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Co(D)

We study gp-version of these minimisation problems foxlp < %
(p < oo in dimension 2):

Jo IVu(x)[2dx

— inf b T
Co(D) = in {<I>p<u> a0l

u>0,ueCy°(D )}
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Cp(D)

We study gp-version of these minimisation problems foxlp < %
(p < oo in dimension 2):

_ o IVu(x)|2dx

Cp(D) = inf {<I>p(u) W

:u>0,ue08°(D)}

p = 1 «— torsional rigidity4/P(D)

p = 2 «—— principal frequency\(D)

What results for\(D) andP(D) extend toCp(D)?

What canCp(D) tell us about the common properties){D) andP(D)?

cf. recent arXiv posting by Q. Dai, R. He and H. Hu
Isoperimetric inequalities and sharp estimates for pasgblutions of
sublinear elliptic equations.
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Euler-Lagrange equation

The Euler-Lagrange equation for the functiodgl(u) = ||Vul|3/||ul|3 is

Ap+ APt =0, ¢lsp =0. | Lane-Emden Equation

Pohozaev [Doklady Math. 196%}ovesthat the minimiser ofo,, is a positive
solution of this boundary value problem.

Unique positive solution for ¥ p < 2 (see e.g. Dai, He & Hu).

This agrees with the pde for the torsion functign= 1)
Ap+2=0
and the pde for the first eigenfunction for the Laplacipr=(2)

Ad+ A\ = 0.
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p-torsional rigidity
Let ¢ be a unique positive solution df¢ + A $P~1 =0, ¢ € C3°(D). Then
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p-torsional rigidity

Let ¢ be a unique positive solution df¢ + A $P~1 =0, ¢ € C3°(D). Then

Cy(D) = A </|3¢p> (P—2)/p

p = 2: thenCz(D) = \(D) = eigenvalue.

Thep-torsional rigidityis defined to be

w2 ([ )"

p=1A=2:thenRy(D) = 2/ ¢ = torsional rigidity.
D

Rp(D)Cp(D) = 4
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Monotonicity

Theorem
If1 <p<qgthen

Vol (D)?/PCp(D) > Vol(D)%9Cq(D).

The inequality in this theoremis always strict.
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Isoperimetric inequality

Among all regions of given volume thall has theargesttorsional rigidity

(St. Venant's Principle, proved by Pélya in 1950md thesmallestDirichlet
eigenvalue Faber-Krahn Theorem 192Q’s

Let D* be a ball with the same volume Bs Then

Cl(D) = % > P(g*) = Cl(D*)

[C2(D) = A(D) > A(D*) = Co(D")

Theorem

Cp(D) = Cp(D7)
for p > 1, with equality if and only if D isa ball to start with.
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Convex regions

Inradius R(D) = supremum radius of all balls containedDn

@ Among all bounded domairis of given inradius, the bathaximizesC,.
2

@ Hersch proved\(D) > 4R7ZD) for fundamental frequency

o Sperb provediy < R(D)? for the maximum value of the torsion functior
@ extremal domain is a strip for both Hersch and Sperb.

@ Common generalisation: Leéta positive solution ofA¢ + A ¢pP~1 =0
onD, ¢ =00ndD. Letpm = max{¢(x) : x € D}. Then

2A
¢ < — R(D)?

PAS

Equality in the case of a strip / slab.
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Proof thatgy, P < constx R(D)?
We follow Section 6.2.2 of Sperb’s book. PaynBdunction

v(¥) = Vo) + %d»p(x),

assumes its maximum at the point wherassumes its maximum.
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Proof thatgy, P < constx R(D)?
We follow Section 6.2.2 of Sperb’s book. PaynBdunction

2A
V(x) = [Vo(X)* + ?cbp(X),
assumes its maximum at the point wherassumes its maximum.
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We follow Section 6.2.2 of Sperb’s book. PaynBdunction

2A
V(x) = [Vo(X)* + ?cbp(X),
assumes its maximum at the point wherassumes its maximum.

— VoW + %cbp(x) < %qﬁ&, XD

= [Vo(¥)| < \/%\Wﬁ — ¢P(x),

Let 5p(P) be the distance from the poiRtwhere¢ assumes its maximum to

the boundary oD and integrate along a line segment fréhthat terminates
at a point oroD closest taP. Then

R(D) > 6p(P) > p g2 P2
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Remarks

@ We envision these interpolation results as the first stegoirogramme to
use estimates of(D) and the continuity method to get estimate$0D)
(or vice versa).
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Remarks

@ We envision these interpolation results as the first stegoirogramme to
use estimates of(D) and the continuity method to get estimate$0D)
(or vice versa).

@ The PDEA¢ + A¢P~1is well-studied and is still the topic of much
current research.

@ One should not expect to attain the infimum of the functigyfor the
critical exponenp = % This blow-up phenomenon reflects the loss «
compactness in the Sobolev embedding.

@ Thanks for listening!
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