Real Analysis MAA 6616
Lecture 28
Weak Sequential Compactness



Examples of the previous lecture show that there exist bounded sequences in L7 that fail to have
any strongly convergent subsequence in L”. However, we will see in this lecture that the
situation is different for weak convergence. First we need the following theorem.

Theorem (1)

Let (X, ||||) be a separable normed spaces and let {T, }» be a bounded sequence in the dual
space X*: That is, there exists M > 0 such that |T,f| < M ||f|| for allf € X and n € N. Then
there is a subsequence {Ty;}; of {Tu}n that convergesto T € X*: lim T, f = TIf for all f € X.

Proof.

Since X is separable, it has a dense countable subset {f;, },. Since |T,,f1| < M ||f1]| for all n, then the sequence of real
numbers {7,/; } has convergent subsequence: There is an increasing sequence of integers 11 ; and v} € R such that

/E)[go Ty i = e

Repeat this argument with {Tu] j}f replacing {7 }, and f; replacing f1. We obtain then an increasing subsequence 45 ; of

py,jand ap € Rsuch that lim 7, jfi = «; fori = 1, 2. Continue this process inductively to obtain an increasing
b j— oo v
sequence pu, j of Hr—1,j and a real number o, € R such lhaljli:go Tur,jfk =oyfork=1,---,r.

Now form € N, let o) = pum,m. Consider the subsequence {7s,, };m C {Tn}n. Forany k € N, we have
lim Tg,fy = oy. Next we prove that {7, f}n is Cauchy (in R) for every f € X. Letf € X and € > 0. Since {fj } is

m—» o0
€
dense in X, let fj, such that ||f — fi|| < w The sequence {7, fk }m is Cauchy and so there exists N such that for every
€
n,m > N we have |Tamfk — Trr,,fk‘ < —. We have

|Tonf = Toufl < |Tonf = Toufi| + [Toufe = Touhi| + |Tonfk = Touf|
<M = fill + 3 +MIf —fill < e



Theorem (2)

Let E C R" be measurable and 1 < p < oo. Then every bounded sequence in LP (E) has a
subsequence that converges weakly in L7 (E).

Proof.

Let {fy },,2 C LP(E) be a bounded sequence. Hence there is M > 0 such that ||f;, I, < M forall n. Let g be the conjugate
of p(p~!' 4 ¢~ = 1). For every n consider the functional 7, € LY(E)* 22 I” (E) be defined by

Ta(g) = /_/,,gdx forall g € LY(E).
Then |T,g| < |fu “p Hqu <M Hqu Hence the sequence {7}, },, is bounded in L?(E)™. Theorem I implies there is a
subsequence {T,,. }jandT € L9(E)™ such that . 1im T,,,g = Tgforall g € LY(E). The Riesz Representation Theorem
implies that there exists a unique f € L” (E) such that Tg = /fgdx forall g € LY(E). This means

]|m /j,, gdx = /jgdx forall g € LI(E).
This is equivalent tofn]. — finl? (E) O

Remark (1)

The above theorem does not extend to the case p = 1 as the following example shows.
0, 1/n]" This sequence is bounded in L' [0, 1] since

1
[fully = / nx[o \n = 1. Now we show by contradiction that {f;, } has no subsequence that converges weakly in
0

InL'[0, 1] consider the sequence {f, }, given by f, = nx

L'[0, 1]. Suppose that {fn }; converges weakly to f € L'[0, 1]. Then for0 < ¢ < d < 1, we would have

/fxcd]dX—‘hm //nx[cd

Since ¢, d are arbitrary in (0, 1], then f = O a.e. in [0, 1]. This implies

0= dx*llm f.dx =1
= [

A contradiction.



Let (X, ||-]|) be a normed space. A subset K C X is said to be weakly sequentially compact if
every sequence {f, }» C K has a subsequence that converges weakly to an element in K.

Theorem (3)

Let E C R" be measurable and 1 < p < co. Then the closed unit ball in L? (E) is weakly
sequentially compact. The closed unit ball in LP (E) is the set

B(E) = {f € (E) : |, < 1.

Proof.

Let {f, }» C BP(E). Then ||f, I, < 1 foralln, and it follows from Theorem 2 that there exists f € [P (E) and a
subsequence {fnj }j such lhalfnf — f. It remains to very thatf € BP (E). This follows from

Wl < timint |15,

<1
p



Banach-Saks Theorem

Theorem (4)

Let E C R" be measurable and 1 < p < oo. Suppose that {fy }n C LP(E) converges weakly to
f € LP(E). Then there exists a subsequence {f,,j }j such that its sequence of arithmetic means

converges strongly to f. That is if

= F ey e A oy then g — f in LP(E)

Proof.

Case p = 2. We can assume f = 0 (after replacing f;, by f, — f). The weak converhgence of {f, } implies that the sequence is
bounded. Let M > 0 be such that ||f;, H% < M forall n.

Letn; = 1. Since f, — 0in L? andfy, € LZ(E) = LZ(E)*, then there exists np > nj such that

Amma<%

Suppose that we have n < ny < - - < ny and functions f , - - - ’ﬁ’k such that /(f,ll yree ,f,,/.)zdx < (2 4+ M)j for
E
i=1, , k. Then since f;, — 0inL? zmdf,,l .. +j;,k er? (E), then there exists .1 > ny such that
/(fn1 .- +f"k>f"k+1dx < 1. It follows that
. 2 " . 2 . Ny "2
/ml ) =Am,k~+m>a+2/m,&~+hmew+A@Hw

E
SQ+Mik+24+M=02+M)(k+1)
Let {gm }m be the arithmetic mean of the constructed subsequence {fnj };- Then

Pt w0\, 24 M
lewlly = [ (P ) < 2EE 0
E m m



Aset C C X is said to be convex if for every f,g € Cand X € [0, 1], \f + (1 — X\)g € C. The
set C is said to be closed if for every sequence {f,}» C C such thatf, — fin X, thenf € C.

A mapping T : C C X — Ris said to be continuous on C if for every sequence {f;}» C C
such that f;, — f € C, we have Tf, — If € R. Note that when T is linear, the continuity of 7 is
equivalent to 7 bounded.

When C is convex, the operator 7 is said to be convex if for every f, g € Cand X € [0, 1] we
have T(Af 4+ (1 — N)g) < ATf + (1 — \)Tg.

Examples

1. LetE C R" be measurable, | < p < oo, and g € L (E) with g nonnegative. The set
C = {f measurable on E : |f| < ga.e.} isaclosed and convex subset of L (E). Indeed, C C L (E) follows from
Ifl <g = Ifll, < llgll, Forf,h € Cand X € [0, 1] we have

IN 4 (1= X < AIf| + (1= X)|h| < g If{f,} C Cissuchthatf, — f € L”(E), then there exists a
subsequence {fy, } such thatf,, — f pointwise a.e. Moreover ‘f"k‘ < gforall kimplies |f| < gandsof € C.
2. LetE C R" be measurable and 1 < p < oco. The ball B{f € L’ (E) : Hpr < 1} is closed and convex in LP (E).

That B is closed follows rom the triangle inequality. Indeed if {f; }, C C converges tof € L”(E). Then
i = £1l, — Oand

WAl < Whll, + W = £ll, < 1+ I = £Il, = I/Il, <1

3. LetE C R" be measurable with finite measure, 1 < p < 0o, and let ¢ : R — R be continuous, convex, and such
that there exista, b > 0 such that |p(¢)| < a + b|t|P forallt € R.

Consider the operator T : L/ (E) — R givenby T(f) = /d) o f dx. Then T is continuous and convex (the
E

continuity will be shown later). The convexity follows from that of ¢



Lemma (1)

Let ECR", 1 < p < oo, and C C LP(E) be closed, bounded, and convex. Let T : C — R be
continuous and convex. If {fu}n C Candfy — fin P, thenf € C and T(f) < liﬂinfT(fn).
n o0

Proof.

It follows from Banach-Saks Theorem that there exists a subsequence {f,,j }; such that the sequence {p.(f,,/. )} of arithmetic
means converges to f in L”. Since {H(ﬁx}» )}j C Cand C closed, thenf € C.
Let o = liminf T(f;, ). There exists a subsequence {fy, }s suchthat « = lim 7(f;, ). We can assume that the arithmetic
n— oo k k— oo k
mean of {f”k }x converges to f in LP. Note that if a sequence of real numbers x;, converges to /, then its sequence of arithmetic
means 1 (x,) also converges to L. It follows from the continuity of T and its convexity T'(u(g;)) < p(T(g;)) that
TG) = dim T(a(y)) < Nim_ pT(h) = Jim T(h,) = o = liminf ()

Theorem (5)

Let ECR", 1 < p < oo, and C C IP(E) be closed, bounded, and convex. Let T : C — R be
continuous and convex. Then T attains a minimum value in C. That is there exists fy € C such
that

T(fo) < T(f) forallf e C.



Proof.

First we prove that 7(C) is bounded below (i.e. there exists A € R such that T(f) > A forall f € C). By contradiction, if
T(C) were not bounded below, then there would be a sequence {f, } C C such that 7(f,) — —oo. Since C C L (E) is
bounded, then so is the sequence. We can therefore (by taking a a subsequence if necessary) assume that f, — f in I”. Lemma

1 implies thatf € Cand T(f) < liﬂinfT(f”) = —o0. A contradiction and so 7'(C) is bounded below.
n— oo
Letm = inf{T(f) : f € C}. There exists a sequence {f, }, C C such that T(f,,) — c¢. We can assume thatf,, — f; in L”.
Lemma I implies that f € Cand T(fy) < liﬂinf T(fy) = m. Therefore T(fy) = m. O
n— o0

Corollary (1)

Let E C R" withm(E) < 0o, 1 < p < 00, and let ¢ : R — R be continuous, convex, and
such that there exist a, b > 0 such that

|[¢()| < a+ bt|P forall t € R.
Then there exists fo € L (E) with ||fol|,, < 1 such that

[oontx=minf [ soar: gerr®), Irl, <13
E E



