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Product measures q q q
Isoperimetric function

Isoperimetric estimates

Isoperimetric Function

Let 7 be a probability measure in RV.

» 1.(-) : [0,1] — R™ is the Isoperimetric Function of 7:

I-(y) = inf{7"(0A) | 7(A) = y}.
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Product measures q q q
Isoperimetric function

Isoperimetric estimates

Isoperimetric Function

Let 7 be a probability measure in RV.

» 1.(-) : [0,1] — R™ is the Isoperimetric Function of 7:

I-(y) = inf{7"(0A) | 7(A) = y}.

» For A C RN, with sufficiently smooth boundary,
7T (DA) is the boundary measure of A:

+ o 7_(Ah \ A)
(94) = hILrB+ h

where A, = {x € R? : d(x,A) < h}.
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Product measures q q q
Isoperimetric function

Isoperimetric estimates

Product probability measures

Let 7 be a probability measure on R with density:
d7(x) = f(x)dx = e?®dx, x € R,

We consider 7V the product probability measure of 7:

N
dmN(x) = f(x) dx = H f(xi)dxi, x € RN,
i=1

Chiara Bianchini, Institut Elie Cartan, Nancy Isoperimetric Bounds for Product Probability Measures



Product measures o . . .
Isoperimetric function

Isoperimetric estimates

Isoperimetric Estimates

~ Can we estimate |_~(t) in terms of 1(t)?
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Product measures o . . .
Isoperimetric function

Isoperimetric estimates

Isoperimetric Estimates

~ Can we estimate |_~(t) in terms of 1(t)?

> It always holds: Lwn(t) < 1.(t), Vt €[0,1];
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Product measures o . . .
Isoperimetric function

Isoperimetric estimates

Isoperimetric Estimates

~ Can we estimate |_~(t) in terms of 1(t)?

> It always holds: Lwn(t) < 1.(t), Vt €[0,1];

> Gaussian: dvy(x) = e /2/\/27 ~ Lw(t) = 1,(t);
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Product measures o . . .
Isoperimetric function

Isoperimetric estimates

Isoperimetric Estimates

~ Can we estimate |_~(t) in terms of 1(t)?
> It always holds: Lwn(t) < 1.(t), Vt €[0,1];

> Gaussian: dvy(x) = e /2/\/27 ~ Lw(t) = 1,(t);
» Exponential: dv(x) = Je=X ~ 1,(£)/2v/6 < () < L(¢).
[S.G. Bobkov, C. Houdré '97]
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Product measures o . . .
Isoperimetric function

Isoperimetric estimates

Isoperimetric Estimates

~ Can we estimate |_~(t) in terms of 1(t)?

v

It always holds: Lv(t) < 1.(t), Vt € [0,1];

v

Gaussian: dv(x) = e /2/\/27 ~ Lw(t) = 1,(t);
Exponential: dv(x) = e X s 1,(t)/2v/6 < Ln(t) < 1,(t).
[S.G. Bobkov, C. Houdré '97]

v

v

~ logistic measure
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Logistic Measure

The logistic measure p

dH(X) ﬁdx
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Logistic Measure

The logistic measure p

du(x) = 7(1f;)2 dx = %e* log(cosh(x/2)) ¢/
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Logistic Measure

The logistic measure p

du(x) = 7(1f;)2 dx = %e* log(cosh(x/2)) ¢/

» pis a C? log-concave measure in R, with inf1)” = 0;
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Logistic Measure

The logistic measure p

dpa(x) = e dx = Le o8(eo:/2) g

» pis a C? log-concave measure in R, with inf1)” = 0;

o has Gaussian behaviour close to the
origin and exponential tails;
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Logistic Measure

The logistic measure p

dpa(x) = e dx = Le o8(eo:/2) g

» pis a C? log-concave measure in R, with inf1)” = 0;

o has Gaussian behaviour close to the
origin and exponential tails;

» its distribution function x(t) satisfies: x’ = x(1 — x)
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Logistic Measure

The logistic measure p

dpa(x) = e dx = Le o8(eo:/2) g

» pis a C? log-concave measure in R, with inf1)” = 0;

o has Gaussian behaviour close to the
origin and exponential tails;

» its distribution function x(t) satisfies: x’ = x(1 — x) ~
1.(t) =t(1—1t).
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Logistic Measure

The logistic measure p

dpa(x) = e dx = Le o8(eo:/2) g

» pis a C? log-concave measure in R, with inf1)” = 0;

o has Gaussian behaviour close to the
origin and exponential tails;

» its distribution function x(t) satisfies: x’ = x(1 — x) ~
1.(t) =t(1—1t).
> we look for Cy s.t. Cplu(t) < Iw(t) < 1u(t) Vt € [0,1].
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Logistic Measure

The logistic measure p

aim: Cp lu(t) < 1n(t)

Ingredients:
> the value of best costant in the Poincaré inequality: A\, = %;
» an estimate by [F. Barthe, P. Cattiaux, C. Roberto, '07];

[F. Barthe, CB, A. Colesanti]
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Logistic Measure

The logistic measure p

aim: Cp lu(t) < 1n(t)

Ingredients:
> the value of best costant in the Poincaré inequality: A\, = %;
» an estimate by [F. Barthe, P. Cattiaux, C. Roberto, '07];

~ IMN(t) >

Nl

1,.(t), with C > 0.45.
[F. Barthe, CB, A. Colesanti]
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Logistic Measure

The logistic measure

< I“N(t) < lu(t).
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Logistic Measure

The logistic measure

B3 () < () < 1(2).
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Logistic Measure

The logistic measure

B3 () < () < 1(2).
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stationarity

Stationarity and Stability stability

Optimal sets

A C RN is an optimal set for the measure 7V if TN(A) = t,

L (t) = 7V (0A).

T
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stationarity

Stationarity and Stability stability

Optimal sets

A C RN is an optimal set for the measure 7V if TN(A) = t,

L (t) = 7V (0A).

T

Consider p/V, the N-product logistic measure:

» N =1 ~~ half lines are optimal sets
[S.G. Bobkov, '96]
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stationarity

Stationarity and Stability stability

Optimal sets

A C RN is an optimal set for the measure 7V if TN(A) = t,

Lv(t) = 7V (0A).

Consider p/V, the N-product logistic measure:

» N =1 ~~ half lines are optimal sets
[S.G. Bobkov, '96]

» N > 2 ~~ can we guess that half spaces are optimal sets?
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stationarity

Stationarity and Stability stability

Optimal sets

A C RN is an optimal set for the measure 7V if TN(A) = t,

Lv(t) = 7V (0A).

Consider p/V, the N-product logistic measure:

» N =1 ~~ half lines are optimal sets
[S.G. Bobkov, '96]

» N > 2 ~~ can we guess that half spaces are optimal sets?

~» what can we say about their stationarity and stablility?
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stationarity

Stationarity and Stability stability

Stationarity (I order condition)

A C R is a stationary set for 7: dr = e¥(¥) iff

Hy(0A) = (N — 1)H(x) — (DY (x), v(x)) oA constant,

[C. Rosales, A. Cafiete, V. Bayle, F. Morgan, '08]
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stationarity

Stationarity and Stability stability

Stationarity of half spaces

Let 7 on R: d7(x) = e¥®dx, with ¢ € C?(R) and 7 # ~. For
ve SN et

v,t T

HN —{XERN : <x,v><t}
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stationarity

Stationarity and Stability stability

Stationarity of half spaces

Let 7 on R: d7(x) = e¥®dx, with ¢ € C?(R) and 7 # ~. For
ve SN et

v,t T

HN —{XERN : <x,v><t}

The half space H\f\ft is stationary for 7N if and only if:

[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stationarity of half spaces

Let 7 on R: d7(x) = e¥®dx, with ¢ € C?(R) and 7 # ~. For
ve SN et
H\fvt:{XERN : <x,v><t}

The half space H '+ Is stationary for 7N if and only if:

> HNt is a coordinate half space; or

[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stationarity of half spaces

Let 7 on R: d7(x) = e¥®dx, with ¢ € C?(R) and 7 # ~. For
ve SNt let
H\fvt:{XERN : <x,v><t}
The half space H '+ Is stationary for 7N if and only if:
> HNt is a coordinate half space; or

> v = 0) and 9" is \/2t-periodic; or

[

[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stationarity of half spaces

Let 7 on R: d7(x) = e¥®dx, with ¢ € C?(R) and 7 # ~. For
ve SN et

H\fvt:{XERN : <x,v><t}

The half space H '+ Is stationary for 7N if and only if:
> HNt is a coordinate half space; or
> v = % (1,-1,0,...,0) and %" is \/2t-periodic; or
> v = % (1,1,0,...,0) and

" is symmetric with respect to i@;
[F. Barthe, CB, A. Colesanti]

Isoperimetric Bounds for Product Probability Measures
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stationarity

Stationarity and Stability stability

Stationarity of half spaces for the logistic measure

Half spaces which are stationary for the logistic measure are:
» the coordinate half spaces, and
. 1
> HYo with v = Z5(£1,£1,0,...,0).

[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stability (11 order condition)

A C R is a stable set for 7: dr = e?¥X) iff

[C. Rosales, A. Cariete, V. Bayle, F. Morgan, '08]
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stationarity

Stationarity and Stability stability

Stability (11 order condition)

A C R is a stable set for 7: d7 = ¥ iff A is stationary and

[C. Rosales, A. Cariete, V. Bayle, F. Morgan, '08]
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stationarity

Stationarity and Stability stability

Stability (11 order condition)

A C R is a stable set for 7: d7 = ¥ iff A is stationary and
for every function u € C5°(0A) such that [, u(x)f(x)dx =0

/ f<|DaAu|2 - K2u2> dd-1 +/ f u? <D21,Z)1/; V> dod—1 > 0,
0A 0A

where v is the outer unit normal to JA.

[C. Rosales, A. Cariete, V. Bayle, F. Morgan, '08]
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stationarity

Stationarity and Stability stability

Stability of half spaces

Let 7 on R: d7(t) = e¥()dt, with ¢» € C3(R), ¥ < 0 and 7 # 7.
For v e SN-1 Jet

H\f\ft:{XERN : <X,V><t}

Chiara Bianchini, Institut Elie Cartan, Nancy Isoperimetric Bounds for Product Probability Measures



stationarity

Stationarity and Stability stability

Stability of half spaces

Let 7 on R: d7(t) = e¥()dt, with ¢» € C3(R), ¥ < 0 and 7 # 7.
For v e SN-1 Jet

H\f\ft:{XERN : <X,V><t}

» If HY, is a coordinate half space and —”'(t) < Ar;
Then the half space HNt is stable for 7N

[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stability of half spaces

Let 7 on R: d7(t) = e¥()dt, with ¢» € C3(R), ¥ < 0 and 7 # 7.
For v e SN-1 Jet

H\f\ft:{XERN : <X,V><t}

» If HY, is a coordinate half space and —”'(t) < Ar;
Then the half space H\Q’t is stable for 7V.
Moreover:
> forv= % (£1,+1,0,...,0),
HJy is stable if and only if so is H_, for every N > 3.
[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stability of half spaces for the logistic measure

» VYN > 2 coordinate half spaces with |t| > 2log(2 4+ v/3);

> N =2, H, with v = %(il,il),

are stable for the logistic measure .

[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stability of half spaces for the logistic measure

» VYN > 2 coordinate half spaces with |t| > 2log(2 4+ v/3);

> N =2, H, with v = %(il,il),
are stable for the logistic measure .
» N>3v= %(j:l,j:l,o, .., 0) half spaces

HN, are not stable

[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stability of half spaces for the logistic measure

» VYN > 2 coordinate half spaces with |t| > 2log(2 4+ v/3);

> N =2, H, with v = %(il,il),

are stable for the logistic measure .
» N>3v= %(j:l,j:l,o, .., 0) half spaces

HN, are not stable

~~ {u?-stable half spaces} = {x = £y} U {some coordinate}.

[F. Barthe, CB, A. Colesanti]
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stationarity

Stationarity and Stability stability

Stability of half spaces for the logistic measure

» VYN > 2 coordinate half spaces with |t| > 2log(2 4+ v/3);

> N =2, H, with v = %(il,il),

are stable for the logistic measure .

» N>3v= %(j:l,j:l,o, .., 0) half spaces

HN, are not stable

~~ {u?-stable half spaces} = {x = £y} U {some coordinate}.
~~ {p/N-stable half spaces} C { coordinate half spaces }.

[F. Barthe, CB, A. Colesanti]
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Stationarity and Stability
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