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PRELIMINARY DRAFT

Abstract. I examine a model where agents differ in their discount factors.
It has long been known that in the long-run, the most patient household
or individual ends up owning all the capital, provided there is a maximum
sustainable stock. I show that this is no longer true when there is sus-
tained growth. I examine a model where there is endogenous growth due
to learning-by-doing, the “Arrow-Romer” model. It is still the case that
one household ends up with all the capital, but that household is no longer
necessarily the one who has the lowest discount rate. The appropriate
measure of impatience depends not just on the discount rate, but also on
the form of the felicity function, and the technology. Different technologies
can lead to a re-ranking of the households. In some cases, different tech-
nologies can even completely reverse the patience ordering, and alter the
long-run distribution of capital. There is even the possibility that the most
patient household may change depending on the state of development of
the economy, causing capital to shift from one household to another as the

economy develops.
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1. Introduction

It has long been thought that in a competitive economy, the most patient households would
end up owning all of the capital. Ramsey (1928) argued that all on the capital would end up
in the hands of the most patient households in a competitive equilibrium. The work of Rae
(1834) and Fisher (1930) also suggests that the most patient households will accumulate all
of the capital. This was confirmed in various frameworks by Rader (1971), Becker (1980)

and Bewley (1982). The most patient household does end up with all of the capital.

Epstein and Hynes (1983) examined this issue when households have more general recur-
sive preferences. In a model without borrowing constraints, Epstein and Hynes (1983) note
that this extreme capital distribution no longer occurs, provided all households can adjust
their rate of impatience to the interest rate. Further examination of the problem shows that
when borrowing constraints are present, or when households cannot fully adjust their rate
of impatience to the interest rate, the situation becomes more complex (Boyd, 1986). It
is true that those who hold capital have lower rates of impatience than those who do not
hold capital. However, this ranking does not necessarily correspond to any a priori ranking
of households in terms of time preference. A household may be impatient in the steady
state either due to intrinsic impatience, or due to poverty. Furthermore, even among those
owning capital, the amount owned may not reflect the initial ranking of households in terms
of impatience. Capital holdings increase or decrease with a priori impatience depending on
whether the rate of impatience is increasing or decreasing.

Arguably, the results with recursive utility are really telling us that ranking households
according to impatience may not be straightforward in such circumstances. When we can
rank them cleanly, we get results that are broadly similar to the additive cases.

It may come as a surprise to find that even when preferences are additively separable,

the most patient household may not end up with all the capital. The presumption that
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capital flows to the patient depends crucially on the technology involved. When there is
a maximum sustainable stock, the conventional wisdom holds, as shown by Rader (1971),
Becker (1980), and Bewley (1982). However, this is no longer the case when the economy is

capable of sustained growth.

[ examine a model where agents differ in their discount factors. This model permits
endogenous growth due to learning-by-doing, the “Arrow-Romer” model. It is still the case
that one household generally ends up with all the capital, but that household is no longer
necessarily the one who has the lowest discount rate. The appropriate measure of impatience
depends not just on the discount rate, but also on the form of the felicity function, and the
technology. Different technologies can lead to a re-ranking of the households. In some cases,
different technologies can even completely reverse the patience ordering, and alter the long-
run distribution of capital. There is even the possibility that the most patient household
may change depending on the state of development of the economy, causing capital to shift

from one household to another as the economy develops.

2. The Ramsey Equilibrium

The Ramsey equilibrium was originally developed by Becker (1980) to address a conjec-
ture of Ramsey (1928). Ramsey argued that, in a competitive economy, the most patient
household would end up owning all of the capital. Since this question involves heterogeneous
households, the usual additively separable utility function is not terribly well behaved in this
setting. The result is that most households eventually sell themselves into slavery (Rader,
1971). One difficulty with this type of model is that it is doubtful that the slaves will want
to keep their agreement. It is also hard to see how the “slaves” can continue to provide
labor services when they receive absolutely no consumption goods. An alternative approach

is to posit incomplete markets. Households cannot borrow against future labor income.*

! Borrowing constraints that allowed limited borrowing against future wage income would yield similar
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The consumer side of model economy consists of H households. Each household’s pref-
erences are described by an additively separable utility function with felicity function uy
and discount factor dj,. Utility is derived solely from consumption of goods. Household A

consumes c? > 0 at time t.

CONSUMER PREFERENCES. Consumer preferences are described by an additively separable
utility function Y 5%, 65 up () with discount factor &, 0 < 8, < 1. The felicity function
up: Ry — R is twice continuously differentiable on R, with u}, > 0, uj < 0, and u},(0+) =

+00.

We will presume that the discount factors are distinct. For convenience, we label house-
holds in order of increasing impatience, so that 1 > §; > d, > --- > dg > 0. Household
h has labor endowment L, > 0. The total labor endowment of the economy is denoted
Lo = ZhH:1 Ly. Let ¢, = Ly /Lo denote the labor share of household .

Each household earns income through sale of labor services, and from capital ownership.
Because utility is derived solely from consumption goods, the household offers its entire
endowment of labor services to the market in each time period. Let w; denote the wage
rate at time t and ¢; denote the gross return to capital at time ¢. The household splits its
income at time ¢ into consumption ¢ and capital holdings z”. Household h starts with an
endowment z" of capital at time zero. Households cannot borrow, which means z' > 0.
The household’s budget constraint at time ¢ is 2" + ¢ < g2 | + w;Ly. Summing up, the

household must solve:

THE HOUSEHOLD’S PROBLEM. Given a sequence of wage rates {w,} and gross returns to

capital {g;}, household h chooses sequences of consumption {c} and capital holding {x7}

results. Moreover, examples 1 and 2 below could be replicated in a model without borrowing constraints.
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to solve

C"(wy, q;) = max Z Sy, ()

t=1
st. o + ol = Lyw, + qal |t >1
ol > 0; 2 = o™

Firms use an identical, constant returns to scale production function. The technology is
described by a constant returns to scale production function F(K, E) where F is effective
labor. Effective labor E is subject to Arrovian learning-by-doing, with £ = ZL, where Z
is the total capital stock. As usual, we can simplify matters by assuming there is only one

firm, which behaves competitively. In that case, Z = K in equilibrium.

The production sector maximizes profits treating prices and Z; as given.

THE FIrRM’S PROBLEM. The firms must solve a problem of the form
P(qi, wy, Zy) = max {[F(Ky, Z;Ly) — ¢ Ky — wi Ly« Ky, Ly > 0}

in every time period.

Of course, equilibrium will require that K; = Z;. The first-order conditions are Fy (K, Z;L;)
= ¢ and Z;F5(K;, Z;Ly) = wy. Because F' is homogeneous of degree one, F; and Fj
are homogeneous of degree zero. In equilibrium, F)(K;, KiLy) = Fi(1,Ly) = ¢ and
K Fy(Ky, K Ly) = K F5(1,Ly) = wy. The gross return to capital will be independent of
the capital stock (and of time). Thus ¢, = ¢ = Fi(1, Lg), while the wage rate will be
proportional to the capital stock, with wy; = K;_yw where w = F5(1, Ly).

In order to state assumptions, it will be useful to define a reduced production function
written only in terms of capital. Define f(K) = F(K, Ly). We impose the usual differen-

tiability, concavity, and Inada conditions. Note that the producer’s problem is to maximize



SUSTAINED GROWTH WITH HETEROGENEOUS HOUSEHOLDS 5
f(k) — gk, where k = K/Z, and that the profits of this firm are the aggregate payments to
labor. Thus f(k) — ¢k = wl where ¢ = Ly/Z.

TECHNOLOGY. The reduced production function is f is twice continuously differentiable on

R,y with f(0) =0, f/ >0, f” <0, f'(04) = 400, and f'(+00) = 0.
We are now ready to state the equilibrium conditions.

RAMSEY EQUILIBRIUM. A sequence {q;, wy, K;, Z;, cf, 27}, is a Ramsey equilibrium if:
A. ¢ and x} solve C"(wy, g;) for each h.
B. (K, Lg) solves P(q, wy, Z;) for each t.
C. 0 ah | = K, for each t.

D. K, = Z, for each t.

The Ramsey equilibrium for this model requires that households maximize utility (A),
firms maximize profits (B), capital markets clear (C), and that the aggregate capital stock
used to compute effective labor is the actual aggregate capital stock (D). Note that the
labor market clearing condition has been incorporated into (B). This is possible due to
the constant returns to scale. These imply profits are zero and wages are given by w; =
Fr(Ki-1, Lo) = Zia[f(Ki-1) — @ Ki-1]/ Lo

For a wide range of utility and production functions, it is straightforward to modify the
existence theorems of Becker, Boyd, and Foias (1991) so that they apply to this model.
The key points are to insure that consumer’s utility satisfies the appropriate continuity
conditions, and to insure that a suitably modified impatience condition is met. Both will be

the case in the examples below.

3. Equilibrium Growth

The firm’s first-order conditions have been incorporated in our definitions of ¢ and w. The
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Inada conditions imposed on the felicity insure that consumption will never be zero, provided
the economy started with a non-zero aggregate capital stock. However, households may find
that the borrowing constraint binds.

If the borrowing constraint does not bind at time ¢, the household’s first-order condition

is the usual Euler equation
up(ct) = onquy(cty)-
If the borrowing constraint does bind, marginal utility in period ¢ 4+ 1 is no higher than in

period t, and so

up, () = Gnquy, ().
We move to an analysis of balanced growth in this family of Ramsey equilibrium models.
For balanced growth, wages and quantities will grow at a common rate a and the gross
return to capital will be constant. More precisely,

BALANCED GROWTH EQUILIBRIUM. A Ramsey equilibrium {q;, w;, K; 1, Z;_1, ', aP}e2,

exhibits balanced growth if there is an o > 1 and (", 2", Ky, Zy, w1, q) so that ¢ = al~tch,

o =ala" K, = oKy, Z; = o' Zy, wy = o' "twy, and ¢ = q.

Of course, ¢ = Fi(1, Ly). Since w; = Kyw, we may write w; = o/ 'w. Growth in capital
stocks at rate o will automatically insure wages also grow at rate a.
To have a balanced growth path, we must have u} (a'c") = dpquj, (a**c") for all households

who own capital and ), (a'wl) > dpqu} ('™ w;) for all households that do not own capital.

STEADY STATES. The Euler equations tell us that non-trivial steady states can only occur
in a knife-edge situation. In a steady state, we have d,q < 1 for all h. Since the ¢, are
ordered, this implies d,q < 1 for h =2,..., H. As in Becker (1980), only the most patient
household can own capital. Even they will only own capital if 6, = 1. If d5q < 1, the only
steady state is at zero. When d5,q = 1, household 1 has consumption (¢ — 1)z + wy, and all

other households consume w;.
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Before proceeding, we establish a lemma concerning gy, (c) = uj,(ac)/uj,(¢). Notice that the
Euler equations can be written 6,qg(a’c") < 1 when capital is not owned, and d,qg(a‘ch) =1
when capital is owned. Recall that elasticity of intertemporal substitution (relative risk

aversion) is given by R(c) = —cu”(c)/u/(c).

LEMMA 1. Suppose a > 1. If R is increasing, ¢’ < 0. If R is decreasing, g > 0. If R is
constant, g = 0.

PROOF. We calculate ¢'(c) = au”(ac)/u'(c) — u'(ac)u”(c)/[u/(c)]*. Rewriting,

oy Wlac) [acu"(ac)  cu”(c) _ u'(ae) A — Rlae
gl = cu/(c) | ' (ac) u/'(c) cu/(c) [F(€) = R(ac)]

Since ac > ¢, increasing R implies a negative ¢’, while decreasing R implies a positive ¢'. If

R is constant, ¢’ = 0. [

If ¢ is decreasing or constant (constant or increasing elasticity of intertemporal substitu-
tion), dnqg(c) < dng(a’~lw;) whenever ¢ > a'~lw;. If a household starts at a zero-capital
state, it will stay there. Moreover, if the felicity functions are identical, we can again con-

clude that only the most patient household will own capital.

More interesting things start to happen if the felicity functions are not identical, or if g is
increasing. If g is increasing, households will be more likely to own capital as the economy
develops. Moreover, this suggests that an impatient household that starts with a large
endowment may choose to own capital in periods where a relatively patient household with
a small endowment does not choose to own capital.

If the felicity functions differ, there is the possibility that a relatively impatient household
will be the only one to own capital. These ideas are developed further in the examples

below.
3.1. Examples

Consider a family of simple examples with two households, both with constant elasticities of
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intertemporal substitution o;,. We consider technologies of the form F(K,E) = AKYE'™

with 0 < v < 1, and presume each household is endowed with one-half unit of labor.

EXAMPLE 1: PATIENT CAPITALIST. Set A =4, v =1/2, 01 = 3, 05 = 1 (log), 4, = 3/4,
and 6y = 1/2. Then ¢ = Fi(1,1) = vA = 2, so ;¢ = 3/2 and doq¢ = 1. The resulting Euler
equations are (3/2)(cyy,) ™ < (¢f)3 and (¢f,)~" < (¢7)~'. With balanced growth at rate
a, these become (3/2)(at™c!)™3 < (afc!)™® and (af*1c?)™! < (alc?)™!. These reduce to
3/2 < a®and 1 < a. Clearly the second equation cannot bind, so only household 1 owns
capital on the balanced growth path. Moreover, the economy has growth factor (3/2)~%/3.

In this case, the most patient household ends up with the capital.
We now change the technology in Example 1 to make it more productive. Set A = 16.

EXAMPLE 2: IMPATIENT CAPITALIST. Now the Euler equations become 6(c;, )™ < (¢;)7?
and 4(c7, ;)" < (¢f)~'. With balanced growth at rate «, this reduces to 6 < a® and 4 < .
In this case, 4 < o implies 6 < o, which means that household 1 will own no capital. The
impatient household, household 2, is the one that owns capital along the balanced growth

path.

In Example 2, the conventional wisdom that the most patient agent ends up with all the
capital no longer holds. The most impatient agent actually owns the capital in balanced
growth. The reason this phenomenon arises is fairly straightforward. Along growing con-
sumption paths, discounting has two sources. The first source is the discount factor. The
second source is the rate of decline in marginal utility of consumption along the growing
path. In the case where the elasticity of intertemporal substitution is constant, the effective
discounting is d,a~7". As a result, the growth rate « affects effective discounting, and affects
which household owns capital along balanced growth paths. If the elasticities o}, differ, the

ranking of households in terms of effective impatience will depend upon the growth rate.

If we examine the role of the productivity coefficient A, we find that both households will
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own capital if (3/8)A = a3 and (1/4)A = a. le., if A3/64 = 3A/8, or A?> = 24. When
A < 2v/6, household one will seem most patient. When A > v/6, household two will seem

most patient.

Of course, other forms of utility will lead to a change in the way the patience ranking
works. Suppose uy(c) = —e?¢/o for o > 0. For this household to own capital at a growth
rate o, we must have dge 7% = e77¢ or a« = 1+ (1/dc)logdng. The growth rate that
induces capital ownership depends on the level of current consumption c. As consumption
increases, household effectively becomes more patient. Such an economy will not exhibit
balanced growth, although it will grow. It should be clear that the asymptotic growth rate

will be zero.?

4. Concluding Remarks

The balanced growth examples show that both technology and preferences can influence the
long-run distribution of capital when growth is sustained.

There are still several open questions remaining. First, when they exist, are the balanced
growth paths typical of long-run behavior? More precisely, what are the stability properties
of Ramsey equilibrium with sustained growth? Second, there is the question of how other
types of technologies generating growth might affect long-run income distribution. Do we
get similar results if growth is due to human capital accumulation as in Lucas (1988), or
to changes in the variety of producer goods (Romer, 1987)7 Third, what happens to the
long-run income distribution when there is no balanced growth path?

We already have some clues concerning the third question. We can see that there will be
no balanced growth path if the elasticity of intertemporal substitution is not constant. When
the elasticity is not constant, the growth rate will have to vary, although it may approach a

constant rate asymptotically. In this case, capital holdings will affect the effective discount

2 In fact, growth is asymptotically linear in this case.
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rate, and it seems likely that the long-run income distribution will depend not only on

preferences and technology, but also on the initial capital distribution.
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