viscous and elastic characteristics when
undergoing deformation. Skin tissue is viscoelastic, which can be seen by pinching the skin and it takes
time to recover back to its original flat position. Synthetic polymers, wood, as well as metals at high
temperature, display significant viscoelastic effects. In the nineteenth century, Boltzmann discovered that
the behavior of viscoelastic materials should be modeled through constitutive relations that involve long
but fading memory. In this paper, we study a system that models wave propagation in a viscoelastic
medium under the influence of a frictional damping and an energy-amplifying strong source.

In particular, the model under investigation can be represented by a hyperbolic partial differential
equation:

oo
ue — k(0)Au — [ K/ (s)Au(t — s)ds + [u|™ tuy = [Py, in Q x (0,7)
0

u(z,t) =0, onT x (—o0,T) (1.1)
u(z,t) = up(z,t), in Qx (—o0,0],

) Birkhauser
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where the unknown quantity u(z,t) is a real-valued function defined on Q x (—o0,T), and 2 C R3 is an
open, bounded, and connected domain with a smooth boundary I'. Notice that the history value of u is

o
assigned for all non-positive time ¢ € (—o0,0]. The term — [ k’(s)Au(t—s)ds is a linear memory term that
0

accounts to the full past history that goes back to —oo. The kernel —&’(s) is often called the relaxation
kernel, which characterizes the rate at which the memory fades. The term |u|™ *u;, m > 1 stands for
a frictional damping that strongly dissipates energy, whereas the term |u[P~tu, p € [1,6), represents a
nonlinear source of supercritical growth rate which models an external force that amplifies energy and
drives the system to possible instability. It is evident that the linear memory term, the damping term, and
the source term are the three major players in the model. Their interactions stimulate many interesting
phenomena which deserve careful investigation.

The present work relies on the rigorously justified Hadamard well-posedness result for (1.1) in our
previous paper [23] coauthored with Titi and Toundykov. Moreover, in another recent paper [24], we have
provided a delicate study on the formation of singularities for (1.1) under the scenario of both positive
and negative initial energies. In order to have a more complete analysis of system (1.1), in this paper we
study the asymptotic behavior of global solutions in a potential well and obtain a uniform decay rate of
energy.

Model (1.1) describes wave propagation in a viscoelastic medium. Such phenomena are common in
nature. For instance, in [33] a viscoelastic wave model is introduced to describe acoustic signal propagation
in a shallow sea, and it is mentioned in [33] that the low-frequency acoustic waves propagate not only
in the seawater, but also in the near-surface layers of the ocean bottom, together forming a geo-acoustic
waveguide, so that the acoustic field is substantially influenced by the shear elasticity of sediments and
rocks composing the bottom, as well as the sound attenuation in these materials. On the other hand,
as a consequence of the widespread use of polymers and other modern materials which exhibit stress
relaxation, the theory of viscoelasticity has provided important applications in materials science and
engineering. We refer the reader to [12,13,18,34] for mathematical foundation as well as applications for
viscoelasticity.

We would like to point out that the topic of this work is within the field of mathematical control
theory, an area of application-oriented mathematics that deals with the basic principles underlying the
analysis and design of control systems. To control an object means to influence its behavior so as to
achieve a desired goal. In our system (1.1), intrinsic viscoelastic damping and external frictional damping
mechanism acting on the system are responsible for dissipation of its energy. The purpose of this line of
study is to find conditions on initial state and determine certain amount of dissipation that are needed in
order to obtain the optimal decay rate of the energy. In other words, the goal is to discover an adequate
choice of the controls that can drive the system from a given initial state to a final given state, in a given
time.

Let us briefly give an overview of some related results in the literature regarding the stability and the
large time behavior for solutions to viscoelastic wave equations. The seminal papers [14,15] by Dafermos
were among earliest results on the asymptotic behavior of solutions to the equations of linear viscoelas-
ticity at large time. Pata and Zucchi [29] established the theory of finite-dimensional attractors for a
damped hyperbolic equation with a linear memory. In an innovative work [11], Cavalcanti and Oquendo
studied the energy decay rate for a partially viscoelastic nonlinear wave equation subject to a nonlinear
and localized frictional damping. Also, Berrimi and Messaoudi [5] examined the decay of solutions of a
viscoelastic equation with a subcritical nonlinear source. We refer the reader to [1,2,10,16,17,26,28] and
the references therein for other related results.

The study of the interaction of nonlinear damping and source terms in wave equations was initiated
by Georgiev and Todorova [19]. In this line of research, an important breakthrough was made by Bociu
and Lasiecka in a series of papers [6-8] where they provided a complete study of a wave equation with
damping and supercritical sources in the interior and on the boundary of the domain. Indeed, a source
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term |u[P~1u is called subcritical if 1 < p < 3, critical if p = 3, and supercritical if p > 3, in three space
dimensions. In the latter case p > 3, the source u — |u[P~!u is not locally Lipschitz from H}(Q) to L%(9),
which makes analysis of such problems more subtle. We mention here the references [4,9,20-25,32,35]
that address hyperbolic equations influenced by supercritical sources.

In this paper, we follow the framework established by Lasiecka and Tataru [27] to study the asymptotic
behavior of solutions to (1.1). We also adopt important ideas from [11,26]. The novelty of our results can
be seen from the following aspects.

e The source term in our model (1.1) is supercritical, and the system is influenced by the full past
history back to —oo, unlike most related results in the literature which often dealt with subcritical
sources and finite-time memories. Notice that, a viscoelastic model with a finite-time memory is
typically given as an initial value problem, which is very different from our history value problem
(1.1).

e We introduce a potential well in L2 (R", Hj(€2)) which is particularly tailored for the history value
problem (1.1).

e Our proof for the energy decay rates is concise in the sense that we have successfully removed the
compactness—uniqueness argument that was a common technique often used in the literature for the
purpose of absorption of the lower-order terms (e.g., [3,9,22,30,31,36]).

e In a few relevant papers (e.g., [22,30,31,36]), the energy decay estimate was conducted for data in
a certain closed subset of the “good” part of a potential well. Such restriction has been loosen in
this work, so that the data admit a broader selection.

1.2. Summary of our previous results in [23,24]

We shall summarize the well-posedness and blow-up results that we obtained for system (1.1) in our
papers [23,24].
Throughout, we denote

Rt =[0,00), R~ = (—00,0].

Also, C denotes a generic positive constant that may differ from line to line.

For the purpose of defining a proper function space for the history value ug, we set p(s) = —k’(s) and
assume k is monotone decreasing in R*. Thus, y : R™ — R*, and in Assumption 1.1 precise assumptions
on p and k will be imposed. We assume that the history value is represented by a function ug(x, t) defined
for non-positive times ¢ € R™. In particular, ug(x,t) : Q@ x R~ — R belongs to a weighted Hilbert space
Li(RﬂH&(Q)), ie.,

oo

01 agy = [ [ 1Vt~ Paan(oys < .
0 Q

Also, we assume that dyug € L2 (R™, L*(€2)). Throughout, the standard L*(©2)-norm will be denoted by:

[ullg = ul

Ls(Q) -
The following assumptions will be imposed throughout the manuscript.

Assumption 1.1.

em>1,1<p<6, p=tl <6;

e k€ C?(RT) such that k'(s) <0 for all s > 0 and k(c0) = 1;
o u(s) = —k'(s) such that p € Ct(RTY)NLY(RY) and u(s) > 0, p/(s) <0 for all s > 0, and pu(co) = 0;
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o ug(x,t) € L2(R™, Hy(Q)), dyuo(x,t) € L2(R™, L*(2)) and such that
ug : R™ — HY(Q) and dyug(x,t) : R™ — L?(Q) are weakly continuous at t = 0. In addition, for all
t <0, ug(z,t) =0 on T.

We define weak solutions of (1.1) as follows.

Definition 1.2. A function u(z,t) is said to be a weak solution of (1.1) defined on the time interval (—oo, T
provided u € C([0,T]; H}(2)) such that u; € C([0,T]; L3(2)) N L™1(Q x (0,T)) with:

o u(x,t) = ug(z,t) € Ly (R™, Hy(2)) for t < 0;

e The following variational identity holds for all ¢ € [0,7] and all test functions ¢ € F#

/ut(t)qs(t)dxf/ dx*//m Voo (T)dadT
Q
b// dl‘dT—F(jZ/Vu 7-_3 Qb(T)dIk/(S)dsdT

Q
t

—&-//\ut )L dxdrz/t/m P Lu(r)b(r)dadr, (1.2)

0 0
where

= {0+ 6 € C0T1HY(Q) N L™ (@ x (0.7)) with 6, € C(0.7): L) 1.
For a solution u(z,t), let us define the function
w(x,t,s) =u(z,t) —ulz,t —s), s>0.
Also, we define the quadratic energy &(t) by:

5(t)=% ||ut(t>||§+||Vu(t)II§+/IIVw(t,S)Ilgu(S)ds ~ (1.3)

Remark 1.3. In definition (1.3) of the quadratic energy &(t), the term 3||u;(t)||3 represents the kinetic
o0

energy, whereas the term 3||Vu(t)|]3 is a potential energy. In addition, the term % [ [|[Vw(t,s)|[3u(s)ds
0

can be also regarded as a potential energy due to the elastic property of the viscoelastic medium.

The following theorem from our paper [23] is on the local existence and uniqueness of weak solutions
of (1.1).

Theorem 1.4. (Short-time existence and uniqueness [23]) Assume the validity of Assumption 1.1. Then,
there exists a local (in time) weak solution u to (1.1) defined on the time interval (—oo, T| for some T > 0
depending on the initial quadratic energy &(0). Furthermore, the following energy identity holds:

t t oo
1
s+ [ [lultasar = 3 [ [19u( o)) dsdr
0 0

0 Q
t

:5(0)+//\u|p71uutdxdr. (1.4)

0

3(11 1)

If in addition we assume up(0) € L (Q), then weak solutions of (1.1) are unique.
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Remark 1.5. If u(t) € LP*1(Q) for all ¢ in the lifespan of the solution, we can define the total energy E(t)
of system (1.1) by

+1
B(t) = 6(t) = = lu(®)l;
1 r 1
=5 | @l + 1Vu@)ll; + / IVt )iz ns)ds | = @I (15)

It is readily seen that, in terms of the total energy E(t), the energy identity (1.4) can be written as

t

B(t) —s—//\ut\m“dxdT— ;/tfnw (7, 9)|2 1 (s)dsdr = E(0). (1.6)
0 0

0 Q
t
In the energy identity (1.6), the term [ [ |u¢/™T'dzdr represents the dissipation due to the frictional
0Q

damping, whereas the term —2 f f IVw(r, s H2 p'(s)dsdr stands for the dissipation that is originated
0
from the viscous feature of the v1scoelast1c medium. Also, the total energy F(t) is monotone decreasing

in time, since differentiating (1.6) yields
B(t) = —[u )| + 5 / V(. 5) |34 (s)ds < 0, (1.7)

since we have assumed p/(s) < 0 for all s > 0.
The next result states that weak solutions of (1.1) depend continuously on the history.

Theorem 1.6. (Continuous dependence on the history [23]) In addition to Assumption 1.1, assume that
up(0) € L5
L2(R™, Hj(Q)) with ug(0) — uo(0) in Hi(Q) and in L

the corresponding weak solutions u, and u of (1.1) satisfy

up — u in C([0,T]; H3 () and (un); — us in C([0,T]; L*(2)).

(Q). If ug € LL(R™,Hg(2)) is a sequence of history values such that uf — ug in

5 (Q), Lup(0) — Lug(0) in L2(Q), then

Furthermore, the following result states: if the damping dominates the source term, then the solution
is global.

Theorem 1.7. (Global existence [23]) In addition to Assumption 1.1, further assume ug(0) € LPTH(Q). If
m > p, then the weak solution of (1.1) is global.

However, if the initial energy F/(0) is negative and the source dominates the dissipation in the system,
then the weak solution of (1.1) blows up in finite time. Specifically, we have the following result.

Theorem 1.8. (Blow-up of solutions with negative initial energy [24]) Assume the validity of Assumption
1.1 and E(0) < 0. If p > max{m, \/k(0)}, then the weak solution u of (1.1) blows up in finite time. More
precisely, [|[Vu(t)|la — oo ast — T, for some Tiax € (0,00).

The next blow-up result deals with the scenario that the initial total energy is positive. We set the
constant d to be the mountain pass level:

! 2 1 +1
d:= inf sup J(Au), where J(u) := = ||Vu|; — —— ||lu||PL; .
“EHO(Q)\{O} >\>0 ( ) ( ) 2 H HQ p+ 1 ” Hp.t,_l
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It is well known that an equivalent definition for the constant d is given by d = inf,ecnr J(u), where N is
the Nehari manifold defined by

N = {ue Hy@\{0} : [Vull} = Jullf i1} (18)
Also, it can be shown, similar to the proof of Lemma 2.1, that d = 2(’%4_11)7_ e where 7 is defined in
(2.4). In addition, we define the constants yo and M by

_etl, M;(Vk(g”l)p%p_ kO), (1.9)

yosfp—_l p—1

provided p > 1/k(0) > 1. It can be shown that M < d. We refer the reader to [24] for the details of the
proofs of these facts.

Theorem 1.9. (Blow-up of solutions with positive initial energy [24]) In addition to the validity of Assump-
tion 1.1, we assume that 0 < E(0) < M and &(0) > yo, where the positive numbers M and yo are defined
in (1.9). If p > max{m, \/k(0)}, then the weak solution u of (1.1) blows up in finite time. More precisely,

(IVu(t)||2 — o0 as t — T, 40 for some Tipax € (0,00).

2. Main results

This section contains the statements of the main results: global existence of weak solutions in a potential
well, and uniform decay rates of energy.

2.1. Global existence

In order to state the global existence result, we shall introduce a suitable notion of a potential well for
the history value problem (1.1).

First, notice that the total energy E(t) defined in (1.5) can be decomposed into the sum of the kinetic
energy i|lus(t)||3 and the potential energy I(t):

16) =5 {IVu®lF + [ IVt lEnes | - —lulp (21)
0

We define the set M in the space L2 (R™, Hg(€2)):

M = {v € Li(R_, H(Q))\{0} : v is weakly continuous at t = 0, and

IVo0)13 + [ 1V0(0) = Vo(-s)[Bu(s)ds = o) 511}, (22
0

The definition of the set M is motivated by the concept of the Nehari manifold defined in (1.8).
For each p € [1,5], let v > 0 denote the best constant for the Sobolev inequality

llullp+1 < ¥[[Vullz, (2.3)
ie.,

v = sup{[lullp1 s u € Hy(Q), [Vull2 = 1}, (2.4)
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For v € LZ(R™, Hj(Q)) such that v is weakly continuous at ¢ = 0, we define the functional

7(0) 1= 5 [ IV + [ 1V00) = Vo) Bu(s)ds | = =)l (25)
0

We remark that the potential energy I(t) defined in (2.1) and the functional Z(v) defined in (2.5) are
closely connected. Indeed, if ug € Li(]R_, HL(9)) is a history datum of our problem (1.1), then clearly

Z(up) = I(0). (2.6)
Lemma 2.1. Assume 1 <p <5. Then
. p—1 20ty
d = f I e —— p—1 0
2l IO =5 ”

The proof for Lemma 2.1 will be given in Sect. 3.
Next, we define the set W in L2 (R™, Hj(9)) as

W={ve Li(R‘, H3(9Q)) : v is weakly continuous at t = 0, Z(v) < d}.

We call the set W a potential well in the space L2 (R™; Hg(£2)). Notice that, if ug € W, then by (2.6), we
see that I(0) = Z(ug) < d, i.e., the initial potential energy is less than d.
Also, we define two disjoint subsets W; and W, of the potential well W. In particular,

Wi

vEW:[[Vu()]3 + / IV0(0) — Vo(=s)[3u(s)ds > [[o(0)l[51; ¢ U {0},
0

Wy = queW: [Vo(0)3 + / IV0(0) = Vo(=s)|3n(s)ds < [[0(0) 513
0

It is clear that Wi N W, = 0 and Wy U Wy = W.

We shall show that if ug € Wy and E(0) < d, then the solution is global (see Theorem 2.3). On the
other hand, if ug € Ws, then the solution might blow up in finite time. Indeed, we have the following
corollary of Theorem 1.9.

Corollary 2.2. In addition to Assumption 1.1, we assume p > max{m,/k(0)}, 0 < E(0) < M < d where
M is defined in (1.9). If ug € Wa, then the solution of (1.1) blows up in finite time.

Proof. Since ug € W,
Vuo(0)[f5 + / Vo (0) = Vuo(—s)|[3(s)ds < [luo(0)|[2T7 < 47! [[Vuo (0[5,
0

where we have used (2.3). Dividing both sides of the above inequality by [Vug(0)[]3 yields 1 <

_2(p+1)

AP Vg (0) |5, which implies that ||Vuo(0)]]2 > 77%, and thus &(0) > 1| Vue(0)[|3 > 37~ > 1 =
yo where yq is defined in (1.9). Then by Theorem 1.9, the solution blows up in finite time. O

In order to state a global existence result for ug € Wi, we define a translation of functions as follows.
Let u(t) be a solution for system (1.1) on (—oo,T') with the history value ug € L2 (R™, Hj(£2)). For each
t € (0,7), we define u' : R~ — H}(Q) by

u'(t) =ult+7), TER. (2.7)
Note that, if we fix a ¢t € (0,7") and restrict u on (—oo,t], then by (2.7), the function u’ defined on R~

is obtained from shifting u to the left ¢ units. Therefore, u! defined on R~ is a translated version of u
restricted to (—oo, t].
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In addition, by (2.5) and (2.7), we have

1 7 1
I(u') = 3 [V (0)15 + / [Vu'(0) — Vu'(—s)|[3u(s)ds | — mﬂut(o)ﬂﬁﬁ
0
1 2 r 2 1 p+1
=3 IVu@)lz + [ [Vu(t) = Vu(t — s)|lzu(s)ds | — mHU(t)HI,H- (2.8)
0

According to (2.1) and (2.8), we obtain
T(u') = I(t), for anyt e (0,7T), (2.9)
where u is a solution of our system (1.1).

Theorem 2.3. Let 1 < p < 5 and assume the validity of Assumption 1.1. Suppose E(0) < d. Let u be
a weak solution of (1.1) on its mazimal interval of existence (—oo,T). For each fized t € (0,T), define
ul : R™ — HE(Q) by (2.7). If ug € Wi, then ut € Wy for allt € (0,T). Moreover, the solution u is global,
i.e., T'= 0o. Furthermore,

0<EBE(#)<B0)<d and 0< ]%é"(t) < E(t) < &(t), forall t>0. (2.10)

Remark 2.4. Recall the definition of the Nehari manifold N' = {u € H}(Q) : ||[Vu|]3 = ||u||gﬁ} It can
2(p+

be proven, similar to the proof of Lemma 2.1, that d = inf,cpn J(u) = 2(’%:1)7_ 23 where J(u) =

$IVul3 - ﬁ“u”ﬁﬂ Also, we can define a different potential well V = {u € H} () : J(u) < d} and the
corresponding subset V1 = {u € V : |Vu|3 > ||u||£ﬂ}u{0} Under this setting, we are able to justify that
if £(0) < d and ug(0) € V1, then the solution u is global and w(t) € V for all ¢ > 0. In fact, this result
is easier to prove than Theorem 2.3. On the other hand, the assumption that F(0) < d and uo(0) € V4
implies that ug € Wj. Therefore, the global existence theorem stated in Theorem 2.3 is a better result
and more suitable for our system, in the sense that, its assumption allows a broader selection of history

data ug and takes fully advantage of the entire history.

2.2. Uniform energy decay rates

The following result provides the uniform energy decay rate for global solutions in a potential well. The
energy decay rate depends on the behavior of the damping term near the origin, as well as the decreasing
rate of the relaxation kernel u(s). In particular, if the damping is linear near the origin and the relaxation
kernel decays to zero exponentially, then the energy also decays to zero exponentially fast. Otherwise,
the energy decays polynomially. More precisely, we have the following theorem.

Theorem 2.5. In addition to Assumption 1.1, we assume 1 <m <5 and1 < p < 5. Suppose E(0) < d and
ug € Wy. Then the total energy E(t) decays to zero, i.e., lim;_ E(t) = 0, with the following exponential
or polynomial decay rate, which depends on the damping growth rate m and on the decay rate of the
relazation kernel p(s) > 0. (In the following, C is some positive constant.)

Case 1 If m = 1 and p'(s) + Cu(s) < 0 for s > 0, then E(t) < C(E(0))e~** for t > 0, where «
depends on E(0).

Case 2 If m > 1 and p/(s) + Cu(s) <0 for s > 0, then E(t) < C(E(0))(1 —|—t)7% fort > 0.

Case 3 If m = 1 and p/'(s) + Cu(s)” < 0 for s > 0, where r € (1,2), and assume My :=
supeg- ||Vuo(t)||la < oo, then E(t) < C(r,o, My, E(0))(1 4+ t)" 71 fort > 0, for any o € (0,2 — 7).
If, in addition, we assume that ug is supported on the time interval [—Ty,0] for some Ty > 0, then
E(t) < C(r, My, Ty, E(0))(1 +1)" 77 fort > 0.
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sup;cp- [|Vuo(t)|l2 < oo, then E(t) < C(r,o, My, E(0))(1 +t)_max{ﬁ’ﬁ} for t > 0, for any

o € (0,2 —r). If, in addition, we assume that uy is supported on the time interval [—Tp,0] for some
1

Ty > 0, then B(t) < C(r, Mo, Ty, E0))(1 + )~ ™51} for t > 0.

Case 4 If m > 1 and p/'(s) + Cu(s)” < 0 for s > 0, where r € (1,2), and assume My :=

Remark 2.6. In Theorem 2.5, for the Cases 1 and 2, the assumption that p/(s) 4+ Cu(s) < 0 with u(s) >0
represents that p(s) decays to zero exponentially fast, i.e., 0 < u(s) < u(0)e=¢*. However, for the Cases
3 and 4, the assumption that p/(s) + Cpu(s)” <0, r € (1,2), with p(s) > 0 is equivalent to say that pu(s)
decays to zero polynomially fast, i.e., 0 < p(s) < C(1+ 5)7ﬁ, where - € (1, 00).

Remark 2.7. For the case m > 5, the above energy decay results can also be obtained if u €
L>®(RT, L%(m_l)(Q)). However, in order to have such regularity of solutions, the history value wug has
to be smoother, and a new regularity result needs to be established, which is beyond the scope of the
manuscript.

Remark 2.8. For the sake of clarity and conciseness, we study the prototype |u|P~!u of sources, as well
as the prototype |u|™ 1u; of frictional damping. Nevertheless, all the results in the paper can be readily
generalized to accommodate a class of source terms in the form f(u) with |f'(s)] < C(|s|P~! + 1) and
a class of damping terms in the form g(u;) such that g is continuous and monotone increasing with
g(s)s > 0 for all s > 0, as well as a|s|™ " < g(s)s < b|s|™ "1, for all |s| > 1 and some positive constants a
and b. We stress that the exact energy decay rate actually depends on the behavior of g near the origin.

3. Proof of global existence of solutions

In this section, we prove the theorem of the global existence of solutions stated in Sect. 2.

3.1. Proof of Lemma 2.1

Proof. Let v € M. So by (2.2) and (2.5), we see that

70 = (5~ 557) {190+ [ 1900 - Ve-9)Butsas ). (3.1
0

Also, since 1 < p <5, by (2.2) and (2.3), we obtain

Vo (0I5 + / IV0(0) = Vo(=s)l3u(s)ds = [0(0) 11 < " [ VuO)]5 . (3-2)
0

(oo}
Assume v(0) = 0 in Hg(Q), then by (3.2), we see that [ |Vv(—s)[3u(s)ds = 0, ie., v = 0 in
0

L2(R™, Hj(Q)) contradicting v € M. Hence, we must have v(0) # 0 in Hj(Q). Dividing both sides
of (3.2) by |[Vu(0)|2 yields 1 < 4*+1|Vw(0)|[57", that is, |[Vo(0)]s > ~~#°T. Then by (3.1), we obtain

that Z(v) > 2&;;1)772;:1 if v € M. Tt follows that

71 p+1
inf Z(v) > P 7_2;:)

oy 21 1) (3:3)
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Next, we show that inf,cpq Z(v) < 2(p+11)7 2222 To achieve this, we let u € H}(Q) with |[Vull; =1,
and define 0 € L2 (R, Hg()) as
_pt1
o(t) = |ull, ;" u, forall te€R™. (3.4)

We see that ¢ is invariant in time, and thus, 0 € L2 (R~, Hj(€)). Indeed,
=112 ~ 2 = 2 i
1912 gy = [ 198(=5) Buls)ds = lull, & 19l [ us)ds
0 0

oo

where ;f,u(s)ds = of —k'(s)ds = k(0) — k(o) = k(0) — 1 < o0.

Also we claim © € M. Indeed, by virtue of (3.4) and the fact that |Vul||s = 1, we calculate

V(015 + /HW ~5) Bu(s)ds
2(p+1) 2(p+1)
= llullpsi™ ; IVull3 = Jullef ™" = 190) 51
Consequently, we have
. B 1 1 2(p+1)
it 70 < 760) = (5 = 557 ) PO = 5ol
p—1 _z20+y»
< = 3.5
<5707 (3-5)
due to (2.4).
Combining (3.3) and (3.5), we conclude that inf,c s Z(v) = 2&;_‘_11)7_ = O

3.2. Proof of Theorem 2.3
Proof. Recall the total energy E(t) is monotone decreasing due to (1.7). Then, since E(0) < d and by
(2.9) we obtain

I(u') =1(t) < E(t) < E(0) < d, forall t € (0,T). (3.6)

This shows that u* € W for all ¢ € (0,7T).

Let ug € Wy. We aim to prove that u* € Wy for all t € (0,T). If ug = 0, then by system (1.1), the
unique solution u(¢) remains zero for all time, and thus, u* € Wy for all ¢t € (0,T). Next, we consider
the case ug # 0. Under such scenario, we argue by contradiction to show that u* € W, for all t € (0, T).
Assume there exists t; € (0, 7)) such that u’* & W;. Since u'* € W, and by virtue of the fact Wi N W, = ()
and Wi U W, = W, it follows that u!* € W, that is,

[Vu(t:)]3 +/||Vw(t1,8)||§u(8)ds < Ju(ta) 213 (3.7)
0
In addition, since ug € Wi and ug # 0, one has

IVu(0)]3 +/||Vw(0,8)|\§u(8)d8 > [u(0)1p 15 (3-8)
0



ZAMP Energy decay of a viscoelastic wave equation Page 11 of 28 65

By the definition of weak solutions, i.e., Definition 1.2, we know that u € C([0,T); H}(2)) and
ug € C([0,T); L3(£2)). Also, by the energy identity (1.4), we see that &(t) is continuous. Moreover, (1.3)
shows

/ IVw(t, s)|I3u(s)ds = 26'(8) — [[ur (D)3 — [Vu(®)]3-
0

oo
Therefore, [ ||Vw(t,s)|[3u(s)ds is continuous in ¢.
0

In addition, by using the fact u € C([0,7T); H}(R)), it is readily to derive that ||u(t)|[,41 is also
continuous in time. Indeed, for p € (1,5], the function F(y) = |y|P*! is C' with its monotone increasing
derivative F'(y) = (p+1)|y|P~ 'y, and therefore, by the mean-value theorem, and the Holder’s inequality,
we have, for any ¢, 7 € [0,T),

Il ~ Iz =| [ w0 = ute, o
Q
< C/ (lu(z, )P + |u(x, 7)P) Ju(z, t) — u(z, 7)|dx
Q

< C (Ju®)ly,, + (), ) llu@) = u() s
< C(IVul®) 5 + V(D)) [ Vu(t) - Tu(r)]l2 (3.9)

where we have used p € (1,5] and the imbedding H} (Q) — L°(Q) in three dimensions. Since ||Vu(t)]|2 is
continuous on [0,7"), we obtain from (3.9) that ||u(t)||,4+1 is also continuous on [0, T').

o0
As a result, due to the continuity of [|[Vu(t)|2, [ [[Vw(t, s)||3x(s)ds, and |[u(t)|p+1, we may apply the
0

intermediate value theorem to obtain from (3.7) and (3.8) that there exists at least one point £ € (0,%1)
such that

IIVu(f)IIS+/||Vw(ﬂs)\|§u(8)d8= lu(@)Ip51- (3.10)
0

Let t* be the supremum of all £ € (0,¢;) such that (3.10) holds. Clearly, t* € (0,¢;), and (3.10) is valid
for t = t*, and u’ € W for all t € (t*,t1].

Case 1: u*” # 0. Then u*" € M. Thus, from Lemma 2.1 and identity (2.9), we know that I(t*) =
T(u?") > d, which contradicts (3.6).

Case 2: ' = 0. Since u* € W for all t € (t*,t;], we have

IVu®)ll3 + / IVw(t, s)lI3u(s)ds < [[u() i <" IVu(®)5™, (3.11)
0

for all t € (¢*,t1], where we have used (2.3). Clearly, from (3.11), one has ||Vu(t)||2 > 0 for any ¢ € (t*,¢1].
Thus, we may divide both sides of (3.11) by ||Vu(t)||3 to obtain that 1 < 471 Vu(t)|[5~", which implies
(IVu(t)||2 > 77% > 0 for all t € (t*,¢1], and thus by the continuity, one has ||Vu(t*)||2 > 77% >0
which contradicts u!” = 0.
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This completes the proof for the claim that u* € W, for all ¢ € (0,T). Therefore, ||u(t)\|§ﬁ <
[Vu()|13 + [ |Vw(t, s)||3u(s)ds < 2&(t) for all t € (0,T). It follows that
0

2 p—1
&(t) =
p+1 ®) p+1

B(t) = 6(0) ~ — (Ol > £0) -

&(t) > 0.

The above inequality along with (3.6) justifies (2.10).
It remains to show that u(t) is global in time. By (3.6), I(t) < d for all ¢ € (0,T), that is,

1 o0
I(t) = 5 [Vu(t)]f3 + / IVw(t, s)3u(s)ds | — P 1||U(t)||§ﬂ <d. (3.12)
0

Also, we have shown that u* € W, for each t € (0,7, that is,

||Vu(t)||§+/||Vw(t,8)H§M(S)dS > [lu(t) 517 (3.13)
Combining (3.12) and (3.13) yields
1 +1
<2 - p—i—l) || ( )”ngl < d, for all t € (O,T) (314)
Also, from the energy identity (1.6), we see that

Et) < B(0) + g Ju(t)|[2L1, for all ¢ € (0,T). (3.15)
From (3.14) and (3.15), we conclude that &(¢) is uniformly bounded for all ¢ € (0,T). This implies that
the solution is global and the maximal existence time T" = co. O

4. Proof for the uniform energy decay rates

This section is devoted for deriving the uniform energy decay rate for solutions of (1.1). In particular, we
shall prove Theorem 2.5. The first step is to provide a stabilization estimate.

4.1. A stabilization estimate

For sake of convenience, let D(¢) be given by:

/ () = 5 / / Ve, (s)dsd

Thus, the energy identity (1.6) can be written in the following compact form:
E(t) +D(t) = E(0). (4.1)

Here, D(t) represents the dissipations from both of the frictional damping and the viscous effect due to
the viscoelastic medium.
The following estimate shows how the dissipation D(¢) controls the total energy E(t).
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Proposition 4.1. In addition to Assumption 1.1, suppose 1 <m <5 and 1 < p < 5. Also assume E(0) < d
and ug € Wy. We consider the following two cases:
Case A If i/ (s) + Cu(s) <0 for all s > 0, then

E(t) < C(E(0)) (D)7 + D(1))

for sufficiently large t depending on E(0).
Case B If pi/(s) + Cp(s)” < 0 for all s > 0, where r € (1,2), and assume My := sup,cp- [|Vuo(T)|]2 <
o0, then

E(t) < C(r,0, My, B(0)) D(t) %= + C(E(0)) (D)7 + D(1)),
for sufficiently large t depending on E(0), and for any o € (0,2 —r).

Proof. First we point out that, by Theorem 2.3, u is a global solution.
Next we show that u € L™+ (Q x (0,¢)) for any ¢ > 0. In fact, since both u and u; in C([0,t]; L*(Q)),
we may write

m—+1

t t T
//|u(7')\m+1d:cd7':/// u'ds + u(0) dzdr
0 0 0 0

scm@mmmmmm+mmmﬂﬁ<w
due to the assumption ug(0) € L™T1(2) and the regularity of solutions: u; € L™+ (Q x (0,t)).

Consequently, in Definition 1.2 of weak solutions, we may set the test function ¢ = u, since u satisfies
the required regularity. Then

/mﬁ(ﬁu—/ <m—/mtumf

Q
0)/t||Vu(T)||§dT+///Vu(T—s)-Vu(T)dxk:’(s)dsdT

0 Q

m—1 = u(T p+17 .
+!!ﬁwﬂl mvmvmmf—/n<mﬁ (4.2)

Since w(x, 1, 8) = u(x,7) — u(x, 7 — s), we write

0/ 0/ Q/ Vu(r = 5) - Vu(r)dak (s)dsdr

O/Q/VUTS) Vu(r)] - Vu(r)dzk' (s dsd7+/0//|vu )2 dak (s)dsdr

t oo

///Vw 7.5) - Vu(r)dek (s)dsdr + (1 — k /HW )2, (43
0 0 0

where we used the assumption k(o0) = 1.

\“
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Substituting (4.3) into (4.2) yields

/ut(t)u(t)dx—/ dac—/Hut )|Zdr
/||Vu ||2dT—///Vw (1,8) - Vu(r)dzk' (s)dsdr
+//Iut(v)lmﬂut(f)u(T)dxdT:/||u(7 )P idr. (4.4)
0 Q 0

By using definition (1.3) of the quadratic energy &(t), we write (4.4) as

2 / &(7)dr = / e ()15 dr + / [Vu(r)|f; dr + / 7||Vw(ﬂ8)||§u(8)dsd7
0 0 0 0 0
_ —/ut(t)u(t)d:c—l—/ut(O)u(O)dx+2/t||ut(7')||§dr

Q

oo t oo

+/t/||Vw (1,8 ||2,u( )dsdT—l—///Vw (1,5) - Vu(r)dzk' (s)dsdr
00 0 Q

—//|ut(7)|m Ly (1) dxd7+j||u gﬁdT (4.5)
0 0

Now we estimate each term on the right-hand side of (4.5).

t oo
1. Estimate for | [ [ [ Vw(r,s) - Vu(r)dzk'(s)dsdr|.
000
Recall that u(s) = —k’(s) > 0. By applying the Cauchy—Schwarz inequality as well as the Young’s

inequality, we have

Vw(r,s) - Vu(r)dzk'(s)dsdr

<c [ [IVuml3-K ©)sir+ . / / Ve, o)u(s)dsdr
0
t
< 2k /g Jdr + C. // IV (r, )| 2u(s)dsdr. (4.6)
0
2. Estimate for fut t)dx + fut u(0)dz/|.

Let us recall the Pomcare mequahty llull2 < C||Vul|2. Thus,

[ uttuttz] < 3 ()15 + 0(®IF) < C (a1 + [Vue) ) < €S ).

Q
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Also by (2.10), we have &(t) < ZXLE(¢) for all t > 0. It follows that
P

_ / e (Hu(t)dz + / s (0)u(0)dz

Q Q
<cew+so) <o () mo oo (P ) ppw 4D, @)
where we have used the energy identity (4.1).
3. Estimate for ft |t (7)||3d7.
By using the Héolder’s inequality, we have
t t %ﬂ
// g (7)2dzdT < (£Q]) mF0 // lug (7)™ dadr < HQD(t) 7T, (4.8)
0 Q 0 Q

for t > 1/|€2|. We remark that this estimate shows that how the dissipation “controls” the kinetic energy.
¢

If m = 1, then we have the linear estimate [ |lu:(7)||d7 < tQD(¢), whereas if the m > 1, then we have
0

t

the nonlinear estimate [ ||u(7)||dr < tQD(¢) =8 Although estimate (4.8) is fairly easy to derive, it is a
0

crucial element for the determination of the polynomial or the exponential decay rate of the total energy.

¢
4. Estimate for of Ju(r)|[PEidr, 1< p <5.

p+1

p+1d7 is essential for the whole proof.

t

The following estimate for the term [ ||u(7)||
0

From (2.10), we know that &(t) < %E(t). Also E(7) < E(0), for all 7 > 0. Therefore,

2 1 2 1
IVu(r)|2 < 28(r) < g)jl)E(T) < E:jl)E(O), for all 7> 0. (4.9)
By (2.3) and (4.9), we have

lu(MIpE1 < AP HIVan)IE = AP Vu(n) 31 Va5

p+1
p—1
2
<APt28(7) <2(”+11)E(0)> : (4.10)
=
p—1
Since E(0) < d = 2(?';7111)7* 2;pj11), one has P! (%E(O)) * < 1. As a result,
t t
[ Iumlztiar < co) [ s, (411)
0 0
where
C(E(0)) := 2yP*1 (WE(O)) < 2. (4.12)

t ~
Notice that the left-hand side of (4.5) is 2 [ &(7)d7. Therefore, in (4.11) it is crucial that C(E(0)) is
0

strictly less than 2.
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ff\ut )™ Yy (T)u(r)dadr| .

By using the Holder s inequality, we obtain

5. Estimate for

t t AT t T
//|ut|m71utudxdr < //\ut|m+1dxdr //\u|m+1dmd7'
0 Q 0 Q 0 Q
< D)7 [l L1 (x (0,0)) - (4.13)

By the imbedding H(Q) — L™*1(Q) in three dimensions for 1 < m < 5, together with Poincaré’s
inequality, as well as estimate (4.9), we deduce

[l

t
ﬁhmmm<C/MMW“w—0/WM@”WW%T
0

<C(2(§_+1 ) /g‘ . (4.14)

Combining (4.13) and (4.14) yields

/ / e uyudadr| < C(E(0))D(t) 75 / &(r)dr

0 Q 0
e/g )7 + C(e, B(0))D(1), (4.15)
0

where we have used the Young’s inequality.
t oo
6. Estimate for [ [ ||Vw(r,s)|3p(s)dsdr.
00

Case A: p'(s) + Cu(s) < 0. Since p(s) > 0 for all s > 0, then u(s) decays to zero exponentially fast,
that is, 0 < pu(s) < p(0)e=C%. In this case, the estimate is simple.

//||Vw(7'7s)||§p(s)dsd7§ —C//HVw(T,s)Hg//(s)dsdTSCD(t). (4.16)
00 00

t oo
Notice that the term [ [ ||Vw(7, s)||31(s)dsdT in (4.16) can be considered as the time integral of a poten-
00

t oo
tial energy due to the elasticity (see Remark 1.3), while the term — [ [ ||Vw(7, s)||34'(s)dsdT represents
0

the dissipation due to the viscosity (see (1.6)). Therefore, inequality 0(4 16) can be interpreted as that the
viscosity “controls” the elasticity in the viscoelastic medium.

Case B: p/(s) + Cu(s)” < 0, where 1 < r < 2. Since u(s) > 0, then p(s) decays polynomially fast,
that is, 0 < u(s) < C(1+ s)_ﬁ7 where 1~ € (1,00). Inspired by an idea in [11], we calculate

jjwmnw@@mmjf/vmﬂﬂ%@mmw
0o 0 0 Q
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t oo

2(r—1) (1—o)(r—1) 20
= \Vw 7, 8)| 71 pu(s) T ) (|V'w(7, 8)| 7T pu(s) T l)d:cdsdT
0 0

r—1

t oo ofr—1
< ///|Vw(7',s)|2,u(s)17”d9:dsd7'
00 Q
t oo =T
///|Vw(7‘,s)|2,u(s)rdzdsd7' , (4.17)
00 Q

where we have used the Holder’s inequality, 0 < o < 1, 1 < r < 2.
Since p(s) < C(1+ s)fﬁ, we have
/u(s)l_”ds < C/(l + s)fi%l,ds =C(r,0) < 00, (4.18)
0
by assuming }ff‘l’ >1ie,04+7r<2.

By (4.9) and by assuming that ||Vug(t)||2 is uniformly bounded on R™, we see that u(t) is uniformly
bounded in H} () for all ¢ € R. By setting Mo = sup, cp- ||Vu(7)||2 and using (4.9), we find that

2(p+1)
1

| Vu(r)]|3 < max {Mg, E(O)} , forall 7 €R. (4.19)

Recalling w(r, s) = u(r) — u(r — 8), and by (4.19), we have

t oo
///|Vw(77s)|2ﬂ(s)1_adxdsd7
00 Q
t oo
< C'sup || Vu(7)3 //u(s)l_”dsdT
TER
0
< C(Mo, E(O)t / u(s)'7ds | < Cr,0, Mo, EO)1, (4.20)
0

where we have used (4.18).
By (4.17) and (4.20), and the assumption p'(s) + Cu(s)” < 0, we obtain

t oo
//HVw T, ||2u( )dsdr
00

< C(r, 0, Mo, B(0))t757 / / IVu(r, )| (' (s)) dsdr

< CO(r, 0, Mo, E(0))tD(t) 777, (4.21)

fort > 1, where 1 <r<2,0<o0<2—r.
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In the above calculations, we have finished the estimates of all the terms on the right-hand side of
(4.5). Therefore, by applying estimates (4.6), (4.7), (4.8), (4.11) and (4.15) into (4.5), we have

20/6a d7'< Qek( 0/5 7)dT + C. //HVU} 7, 8)||3p(s)dsdr
+ CtD(t) 71 + C(e, E(0))D(t) + CE(t). (4.22)

By (4.12), we know that C'(F(0)) < 2. So by choosing ¢ > 0 sufficiently small depending on E(0), we
deduce that

/g Ydr <C(E //Hw 7 8)|2u(s)dsdr + D)5 + D) + B(r) | . (4.23)
Notice that &(t) > E(t) and E(t) is non-increasing for all t > 0. Thus
¢ ¢
/éa(T)dT > /E(T)dT > tE(t). (4.24)
0 0

Due to (4.23) and (4.24), and for sufficiently large ¢, depending on E(0), we obtain that,

LE() <C(E //HVw 7.8)|21(s)dsdr + £D(£) 7 +D(t) | . (4.25)

Next, we consider two different assumptions on the relaxation kernel p(s). On the one hand, if /(s) +
Cu(s) <0, then by (4.25) and (4.16), it follows that

tE(t) < C(E(0)) (tD(t) R D(t)) , (4.26)
for sufficiently large t. By dividing both sides of (4.26) by ¢ > 1, one has
E(t) < C(E(0)) (D(t)ﬁ + D(t)) . (4.27)
On the other hand, if ¢/(s) + Cu(s)” < 0, where r € (1,2), then by (4.25) and (4.21), one has

tE(t) < C(B(0)) (c<r, , My, E(0))tD(t) 7771 + tD(t) 757 + D(t)) , (4.28)

for 0 € (0,2 — r) and t sufficiently large. By dividing both sides of (4.28) by ¢ > 1, we obtain
E(t) < C(r,0, My, E(0))D(t) 7= + C(E(0)) (D(t)%ﬂ n D(t)) , (4.29)
completing the proof for Proposition 4.1. O

4.2. Derivation of the energy decay rates

We employ the method introduced by Lasiecka and Tataru in [27] to derive the energy decay rates. From
the energy identity (4.1), one has D(t) = E(0) — E(t). By Proposition 4.1, and if p/(s) + Cu(s) < 0, then

B(t) < 8(D(t)) = B(E(0) — (1)) (430)
for sufficiently large t, where ®(s) = C'(F (0))(8ﬁ +s). Clearly, ® is monotone increasing and vanishing
at the origin. Thus, (4.30) implies that

(I+® YHE(@) < E(0), (4.31)
for ¢ sufficiently large.
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If 1/ (s) + Cu(s)” <0 where r € (1,2), then for any o € (0,2 —r), one has
E(t) < ¥ (D(t)) = ¥(E(0) - E(1)), (4.32)

2

for sufficiently large ¢, where W(s) = C(r, 0, My, E(0))s==—=1 + C(E(0)) (Sm“ + s). Then

(I+V HE(t) < E(0), (4.33)

for sufficiently large t.

Let us first consider the case p/(s) + C u(s) < 0. By fixing a sufficiently large time 7' depending on
E(0), we obtain from (4.31) that (I + ®~1)E(T) < ( ). Since E(t) is monotone decreasing, we can
reiterate the estimate n + 1 times, for any n =0,1,2,---, we obtain

(I+@ ') E((n+1)T) < E(nT), forall n=0,1,2,--. (4.34)
By (4.34), we shall show that E(t) is bounded by the solution of an ordinary differential equation.
The idea is from [27]. Indeed, we claim that
E(nT) < S(n) forall n=0,1,2,---, (4.35)
where S(t) is the solution of the initial value problem:
S'(t)+ (I +®)71S(t) =0, S(0)= E(0). (4.36)
Claim (4.35) can be proved by induction. Since S(0) = E(0), (4.35) is valid for n = 0. Assume E(nT) <
S(n) for a given n > 0, we show E((n+ 1)T) < S(n + 1). Clearly, (4.34) implies
E((n+1)T) < (I+ @ Y 'EMNT). (4.37)
Also, since (I +®)~! is monotone increasing on [0, 00) and vanishing at the origin, we obtain from (4.36)
that S(¢) monotonically decreases to zero as t — oo. Therefore, by integrating (4.36) from n to n + 1,

one has
n+1

S(n+1) = S(n) - / (I+@)"'S(r)dr > S(n) — (I + &) S(n). (4.38)

Notice that
I+ ) ' =00d ' o(I+0 ) ' =00 (®+1)!
=@+No(@+D) ' —(+1) ' =T—(2+1)"". (4.39)
Applying (4.39) to (4.38) implies
Sn+1)> T+ H1S(n) > I+ 1 E(nT), (4.40)
where the last inequality is due to the induction hypothesis as well as the fact that (I + ®~1)~! is
monotone increasing. Combining of (4.37) and (4.40) yields E((n + 1)T) < S(n + 1). This completes the
proof of claim (4.35).
Next we use (4.35) and (4.36) to calculate the uniform decay rate of the total energy E(t) as t — oo.

For any ¢ > T, there exists n € N such that ¢t = nT + b where b € [0,T). Thus, n = t;—b > % — 1. Since
E(t) and S(t) are monotone decreasing in time, by applying (4.35) one has

E(t)=EMnT+b) <EnT)<SMn)<S < — 1> , forany t>T. (4.41)

If m = 1, then ®(s) = C(E(0))s is linear, then the differential equation (4.36) is also linear. Thus,
S(t) decays to zero exponentially fast. It follows from (4.41) that E(t) also decays to zero exponentially
fast. That is,

E(t) < C(E(0))e ", for t >0,
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where a depends on E(0).
If m > 1, then ®(s) = C(E(O))(S%‘H +35) < C(E(O))sr%rl if 0 < s <1, that is to say, for sufficiently

small value of s, the function ®(s) has a polynomial growth rate —2+. Recall that S(t) — 0 as t — oo.

+1
Consequently, by ODE (4.36), we obtain that, for ¢ large enough, S'(t) + C(E(0))S(t)"2" < 0 with
S(0) = E(0). Thus, S(t) < C(FE(0))(1+ t)_mal. It follows from (4.41) that the energy E(t) also decays

polynomially in time:

E(t) < C(E(0)(1+t) =71, for t>0.

Notice that inequalities (4.33) and (4.31) have the same form. Therefore, we can employ the exact
same strategy as above, to study the case that p/(s) +Cpu(s)” < 0 for all s > 0, for some r € (1,2), and to
find the uniform energy decay rate. In fact, if m = 1, then ¥(s) = C(r,0, My, E(0))s=+—=1 + C(E(0))s.
Then, we deduce that the energy E(t) decays polynomially in time:

E(t) < C(r,a, My, E(0))(1 +t)" 71, for t >0, (4.42)

for any o € (0,2 — 7). However, if m > 1, then W(s) = C(r, o, My, E(0))s7F=T + C’(E(O))(smiﬂ + s) for
r € (1,2) and o € (0,2 — ). In this case, we derive that the energy F(t) decays polynomially fast:

E(t) < C(r,0, My, E(0))(1 + t)" ™>{7=0m=1}, for ¢ > 0. (4.43)

In the next section, by imposing an additional assumption on the history value ug, we shall improve
the energy decay rates in (4.42) and (4.43) when the relaxation kernel pu(s) satisfying p/(s) + Cu(s)” <0
for all s > 0, for some r € (1,2).

4.3. Optimal polynomial decay rates

In this subsection, we assume there exists Ty > 0 such that the history value ug is supported on [—Tp, 0],
that is ug(t) = 0 for ¢ < —Tp. When the relaxation kernel u(s) satisfies 0 < u(s) < C(1+ s)_fll for all
s > 0, for some r € (1,2), we shall demonstrate an algorithm for improving a non-optimal polynomial
decay rate of the energy to the optimal one. We say the energy decay rate is optimal if it is consistent
with the decay rate of the relaxation kernel p(s), namely E(t) < C(1 4+ )" for all £ > 0.

To begin with the algorithm, we need an existing decay rate (not optimal):

E(t)<C(1+ L‘)ﬂ%l7 for some 0 < 07 < 1 withoy; #r —1, forallt > 0. (4.44)

Notice that the decay rate in (4.44) is guaranteed by (4.42) and (4.43) in the previous subsection. Since
HIVu@®)|3 < &(t) < %E(t), we obtain from (4.44) that

IVu®)|2 < C(1+ )71, for t > 0. (4.45)

The essence of the algorithm is that one takes advantage of the polynomial decay of ||[Vu(t)||3 shown in
(4.45) when performing the estimate in order to obtain an improved energy decay rate E(t) < C(1 4+
t)_%, with o7 < g2 < 1. We aim to show that by iterating the following procedure finitely many times,
one will eventually achieve the optimal polynomial decay rate E(t) < C(1 + t)_ﬁ, for ¢ > 0. The
idea of the algorithm is from [11,26,28]. In particular, we would like to mention a recent work [28] by
Lasiecka and Wang, in which optimal energy decay rates are obtained for semilinear abstract second-
order equations influenced by a finite memory term with a general relaxation kernel. However, we remark
that in [11,26,28] and many other relevant research in the literature, the initial value ug is defined at
an instant ¢ = 0. Here we have a different setting: the history value ug is supported on a time interval
[—Tb, 0] for some Ty > 0.
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Notice that

|Vw(r,s)|? — Vw(T, s) - Vu(r)
= |Vu(r) = Vu(r — 8)[* = (Vu(r) — Vu(r — 5)) - Vu(T)
= |Vu(1)]? = 2Vu(7) - Vu(r — 8) + |Vu(r — 5)|? — |[Vu(r)|? + Vu(r — 5) - u(T)
= —Vu(r) - Vu(r — 8) + |[Vu(r — 5)|%. (4.46)

By using (4.46) and the assumption that g is supported on [—Tp, 0], we estimate the following two terms

from (4.5):
/t7|Vw(T, S)ng(S)dsdT/t]o/ Vw(r,s) - Vu(r)dzp(s)dsdr
00 00 @

= /t/m/ (=Vu(r) - Vu(r — 8) + |Vu(r — 8)?) dzp(s)dsdr
0 0 Q

t 7+To

— / / / (=Vu(r) - Vu(r — s) + |Vu(r — 5)|?) dzp(s)dsdr

0 0
t T+ t T+To
:/ ||Vw 7, 8)||3p(s)dsdr — / / /Vw 7,8) - Vu(r)dzu(s)dsdr. (4.47)
0o 0 0 0 O
T+To
Note [ p(s)ds=— f k:’ ds = k(0) — k(7 + Tp) < k(0) — 1 since k(s) is monotone decreasing with
0
k(oo) = 0. Then thanks to Cauchy —Schwarz and Young’s inequalities, one has
t 7+To
/ / /Vw(T,S)-Vu(T)dxu(s)dsdT
0 0
t 7+Top
-1 /@@ )dr + C. / / |Vw(T, s)||30(s)dsdr, (4.48)

where we have used ||[Vu(t)||3 < 2&(t). By applying (4.48) to (4.47), we obtain

[
00 00 @

t t T+To
< €(k(0) — 1) / £(r)dr + C. / / IV (r, s)|2(s)dsdr. (4.49)
0 0

Now we proceed with our estimate for two different cases regarding the value of o;.
Case I:r—1< o1 <1.
By Holder’s inequality, we have
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t T+To
///|Vw7's (s)dzdsdr
0 0
t 7+To Tr;'l t 7+To H
< ///|Vw(7',s)|2d:vdsd7' ///|Vw(7,s)\2u(s)rdxdsd7' . (4.50)
0 0 Q 0 0 Q
We estimate
T+To T+To
[ 19w sids= [ [9ur) - Vu(r - 5) s
0 0
T+To T+To
<2 / [ Vu(r)||3ds + 2 / |Vu(r — s)||3ds
0 0

T T+To
= 2(r + T0) | Vu(r)|3 + 2 / IVu(r — s)[2ds + 2 / IVu(r — 5)|2ds

— 2+ Tp)|[Vau(r) 3 + 2 / IVu(s)[2ds + 2 / Vo (s) |2ds, (4.51)
—To

for 7 > 0. By using the decay estimate ||[Vu(7)||3 < C(1 + 7')7% from (4.45) and the assumption
o1 > r — 1, we obtain from (4.51) that

7+To
/ (IVw(r, s)||§ds < C(r,o1) (1 + To(1+ 7)7%) +2 / ||Vu0(s)||§ds7 for 7 > 0.
0 —o0

Integrating the above inequality with respect to 7 over [0, t] yields

t 7+To
/ |Vw(r,s)||3dsdr < C(r,01)(To + t) + 2t / | Vuo(s)|/2ds, (4.52)
0 0 —o00

due to the assumption o1 > r — 1.
Substituting (4.52) into (4.50) and using the assumption p/(s) + Cu(s)” < 0, we find

t 74Ty

/||Vw(7',s)||2u(s)dsd7
0 0
T t T E
< |ctmon@m+o v [IVuwikas| | [ [1ve B @)
—oo 0 0
< C’(r,ol)(Toth)Jer/ IVuo(s)||2ds | D(t)*, for t >0, (4.53)

by letting C(r,o1)Ty > 1.
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Applying (4.53) to the right-hand side of (4.49) yields

/

|Vw(r, s)||3u(s dsdr—///Vw 7,8) - Vu(r)dzp(s)dsdr

< e(k(0) — 1)/(55(7')d7'—|—06 C(r,o1)(To + 1) +t/ | Vuo(s)|[3ds D(t)%. (4.54)
0

— 00

Using (4.54) along with estimates (4.7), (4.8), (4.12), (4.15) and (4.24) derived in Sect. 4.1, and by
choosing € > 0 sufficiently small, we deduce from (4.5) that

tE(t) < C(E)) || Clryo)(To+t) +t / [Vug(s)]|5ds D(t)% + tD(zﬁ)%Jr1 +D()|,

— 00

for a sufficiently large ¢ depending on E(0). Dividing both sides of the above inequality by ¢ > Ty > 1, it
follows that

Et) < C(E0) || C(r,o) + / Vuo(s)|2ds | D(t)* + D)7+ + D(¢)| . (4.55)

Let us first consider m = 1. Then employing the same procedure as in Sect. 4.2, we obtain from (4.55)
that, for a sufficiently large T' > T}, one has

()<S<T—1>,fort>T2T0, (4.56)

where S(t) satisfies the differential equation

S'(t) +CS(t)" <0 with S(0) = E(0), if m=1,

0 1
where C depends on 7, o1, E(0), and [ |[Vug(s)||3ds. Hence, S(t) < C(1+ )7 for t > 0, and along
with (4.56), we obtain the optimal polynomial decay rate

E@t) <C(1+t) 771, forall t>0,

. 0
where C depend on r, a1, E(0), [ [[Vuo(s)||3ds and T, when m = 1.
Analogously, if m > 1, using estimate (4.55), we also obtain the optimal polynomial decay rate

E(t) < 01+t ™t w5} for ¢ >0,

. 0
where C depends on 7, o1, E(0), [ [[Vuo(s)|3ds and Ty.

Case II: 0 < o1 <7r—1.
In this case, we select o5 > o such that

2—r<oy<2—-r+o <1l (4.57)

We aim to derive an improved polynomial decay rate E(t) < C'(1+ t)_%, for t > 0. Thanks to Holder’s
inequality, we have
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t T+To
/ / /|Vw7's I*u(s)dedsdr
0 0
LTy T
< / / /|Vw 7, 8)|?u(s) 72 dadsdr
0
¢ T+To T
/ / /|Vw(7', s)[2u(s)"dedsdr
0 0
LT, T
< / / / \Vw(r, s)|2pu(s) o2 dzdsdr D(t)7 T, (4.58)
0 0

where we have used p/(s) + Cpu(s)” <0 for s > 0.
Using u(s) < C(1+ s)_ﬁ for all s > 0, we infer

7+To 7+To
/ IVw(7, 5)|[3u(s) ~72ds = / IVu(r) — Vu(r — s)|2u(s) 72ds
0 0
7+To T+To
<C / ||Vu(7')|\§(1—|—3)_1;%12d8+0 / HVU(T—S)Hg(l—Fs)_%dS_ (4.59)
0 0

Since 2 — r < 03 < 1 and using ||Vu(7)||3 < C(1 + 7‘)_% for 7 > 0 from (4.45), one has

T+ To 7+To
[ Ivumiga o as = 1vumig [ 4 as
0 0

r+og—2
— C(r,00) ((1+T+T0) H 1) Va(r) 3
SC’(T,UQ)(1+T+TO) = (1+T) =

oy tog—2 rog—2

< C(r,02) ((1 +7) 4+ T, " 1+ T)rall) , for 7>0. (4.60)

71

Next we estimate the second term on the right-hand side of (4.59). Also using ||Vu(7)||3 < C(1+7) 71
for all 7 > 0, we have

T+T0
/||vu(ps)\|§(1+s)*3%”fds

T T+To
= [19utr = 9B+~ st [ Vatr = )30+ 57 Fas
0

T

gc/(1+r—s)—%(1+s)—%’fds+ / Vo (s)|[ds, for 7> 0. (4.61)

—To
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Recall 0 < 01 <r—1and 2 —r < g9 < 1. Then we calculate

T
o

/(1+T—s)*ﬁ(1+s)‘%’fds

0

T/2 T
_ 91 o - _1:7”2
< / (lJr%) o (1+5)_1rf12d5+ /(1+775)_711 <1+%) " ds
0 T/2

T\~ T TN TN =
< C(r,02) (14‘5) 1 (14‘5) L+ C(r o) (14‘5) 1 (1+§> 1
<C(r,o1,02)(1+7) Tﬁaiiyrz, for 7> 0. (4.62)
Substituting (4.62) into (4.61), we find
T+To
1—o
IVu(r = s)[|3(1+ )" 7 ds
0
0
< CO(r,o1,02)(1 + T)TLiiﬂsz + / [IVuo(s)||ds, for 7 > 0. (4.63)
Now, applying (4.60) and (4.63) into (4.59) yields
T+To
r—o o9 —2
[Vw(r, $)la(s)'=72ds < C(r,o,02)(1 4 7)1
0
0
rtog—2 o
+C(r,o0)Ty " (L+7)" 71 + / [Vuo(s)|lds, for 7> 0. (4.64)

— 00

Recall 2 —r < o9 <2—1r+o0; and0<01<r—17then0<%+1<1and0<1—;}1<1.

Also, 0 < ™£22=2 < 1. Therefore, integrating (4.64) with respect to 7 over the interval [0, ] yields

t 7+4+To
/ IV e(r, 8)|2u(s)' > dsdr
0 0
0
r-oyto=2 44 T+772172 1— 91 2
< Clron o)1+ 6 HF2H L Olron)Ty 7T (L4021 4t [ [[Vuo(s)|2ds

—00

0
< C(ryo1,09)(1+t)+ C(r,o0)To(l+¢) + ¢ / [ Vuo(s)||3ds, for t >0, (4.65)

— 00

by letting Tp > 1.
Substituting (4.65) into (4.58), we have
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T7+T0o

O/O/Q/WW(T’S)W(S)dxdsdT

0
< |C(ryo1,02)(1+t) +C(ryo2)To(1+t) + ¢ / HVuo(s)H%ds D(t) 023*1, (4.66)

for t > 0, where C(r,09)Tp > 1.
The remaining argument is similar to Case I and we omit the detail. Eventually, we obtain

E{)<C+t)" 77, if m=1; (4.67)
E(t) < C(1+ 1)~ w5 h i mo> 1, (4.68)

0
for all ¢t > 0, where C depends on 7, E(0), o1, 02, [ |[Vuo(s)||3ds and Ty.
— o0

Recall 2 —r < 03 <2 —r+ 07 <1 in Case II, so the polynomial decay rates in (4.67) and (4.68) are
not optimal. Thus, we need to reiterate the above procedure for finitely many times until the optimal
decay rate is achieved. More precisely, if g, > r — 1 for some n € N, then by Case I, the optimal decay
rate can be obtained. However, if o, < r — 1 for some n € N, then by Case II, we can find 0,41 > oy
such that o,01 <2—71+ 0, and E(t) < C(1+1t)~ T , for t > 0. In particular, we may choose

2—r (2—=r)n

5 —l—on:?—i—al.

After finitely many times of iteration, one obtains the optimal polynomial decay rate. This completes the
proof of Theorem 2.5.

On41 =

Remark 4.2. Notice that, if the relaxation kernel u(s) decreases polynomially fast, we have obtained the
optimal polynomial decay rate for the energy by assuming the history value is supported on an time
interval [—Tp, 0] for some Ty > 0. Although Ty can be arbitrarily large, the constant C' in the energy
decay estimate (see, for instance, (4.67) and (4.68)) depends on Tp. So it is not obvious how to improve
the polynomial decay rates in (4.42) and (4.43) for the infinite memory case.
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