MAC 2312 How to compute more integrals (Part I) Week 5

There are some integrals where we're expected to just ‘know’ the antiderivative (and there
are no ‘steps’). For example:

2
/xdmz%+0

/cosxdx =ginx + C

Now, we are going to study integrals that do require several steps. For example:

/xcosxdx =77

(If f(z) = xcosz is the ‘child’ function, what’s the correct ‘parent’?)

We could try to ‘guess’ an answer, but our guess might be wrong!

Integration by parts is the closest thing we have to the reverse of the product rule.

d
General fact: d—(uv) =u'v 4w’
T

Therefore / (W'v+uw')de =uww+C
Equivalently, / vvdr + / w' doe = uv + C

Rearranging gives us / w' dx = uv — / w'vdx, or more briefly:

/udv:uv—/vdu

This is the integration by parts formula. It transforms an integral into a new integral.
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EXAMPLE 1: Evaluate the integral.

/xcosxdx

Note: To use integration by parts, the original integral needs to be equal to / udv.

EXAMPLE 2: Evaluate the integral.

/ ze® dx
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Once again, the formula for integration by parts is: / udv =uv — / vdu

Integration by parts with a definite integral looks like

r=b 2=b r=b
/ wdv = [uv} — / vdu
EXAMPLE 3: Evaluate the integral.

2
/ zlnzdzx
1
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Sometimes you need to integrate by parts more than once.

EXAMPLE 4: Evaluate the integral.

/x2 cosz dx

Integration by parts with ‘deja vu’

EXAMPLE 5: Evaluate the integral.

/ew sin x dx
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Trigonometric integrals
This refers to integrals of powers of trig functions.
Some are easy, some are slightly tricky, some are very tricky.

Remember: Any time you know a derivative fact, you also know an antiderivative fact.

Derivatives of the six trig functions:

d . d )

— SINT = CoSX —CcoOST = —sInx

dx dx

_ 2 _ 2

—tanx = sec’x —cotx = —csc’x

dx dzx

d d

—secxr = secxrtanx —cscx = —cscxrcotx
dx dx

This means there are some trig integrals you should just ‘know’.

/cosxdx:sinx+0

/sinxdx:—cosx—i-C'

/seczxdx:tanx—i-C
/secxtanxdx:secx+0

What about other integrals involving trig functions?

EXAMPLE 6: Evaluate the integral.

/ cos 2z dx
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EXAMPLE 7: Evaluate the integral.

/ cos® xsin z dx

EXAMPLE 8: Evaluate the integral.

/ sect x dx

Strategies for integrating powers of trig functions:
e Look for a ‘candidate’ for du (if doing substitution)

e Remember, even powers are easy to rewrite!
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EXAMPLE 9: Evaluate the integral.

/ cos® z dx

Let’s discuss strategies for the following integrals.

/sin5xdac =77

sin® z cos® x dx = 77

secd rtanz dx = 77

/sec rtanxdy = 77

/sec4xtan2 rdr =77
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Two more trig identities, related to the ‘double angle’ identities:
. 9 1
sin“ x = 5(1 — cos 2x)
cos’ T = 5(1 + cos 2z)

Do you have to remember these? Maybe not. But they are the most efficient way to integrate

sin? z or cos? x.

EXAMPLE 10: Evaluate the integral.

/ sin® x dx

The fastest way is to start with a trig identity.

Another correct way is to use integration by parts with ‘deja vu’.
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EXAMPLE 11: Evaluate the integral.

/secx dx

The fastest way is to remember a weird ‘trick’.

Another correct way is to rewrite secx as 1/ cosz and do some algebra.
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