Real Analysis MAA 6616
Lecture 26
Bounded Linear Functionals on L
Weak Convergence



Bounded Linear Functionals

Let (X, ||-]|) be a normed space. A linear functional on X is a map
T:X — R suchthat T(of + Bg) = aT(f) + BT(g) forallf,g € Xand o, 8 € R.

Note that if 7 and S are two linear functional on X, and a, b € R, the aT + bS defined on X by
(aT 4 bS)(f) = aT(f) + bS(f) is again a linear functional on X. Thus the set of all linear
functionals on X is a linear space.

The linear functional 7 is said to be bounded if there exists M > 0 such that |T(f)| < M ||f||
for all f € X. Denote by X* the space of all bounded linear functionals on X. the space X* is
called the dual of X.
For linear functional T € X*, define ||T]|, by

ITIl, = inf {M : |Tf| < M ||| forallf € X.} = sup {|Tf| : £ € X with [[f]] < 1.}

Theorem (1)

(X*, |||l.) is a normed space. Moreover, if X is a Banach space, then so is X*.

Proof.

The verification that ||-|| . is a norm is left as an exercise. Next we very that X* is Banach when X is Banach. Let {7} } be a
Cauchy sequence in X*. Thus for any given € > 0, there exists N € N such that ||, — Ty, ||, < eforalln, m > N. Hence
for any given f € X, we have |T,,f — T,uf| < € ||f]|. This implies that {7,/ } is a Cauchy sequence in R. Therefore

Tof — T(f) for some T(f) € R. It follows from the linearity of 7, that T,, (of + Bg)) — aT(f) + BT(g) so that

T = lim,_s oo Ty is a linear operator on X. Next we need to verify that T is bounded and ||T — T,||, — 0.
Since the sequence {7}, } is Cauchy, then it is uniformly bounded (by M). It follows that for f € X, we have

1T < limy s o0 (|7 = Tuf| 4 [Taf|] < limp—s oo [|Tf — Tuf| + M |If|]] < M||f||. Hence T € X*. Finally, for
€ > Othereexists f € X with ||f|| < I,suchthat [|T — T,,||, < |If — Tf| + €. Since |If — T,f| — 0, then

17 = Tull. — 0. 0



Bounded Functional on L (E)

Let E C R" measurable. For 1 < p < oo, the dual space of LP(E) is the space
I[P(E)* ={T :I’(E) — R : T linear and bounded }
with norm
7L, = inf {M: (7] < M fl, forallf € 2(E).} = sup {|Tf] - f € L(E) with || < 1.}

Theorem (2)
Let 1 < p < oo. Then LP(E)* =2 L1(E), where q is the conjugate of p.

The theorem says that the dual of L (E) can be identified through an isometry with the space
L4(E) where 1/p + 1/q = 1. This is an important theorem in analysis whose proof will be
postponed until we develop the necessary tools of abstract measure theory and prove another
result: Radon-Nikodym Theorem. For now we take a closer look at bounded functionals on L”.

For a real number a define sgn(a) = 1 ifa > 0, sgn(a) = 0ifa = 0, and sgn(a) = —1 if
a<0.

Lemma (1)

Let 1 < g < oo and g € L1(E) with g # 0, then the function g* = HgH{l]*q sgn(g) |g|9 ™ is in
LP(E) withp~™' + ¢~ = 1 and llgll, = 1.

Proof.

Use the relation p(¢ — 1) = gto get
* 1—q p(g—1 1—q q—1
Hg Hﬁ = ||g\|f;< >/\g\ = = HE,’HZ( ) Hgﬂg( ) =1



Theorem (3)
Letl <p<ooandl <g<oowithp~ ' +q ' =1 Letg € L1(E). Consider the map
T:L’(E) — R given by
Tf = /fgdm.
ThenT € LP(E)* and ||T||, = |lgll,-

Proof.

The linearity of T follows from the linearity of the integral. The boundedness of T follows from Holder inequality:

111 = | fean] < [0 16l am < el 11, -
SoT € LP(E)* and ||T||,. < ||g|,. It remains to show that [|g[|, < [|T]].

For this, we first consider the case p = oo so that ¢ = 1. Letf = sgn(g) ([|f]|oc = D). Then
T(f) = /|g| dm = |g|l| |Ifll o - This means that |[g||, < ||T||, and the theorem is proved in this case.
E
When p < oco. Letf = g*, where g* is the function given in Lemma 1. Thenf € P (E) and Hpr = 1. We have
— * — 1=q 1,19 — 1—¢ q _
17| = \/Fg | = [y 16l” = el ™ el = Nl 171,
ThereforeHqu <|I7|l.. O

The next step is to show that if 7 € L (E)*, then there exists a unique element g € L7(E) such
that 7T is given by

Tf = /Efgdm forallf € LF(E).

This is known as the Riesz representation.



Recall that the Bolzano Weierstrass Theorem states if {x;} is a bounded sequence in R”, then it
has a convergent subsequence. This result does not extend to infinite dimensional Banach
spaces. In particular there exist bounded sequences in L? spaces that do not have convergent
subsequences.

Example
Consider the sequence {f, } defined in [0, 1] by

_ j J o n
fu(x) = (=1Y f0r27 <x< o withj =0,1,---,2" — 1

For 1 < p < oo, each function f;, is in L ([0, 1]) and moreover, ||f, ||, = 1 for all n (since |f, (x)| = 1 for all x. Therefore

I,

{fn} is a bounded sequence in L ([0, 1]).

Now consider two positive integers n > m. Writen = m + r with r > 0. Letj € {0, - - - , 2™ — 1}. The function f, is
j j+ 1 .

constant on the interval /; = [zj—m s 127> (fm = (—=1)). In the interval I, there are 2" intervals

[j+k Jk+1
'k = T omtr

. . e . _ i+k _
o omtr ) in each of which fy, 1, is constant fy;, 4 , = (—1)/Jr on Jj x. Therefore [f,,, —fm+r| =2

or—1
on the union of 2"~ such intervals with total measure
om—+tr

=27 (m+]). Since there are 2™ such intervals Ij, this means

1—1
that [fm —fm+,} = 2 on a union of intervals with total length 2~ . Consequently, 1/ —fm||p =2 7. This implies that
the sequence does not have any Cauchy subsequence in L” ([0, 1]).



Weak Convergence

Let (X, ||-||) be a normed space. A sequence {f, } C X is said to converge weakly to f in X if for
every T € X* the sequence {Tfn} C R converges to Tf (lim,—y oo Tfy = Tf). In this case we
write f, — fin X.
This mode of convergence is different from the strong convergence f;, — f in X which means
limysce [If — full = 0.
Note that
fo—finX] = [ —=f inX]

Indeed, suppose f, — f in X. Let T € X*, then

[T = Tf| = [T = DI < NITI, o =Sl — 0.

Therefore f, — f. The converse is not true.

Since for for a measurable set E and 1 < p < oo the dual space of L7 (E) is identified with
L%(E) where g is the conjugate of p (i.e. LP(E)* = L4(E) to be established), then we have

Proposition (1)
Let {f,} C LP(E). Then f, — f in L (E) if and only if for every g € L1(E) (where

p~ '+ 41 =1)we have
lim /gf,,dm:/gfdm
n—oo E E

Proposition (2)

A sequence {f,} C LP(E) can converges weakly to at most one limit f € L/ (E).



Proof.

Suppose that {f,} C L”(E) is such that f, — f' and f, — f2. we need to show f' = 2. Let

1—, —1
8= (fl _fz)* = ||f1 —fZH r sign(f1 —fz) lfl —f2|p (considered in Lemma 1). Then g € L?(E) and

P
||qu = 1, where g is the conjugate of p. We have

1 T _ 2
/ng dm—'xgr&/Egﬁ,dm—/ng dm .

As a consequence we have 0 = _/g(fl *fz)dm = /(fl *f2>*(f] *fz)dm = “f] 7f2” . Therefore f! = 2. [J

E E P

Theorem (4)
If{fu} C LP(E) converges weakly to f, then {f,} is bounded and ||f]|,, < lirginf (£l

Proof.

We start by proving the inequality. Let ¢ be the conjugate of p and f* € L be as in Lemma 1. Then ||f* ||q = landit
e
E

Il = [ fam = Jim_ [ fuam < imint 151, -

The boundedness of the sequence will be proved by contradiction. Suppose that { ||fy ||, }» is unbounded. In this case we are

follows from Holder’s inequality that

of {f,} that

<" Hq fill, = [lfull,,- It follows from this and the weak convergence

going to show that we can assume without loss of generality that |f, |, = n3" for all n. This will be achieved by replacing (if

necessary) the initially given sequence {f, } by subsequence. O



Proof.

CONTINUED: Since our assumption is {||fx ||, }» is unbounded, then there exists n; such that Hﬁ,l ) > 3. Let ny be the first
P

o i

ml, ny,

fork =1, ,j. Letn;y be the first integer > n; such that Hf"H'l H > G+ 1)3’+1. Hence we can assume (after
P

integer > ny such that >2- 32, By induction, suppose that we have nj < ny < - - - < n; such that

| > i3k
r

replacing {f; }, by its subsequence {/,l/. }j) that ||, Hp > n3" for all n.

Now letr, = % then ||ry ||, > 1 forall n. If {Ilrn Hp } is bounded, then we can find a subsequence {rn/. }; such that
n

Tn;

;|| converges to a limit cv > LIf{|[rull, }n is unbounded, then we can find a subsequence {r,lf }; that converges to co.
P /

In both cases we have a subsequence {rn/. }; such that

|| = a with @ € [1, co]. This means that we can assume that
p

converges to o € [I, oo].
P

n3n
n3"

al,

Next, let s, = fa- Then [y ||, = n3". Moreover, for any g € L(E) we have

n3" 1
/sngdmzi/fngdm — 7/fgdm
E fall, JE o JE

After this reduction, we are now in a situation where [|f, ||, = n3" and f, — f. Foreachnletf" € LI(E) be the function

Ly
Log -1y
ERRCEY

—1
/f]*fzdm >0and B = 3—2 if /f]*fzdm < 0. In general, suppose that 3y, - - -, B, are defined, we define 3,1 as
E E

This means s, — f/c.

defined in Lemma 1 so that an* Hq = 1. Define the sequence of real numbers { 3y } as follows: 3] =

1 n
— if £ fordm > 05
el /E ;ﬁﬂ; Jngrdm = 0;

B+
1 [ n
. -
e lf/E 2113}-;], fug1dm < 0.
=



Proof. »

CONTINUED: Note that since /f fudm = H/,,H = 13" and since 8, and/ Z ,Bj fudm have the same sign, then
Jj=l1
n—1

‘ A ‘ L\ 8|t + [t ] = - Ll =

j=1 j=1

n
Consider the sequence in LY (E) given by g, = Z B,Lf]* ‘We have ‘

*|| = 37/, Hence forn = m + k > m, we have
q

1 1
llgn — gmll, = Zﬁm+Jm+, < Z [Bntitmss], = W, <%

q
This means that the sequence {g, } is a Cauchy sequence in lhe Banach space L9 (E). Hence
o0

n
o= B — g=2_Bf €L/B)

j=1 j=1
Next, we use the triangle inequality, Holder inequality, together with [|f;, || = n3" to obtain

'/ngndm‘ = /L iﬁ,-fj* Fudm| > /L E;lﬁff,'-* udm f/b_ i Bif" | fudm

j=n+1
> S L) L)
>n— = | Wl =n— — = | 3
imnt1 Y yH\i=3
n
27
2

This implies that E}m /gfndm # /gfdm and this contradicts f, — f. Conclusion the sequence {f;, } is bounded in
e JE E
P (E) O



