Real Analysis MAA 6616
Lecture 8
Measurability in R"



R? and its topology

R? denotes the p-dimensional Euclidean space

R ={x=(x1,---,%): x; €R, j=1,--- ,p}. The norm in R” is |x| =

P
2
ij. The
j=1

distance between points x, y € RP is [y — x|. The open ball with center x and radius r is

B/ (x)={y€eR": |y—x| <r}.IfI}, --- L,areintervalsin R, then I = I; X --- X I, is
called an interval in R".

A'set U C RP is said to be open if for every x € U there exists 7 > 0 such that the open ball
B, (x) is contained in U (B,(x) C U). A set F C R” is closed if its complement F© = RP\F is
open. A set C € R? is said to compact if every open cover of C has a finite subcover. We have
the following properties:

» The union of any collection of open sets in R” is open and the union of a finite collection
of closed sets in R is closed.

> The intersection of a finite collection of open sets in R” is open and the intersection of
any collection of closed sets in R” is closed.

»> A nonempty open set U C R can be written as a disjoint union of a countable collection
of partly open intervals. A partly open interval in R” is a set of the form
lai, b1) X -+ X [ap, bp) where [a;, b;) is a semi closed interval in R.

» Heine-Borel Theorem: A set E C R? is compact if and only E is closed and bounded.

» Nested-Set Theorem: Let {F ,,},, is a countable collection of closed and bounded sets
such that F,y| C F, € RP. Then (2, Fu # 0.



Sequences and Functions in R”

A sequence {x, }, C RP converges to a limit x € R? if for every € > 0 there exists N € N such
that x, € Be(x) (i.e. |x, — x| < €) forevery n > N. A sequence {x,}» C R? is said to be
Cauchy if for every € > 0, there exists N € N such that |x, — x| < € for every n, m > N.
» Bolzano-Weierstrass Theorem: A bounded sequence in R” has a convergent
subsequence.

» Cauchy criterion: A sequence {x,}, C R” is convergent if and only if it is Cauchy.

> Aset E C R is compact if and only if every sequence {x,} C E has a convergent
subsequence in E.

A functionf : E C R? — R s continuous if for every open set U C R, there exists an open
set V. C R? such that f~1(U) = E N V. This is equivalent to following: For every x € E, for
every € > 0 there exists 6 > 0 such that for every y € Bs(x) N E we have |f(y) — f(x)| < e.
The function f is uniformly continuous on E if for every € > 0 there exists § > 0 such that for
every x,y € Esuch that |y — x| < §, we have [f(y) — f(x)] < e.

» f:E CRP — Ris continuous if and only if for every sequence {x,}, C E that
converges to a point x € E we have lim f(x,) = f(x).
n— oo

> Let C C R” be acompactsetandf : C — R be a continuous function. Then f is
bounded and uniformly continuous



Lebesgue measure in R”

Let] = qu':] [aj b;] be an interval in R”. The volume of I is v(I) = H_f:l (bj —a;). Let EC R

o0 o0
be any set. Define the outer measure of E as m* (E) = inf Z v(l) : EC U I; ». The
j=1 j=1
outer measure is invariant under translation and is countably subadditive:

m* (UEn) < 3, m* (Ey).

A set E C R? is Lebesgue measurable or simply measurable if for every S C R?, we have
m* (S) =m* (SNE)+m" (SNE°) .

As in the case of R, the Lebesgue measure in R” satisfies the following: () and R? are
measurable; E is measurable if and only if E€ is measurable; if E is measurable and T C R? is
disjoint from E , then m* (EUT) = m* (E) + m* (T); E is measurable if and only if for every
set S C R?, m* (S) > m™ (SN E) + m* (SN E°); Any set E with outer measure 0

(m* (E) = 0) is measurable; a countable union of measurable sets is measurable; Let

Ey,--- ,E, be measurable sets that are mutually disjoint and let S C R” be any set. Then

n n
m* [ SN UEJ :zn:m*(SﬁEj) and m* UEj :zn:m*(EJ)
j=1 j=1 =1

j=1

o0
Let{E;} -2 be a countable collection of measurable sets. Then £ = U Ej is measurable.
j=1



Properties of Measurable Sets

Let A C R”. The following properties are equivalent

>
>

A is measurable;
For every ¢ > 0, there exists an open set U, with A C U such that m* (U\A) < €
(Approximation by open sets);

There exists a G set G, with A C G such that m* (G\A) = 0 (Approximation by G5
sets);

For every € > 0, there exists a closed set V, with V C A such that m* (A\V) < €
(Approximation by closed sets);

There exists an Fs set F, with F C A such that m* (A\F) = 0 (Approximation by F,
sets);



o-Algebra of Measurable Sets in R”

Let M be the o-algebra of measurable sets in R?. The Lebesgue measure or simply measure of
aset E € M is defined as m(E) = m* (E).
> If I C R is aninterval m(I) = v(I).

» The Lebesgue measure m is translation invariant: For every E € M and s € R,
m(E + s) = m(E).

» The Lebesgue measure m is countably additive: If {E; j":" | C M is disjoint, then

m (U ) = 552, m(E).



