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Introduction

Let Q be an open smooth subset of R™%, m > 2.
We are interested in the existence of embedded constant mean
curvature hypersurfaces ¥ into Q with non empty boundary such
that

0xr C 09 (1)

and which
intersect 0 at a constant angle v € (0, 7). (2)

Such hypersurfaces are called Capillary hypersurfaces in .

[7}9)



Physical motivations
Capillary surfaces correspond to the physical problem of the
behavior of an incompressible liquid in a container 2 in the
absence of gravity.

e

They are critical points of an energy functional under two
constraints:

Crit  (P(E,Q) — cos(y) Area(Ag))
Eecd
[E[=v,

where € is the class of sets E C 2 such that OE divides Q in two
connected components with 00E C 92 and Ag C 01 the
boundary of one of these components.



Isoperimetric Problem

Let Q be an open subset of R™*1 the Isoperimetric Problem is
the minimum problem:

min  P(E,Q)
EcQ
[El=v

PR




Variational Consideration

Let {W;}; be a one parameter family of diffeomorphisms defined

on R™*1. Denote
v,

= B eo
If EcC, let X :=0ENNQ.

A variation is called admissible if
V,(intX) C int Q and V. (0X) C 02 for any t

and volume-preserving if

|[V(E)| = |E| for every t.



An admissible variation induces E; = W¢(E) C Q and Ag, C 09.
We consider the total energy:

E(t) .= P(E:, Q) — cos(vy) Area(Ag,). (3)

Definition
We say that a set E € € s critical (or stationary) for the total
energy:

E=E(0) =P(E,Q) — cos(v) Area(Ag). (4)

If £'(0) = 0 for any admissible volume-preserving variation.

If E is critical, we call the hypersurface ¥ := 0E N2 a Capillary
hypersurface.



First variation
The first variation of area and volume yields (X = 9E N Q):

dP(E:,Q

% o T /ZmHz<C, Nz>dA+7gz(g, N§z>d5:(5)

d Area(Ag,) _ b0

i, = e (6)
where

» Hs is the mean curvature of X,
» Ny is the unit outer normal vector-field along ¥,

> NZs(resp. N35t) is the unit normal vector-field along 9T in &
(resp. 0R) (see figure...).




Consequences

From the above, we deduce that

"0)=— [ n 2 Vds—cos(n 08 s =
£'(0) = /z Hs (¢, /Vz>dA+]iz<Ca N3z )d (7) ]{9:«’ Naz(>7c)/ 0

while

d |E:|

dt

- / (¢, Ng)dA = 0. (8)
>

t=0

» Choosing interior normal variations: { = wNy together with
volume preserving ( [ w dA = 0) implies that

Hs = Const. in X.
» Choosing boundary normal variations: { = ngg implies that

(NG, N3z — cos(y) NGy =0 on 0¥ C 0Q.  (9)



At the equilibrium

A hypersurface © C Q is Capillary if it has constant mean
curvature and intersect 02 with an angle ~ along its boundary in
the sense that

> <N8227 Ng)ﬁ = cos(y) or equivalently
> (Ng, Ng) = cos(7), where Ngq is the normal of Q.

» Conclusion
We conclude that the Euler-Lagrange equations reads:

Hs = Const. X
ox c 09 (10)
(N3, NSSYYy = cos(y) OF.



Even thought the direct method of the calculus of variation gives
existence of minimizers, the complete description of geometry,
topology of these surfaces is far from being complete. One can see
for instance

Ros-Vergasta or Ros-Souam where they give the geometric
structures of stable Capillary hypersurfaces

@ Ros A. and Souam R., On stability of capillary surfaces in a
ball, Pacific J. Math. 178 (1997) 345- 361.

[ Ros A. and Vergasta E., Satability for hypersurfaces of
constant mean curvature with free boundary, Geom. Dedicata
56 (1995), no. 1, 19-33.



Some Examples

» For any angle v € (0, 7), there is a Capillary spherical cap S7
with mean curvature H =1 in Rﬁ’jl + cos vE 1. We can
parameterize it by the inverse of the stereographic projection
©:R"— 5" by

271 2z" 1—\2]2
1+10z27 714 |z)2 1+ 22 )

o(z) = (

The restriction of @‘B(O parameterize the spherical

l—cos v

7 14-cos v

cap SJ.

> If @ = RT with 1 < k < m then the cylindrical cap rS? x R*
around R¥ is a Capillary hypersurface, where n := m — k with

constant mean curvature H = %



The Problem as a Geometric one

We can reformulate the question of finding critical point of £ to a
prescribed mean curvature free boundary problem:

for a given real number H and an angle ~, find a hypersurface
(with prescribed topology) satisfying the following conditions:

Hs = H inY,
(GMP) )3 C 01,
(N3, Ni&) = cosy on 0%,

A more general one is to prescribe a non-constant mean curvature
function H(p) and angle v(o).



One related PDE problem

A particular case when prescribing the topology of a disc is the
Free Boundary Plateau Problem for H-surfaces.

» Suppose X is parameterized by a map
u € C%(B;R3) N CY(B;R3) over the unit disc

B:={(x,y) eR?: x> +y*> < 1}.

The above (GMP) then is equivalent to the problem:

Au = 2Huy A uy in B, (mc equation)
|Ux|2 - |uy|2 =0=uc-u, inB, (conformality)
(11)

(free boundary)

(12)

9U(0) L Tyo)0Q Vo € 0B.



Invariance with the conformal group of the disc

One of the main features in the study of the variational problem
associated to the (FBPP), is the lack of compactness due to the
invariance under the action of the non-compact group of conformal
transformations of the unit disc: The Mobius Group

X —a
1-3ax’

0el-mm), a=(a,a)eB;.
(13)

G = {ggva(X) = e“9

One needs new tools for the study of this problem.



Results obtained on the study of (FBPP)

v

M.Struwe [13] proved existence of minimal (H=0) solutions
(not necessarily embedded).

v

M.Struwe [14] proved existence of solutions (not necessarily
embedded) for almost every H bounded.

v

W.Biirger and E. Kuwert [3] proved that inf-minimums are
always achieved and they are union of finitely many discs.

v

We have obtained a result somehow complementary to
Struwe's own: proving that there exits a family of solutions
concentrating at a non-degenerate minimal submanifold of 9Q
as H — oo. (When K = Q a point of 992, 3 uy converging to
Q € 012 provided Q is a stable critical point of the mean
curvature of 09Q).



When K = @ a point of 02 the result can be proved by adopting
a variational perturbation method, see [5]. The technique goes
back to Ambrosetti-Badiale [1] and successfully used by many
authors in a nearly context. Notably one can see the works of
Caldiroli-Musina [4] and Felli [7] in the following perturbed
H-Bubble problem

Au=2(Hy + cHi(u)) ux AN uy in R?,

/ Vul? < oo,



Second Variation

Let X be capillary hypersurface and denote by By its second
fundamental form. The Jacobi operator (or the linearized mean
curvature operator about X) is given by the second variation of the
total energy functional €.

For any volume-preserving admissible variation, we have

E"0) = _/z (wAsw + | Bs|?w?) dA—i—jIgz (wg—j;—quﬂ)ds, (14)

where ) = N% and w = (¢, Nx) and

1
7= Sn(y) Boa(Njs . Ngst) — cot(y) Box(n,n).  (15)



The Jacobi Operator

By Barbosa-Do Carmo [2], for any smooth w with [¢ wdA =0
there exits an admissible, volume-preserving variation with
variation vector field w N as a normal part.

The Jacobi operator about ¥ is defined for any w,w’ € H(X) by

(Lyw,w') = /): {VwVw — [ByPww'} dA — j{izqu'ds, (16)

where

1
9= Gy Bon(NGE Nig) — cot(y) Box(m.m)- - (A7)



The hemisphere S (v = %)

OSIE]

In Rfl = 2, the Jacobi operator of the Capillary spherical cap is

(Lsp w,w') = /

(Asgw + nw) W' do + 8—ww’ ds. (18)
s 0

sn On



The hemisphere S? (v =7)

In Rfl = 2, the Jacobi operator of the Capillary spherical cap is

(Lsp w,w') = /

(Asgw + nw) W' do + 8_ww, ds. (18)
s 9

sn On

Let © = (©,--- ,0",©"1) : B" — S" be a parametrization of
st
By spectral decomposition of Agn (with zero Neumann) we have
that

KerLs» = span {©%;...;0"}.



The Cylinder C, := rS7 x R*

In RT™ = Q, with 02 = R™ x {0} = R" x R¥ x {0}.

The Jacobi operator of the Capillary cylindrical cup
Cr:=rST x R¥ around K := RX:

r27”(}Lcr w,w) = —r2”/ (r2AKw + Agrw + nw) W' dody
STxK
]{ ow ,
+ —w' ds
soxk On

(19)



Concentration at points

> Letting p € 0X2, consider
Yo ={qeQ: d(q,p)=r} (20)

» Our goal is to perturb ip,, to a set satisfying our Geometric
problem.

» Notice, hopefully, that ip,, satisfies almost the E-L for the
Capillary problem with

rHip, = n+0(r) in>,,,
0Xp C 09, (21)

(N N2 ) = 0 on 95,



Perturbed hemisphere

As before let © = (©1,...,0",0™1): B, — S7 parametrizing ST
and © := (©1,...,0",0).

All surfaces nearby ipJ can be parameterized by a parametric
function w : ST — R:

T = opl2(r(1+w)8) — r(1+w)O" Nog(-)  (22)
in particular

0Xprw C OQ because @1 =0 ondS} (23)
and the initial hypersurface is

Zp,r - Zp,r,O- (24)



Expansions of the mean curvature

The expansions of the mean curvature H(p, r,w) of the
hypersurface ¥, , ., in terms of r and w yields

>
rH(p,r,w) = n+rU(©)+0O(r? (25)
— (Aspw mo) +r L) + Q) in Ty
where U(©) L KerLsn;

» The orthogonality condition is equivalent to

ow
N3z, Nog )=~ o +r? L(w) + Q(w) on 9T, ..

(26)



Adjusting the geodesic half-sphere ¥,

» Find @P such that

r HZP,r,rE)P = n + O(r2) in me,@p,
azp,r,r&;” - 697 (27)
<Nazzp,r,rwp’ Nggp,r,rwp> = O(r2) on aZp’r7r@P.

» This is equivalent to solve
Lsy [@P] = U(©). (28)

which is possible by Fredholm alternative theorem since
U(©) L KerLsn.
> Moreover
wP == U(©)do. (29)



Fixed point argument
We want to find &P and a vector T, € T,052 such that

rH(p, r, roP + @) = n in Xy, roetw;
o .
<N§Zp,r,r@ﬁ+a’ Ngzp,r,rap+@> = (T,9) on azpvhf@p"rﬁ"
(30)
» Denote by I the L? projection on
KerLgy = span{©%;...;©"}, we have that
Lsp : MIC>%(ST) — N+-¢%(S7h) (31)

is invertible.
> Identifying Ker Lsr with TS2, by a standard fixed point
theorem, one can find a unique

(&P, Tp,) € MHCHY(ST) x T,00 (32)

in a ball of radius Cr? solving (30).



The fixed point argument yields a hypersurface

T p.rroptapr = Lp,r Which is C> close to S7 and C1 close
to X, , we may assume that >, , is embedded into Q if r is
small.

Furthermore it satisfies

Hzp,r = % lIl sz;
82p,r C o0Q; (33)
<Nazzp,r7 Nggp7,> = <Tp,r7 é> on 82,”.

We define the constraint functional on 0 by
n
SD(P) :P(EP,I’,Q)i 7|E,r|a (34)

where E, , is the set bounded by >, , and 050.
Our Goal now is to show that ¢/(pg) = 0= T, , = 0.



Variational argument

If g := expgﬂ(tT), then for t sufficiently small the surface 0% , is
a graph over 0%, , for some smooth function wj, , v ; satisfying

C T — <8Wp7ra’r7t
P, T

ot t:O> Nggp,r on azp,r C 09. (35)

Suppose that p is a critical point of ¢ then the first variation of
area and volume yields

0 = dp(p)[T]

n
= /Z (H):p,r o 7) <<P,r,Ta NZp,r>dO- + f <Cp,r,'Y', Nazzp,f>ds

pur 9%pr

we conclude that

jf (Cpres NS, ) (T, ©)ds =0 VT € T,0Q. (36)
f) agp ’



From the expansion of the metric and normals of ¥, , we can
deduce
o0 X
[(Cp,rrs Nos, ) + (T, 0)| < cr||T]|. (37)

This implies that
f{ (7., B)(T,B)ds < cr|[ 7] f{ (T,,.0)ds.  (38)
O%p r O%Xp,r

Using the expansion of the metric of small perturbed geodesic balls
in 9Q we find that

1 .
S Area(S" )" | T2 < n }[ (T,8)2ds.  (39)
0% p r

And, finally setting T = T, , and using Holder inequality we obtain

f (T, ) 2ds < cr? f (Tor ®)2.  (40)
%, 8%y,

Consequently there must be T, , = 0 for r small.



The area and volume expansions of ¥, , yields

rP(Epr, ) = P(B"LRIT) 4+ r(n+2) | (Baa(p)©, )0

st
+ 0(r?);
1 1 r(n+3) S
1—n o n+1 n+1
B = g PE R T [ (Bn(r)6,6)
r

<BaQ(p)E,-,E,->/ 0" ldo + O(r?),

~n(n+2) s

where Byq is the second fundamental form of 9. Hence

1
n+1

1 2 i) antl
c,,—/51<n+2 (©)?2) 0" 1do, (42)

r="¢(p) = P(B™,RI) — carHaa(p) + O(r%)  (41)

with




Setting

) = 1 (r7pl) ~ S PELEEY) (@)
— —clHonlp) + O(r), (a4)

we have proved the following

Theorem
There exist ry > 0 and a smooth function f : (0,rg) x 0Q — R
such that for every r € (0, ro), if p is a critical point of f(r,-) then

>, can be perturbed to a smooth Capillary hypersurface >, ,
with contact angle v = 5. Furthermore

Hf(r, ) + C,% Haﬂucl <cr, (45)



A result similar to ours was first obtained by Ye [15] in the case
where Q is a compact manifold (without boundary) and partially
generalized by Pacard and Xu [12]. It turns out that critical points
of the scalar curvature of Q determine the location for existence of
CMC hypersurfaces.

As we observe here if Q2 has a boundary, the mean curvature of
0f) is more relevant.

We emphasize that this result generalizes also to any constant
contact angle v € (0, 7).



Concentrations at higher dimensional sets

If K is a k-dimensional smooth submanifold of 92, we let
n:= m — k. Consider the “half"-geodesic tube:

Yk,={qeQ: d(q,K)=r}. (46)

Notice that iKJ satisfies almost the E-L for the Capillary problem
with

I’HiKr = n+0O(r) n iKJ,
Tk, C 09, (47)
<NiK,’N39> = 0 on 8iK7r.

Our goal is to perturb iKJ to a set close to it and satisfying our
Geometric problem.



Perturbed tube

» All surfaces nearby K in 0 can be parameterized by a
parametric function: ® : K — NK%? in the following way:

K > p— expd®(®) (48)

» All surfaces nearby iKJ in € can be parameterized by two
parametric function:

w:KxS" R and ¢: K — NK (49)
in the following way:

S! xK>(0,p) — exng(r(l +w)0 + ) + (r(1 +w)O" ) Nyg
(50)
» We will call X(r,w,®) the image of this map. Note that in
particular

OX(r,w,®) c9Q  and  X(r,0,0) =%k,  (51)



Assume that K is a minimal submanifold of 92, then the mean
curvature of X(r,w,®) can be expanded as

rmH(r,w,®) = n+rU(®)+ O(r?)
— Lyw—r{J®,0)+ rLw+rJ($,0)+ 9(d,06,0)
+ P Lw,®) + QW) + r Qw, ®)
and

O

5yt L)+ Q@) on OF(rw, @), (52)

(N5, Npq) =

where
» U(©) L KerLsy
» L, = rPAxw + Asiw + nw
» (3(-),8) e KerLgy is the Jacobi operator of K while
J(®,6) L KerLgy is a linear map in ®.



Let us analyze the main operator appearing in the mean curvature
expansions:

for any w € MHL2(S7 x K)  (®,0) € NL2(S? x K), let
Lr(w,®) := r’Agw + Aspw + nw + (I, ©) (53)
so that the tube X(r,w, ) satisfies
rH(r,w,®) =
(Ng, No) =

is equivalent to solve a non-linear PDE in the form:

(54)

o 3s

L, (w, ®) + rL(w, ®) = rU(O) + O(r?) + Q(w, ®). (55)



The non-linear PDE we want to solve is:

T (w,®) == L (w, ®) + rL(w, ®) = rU(©) + O(r?) + Q(w, )
(56)
We want to do this by a fixed point argument in the following way:

» if T, is invertible we have a fixed point problem:

(w,®) = —(T,) " {rU(®) + O(r*) + Q(w, )} := Fr(w, ).
(57)
» Since (w, ®) are assumed to be small perturbations, we need
F, to be defined from a ball B(0,d(r)) into itself for some
d(r) »0asr—0.

So we have to estimate ||( T,) || which again has to be
controlled by the error rU(©) + O(r?).

» These two facts are what we are going to check now.



The spectrum of L, is the union of

1
{Nj=X i+ ﬁ(ﬂj —n)}

and the spectrum of J.

Here 0 < \; and 0 < pu; are respectively the eigenvalues of Ak and
Agp (with zero Neumann).

e K non-degenerate = 0 ¢ spectrum(J).

e A new difficulty arises since

A;o::)\;—r—,;:O when r= )%

Nevertheless when r ¢ {, /-, ,i > 1} formal estimates of

|L,||~ show that the error rU(©) + O(r?) is too large if we want
to apply a fixed point argument. Hence we need to improve it.



For that, letting / > 1 be an integer and setting
i i—1
Wi = Z I’dwd and (D,' = Z I’dq)d,
d d

» we have to solve

mrHw;,®) = n+0(r*) in  E(wj,®),
. (58)
(N5, Npg) = O(r'?) on 0% (wj, ®)).

» This is equivalent to the iterative scheme:

Lsrwg + (394,0) = rU(©)+ O(r*) + rl(wg—1, PyL(BP)

—rZAwd_1 + Q(wd—1, Py—1).

» We can achieve (58) if K is non-degenerate buy noticing that
(J®,0) is invertible and is acting on the Kernel of Lgy.



Now we estimate the distance from 0 to the spectrum of the
selfadjoint Jacobi operator about X (wj, ®;):

L, i(w, ®) = r’Aw + Lsrw + (3@, ©) + rLi(w, ). (60)

Following the idea of Malchiodi Montenegro [10], we want
quantitative estimates of the inverse of this operator. For that we
have to:

x Estimate the number of negative eigenvalues using the Weyl's
asymptotic formula:

B/ €N 1 A < A}~ ck AL, (61)

« Estimate the derivative of its small eigenvalues A(r): d)(‘j(rr) by

means of Kato's theorem.




We have
» The Morse Index (it is decreasing):

Ny :=IndL,; ~ crk (62)
» The small eigenvalues A(r) are strictly monotone:

82(:) _ %(2,7 ~ 0(1)). (63)

» Hence letting r; = 2~¢ the number of eigenvalues which cross
0, when r decreases from ry; to rpyq is

Ny, — Ny =~ cry® (64)

fe+1
» From this we deduce that the set
B, = {r S (rg+1, rg) . Kerl, = @} (65)
contains an interval I, with |/, > r£k+1. Moreover for any
r € Iy, we have

L g <er ™ VWi>1



The fixed point problem can now be solved yielding the following
result:

Theorem

Let Q be a smooth bounded domain of R™1 m > 2. Suppose
that K is a non-degenerate minimal submanifold of 0X). Then,
there exist a sequence ry \, 0 such that the "half” geodesic tube

Y, k may be perturbed to a Capillary hypersurface ¥, x with

contact angle v = % and mean curvature Hy _, = & if l is
e m

2
sufficiently large.



A result similar to ours was obtained by M-Mazzeo-Pacard [9] in
the case where §Q is a compact manifold (without boundary). We

have concentrations along non-degenerate minimal submanifold in
Q.

The minimality conditions is somehow necessary for the existence,
as shown by Mazzeo-Pacard [11].

We emphasize that this result generalizes also to any constant
contact angle v € (0, 7).
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