FOURIER SERIES PART III:
APPLICATIONS

We extend the construction of Fourier series to functions with arbitrary periods,
then we associate to functions defined on an interval [0, L] Fourier sine and Fourier
cosine series and then apply these results to solve BVPs.

1. FOURIER SERIES WITH ARBITRARY PERIODS

Let f: R — R be a piecewise continuous function with period 2p (p > 0). We
would like to represent f by a trigonometric series. We can repeat what we did in
the previous note, when we had p = 7, and reach the sought representation. There
is however a simple way of obtaining the same series by introducing the function

s =1 (%) (= r0=9(T)) .

Note that since f € C’S (R), then g € C’g (R) and that since f is 2p-periodic, then
B p(s+2m)\ ps _ (DS _
9(8+27r)—f(7r —f(ﬂ+2p)—f(ﬂ)—g(8)~

That is, g is 2m-periodic. We can therefore associate a Fourier series to g:

o0
g(s) ~ % + Zancosns + b, sinns .
n=1

In terms of the function f, we have the association

oo
f@) ~ 23 ancos T 4 by sin
2 n=1 p p
The coefficients are given by

w=1 [ g(s)ds:i/ﬂf(]f)dSZ;/j;f(x)daﬁ

—T —T

ap = %/ﬂg(s) cosnsds = %/jf (%) cos(ns)ds = ;/2(56) cos (T”;U) dx

—T T

b, = %/ﬂg(s) sinnsds = 1 /ﬂf (ZE> sin(ns)ds = ]1) i{(x) sin <n7pjx> e

™ ™

—T —T

The fundamental convergence theorem (Fourier theorem) states

Theorem. Let f be a 2p-periodic and piecewise smooth function on R. Then

f@) + fa) _a

fav(x) = B) B

o0
nmwx nwx
+ Zancos— + b, sin —
1 p p
where the coefficients are given by

1 D
aozp/pf(x)dx,
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and forn € ZT,
1 [P 1 [P
an:f/ f(x) cos (mm:) dx , bn:f/ f(z)sin (m) dx .
pJ_, p pJ, p

Again if f is continuous at xg, then f(z¢) is equal to its Fourier series:

nmwIg
p

nmwIQ

+ by, sin

ap >
f(xo) = 5+ ;an cos

We also have uniform convergence with the additional condition that f is continuous
on R. More precisely,

Theorem. Let f be a 2p-periodic and piecewise smooth function on R. Suppose
that f is continuous in R, then

f(m):%-k;ancos%—l—bnsin% Vr e R

and the convergence is uniform.

Analogous results hold for termwise differentiation of Fourier series and termwise
integration.

Example. Consider the function f(x) that is 2p-periodic and is given on the
interval [—p, p| by

—2H
TLH if0<z<p/2;
_) 2
@) =9 222 g it —p2<a<o;
p
0 ifp/2<|z|<p

where H is a positive constant.

FIGURE 1. Graph of function of example

The function f is continuous on R and is piecewise smooth. It is also an even
function (hence its b,, Fourier coefficients are all zero). The Fourier coefficients of

f are
2 [P 2H [P? [ -2 H
o= [ oo =28 [ (2o
pJo ? Jo D 2
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and for n =1, 2, 3, --- we have
_2H [P
/f cos—d / <+1> 0s % gz
p
) p/2
[( m)pmﬂ T N LLCP
p p nm D 1y pnm Jo p

4 (1 mr)
= ——(1—cos—
m2n?2 2

Since the function f is continuous and piecewise smooth, we have

H 4H 31— 2
flz)==+— cos(n/2) cos L Ve R
4 72 — n?2 p

Furthermore, the convergence is uniform.

We can apply termwise differentiation to obtain the Fourier series of the deriv-
ative f' (where f'(z) = —2H/p for 0 < x < p/2, f'(x) = 2H/p for —p/2 <z <0
and f'(x) =0 for p/2 < |x| < p). We have

Fl(z) ~ _ﬂzlfcosw/z) o

sin
us n
J 2 p

2. PARSEVAL’S IDENTITY

Parseval’s identity is a sort of a generalized pythagorean theorem in the space of
functions.

Theorem. (Parseval’s Identity) Let f be 2p-periodic and piecewise continuous
with Fourier series

nwx
+ a cos—er ,sin —— .
Z . .

Then
2 e D
ag 12 2 oy 1 2

Proof. We will prove the identity when f is continuous and piecewise smooth.
In this case the Fourier series (equals f),is uniformly convergent, and termwise
integration is allowed. We have

f(x)? = <a20 + ZanCOanp%x +bnSiHT> f(x)

nl

+Zanf cos—+b flx )sinnpg.

We integrate from —p to p and d1v1de by 2p. The term by term integration gives

1 a,ol

P
DA f( )2d :?% _pf(x)dw+

- 2p ) p

= 1 [P nwT 1 [P nw
+ Gp— flz cos—dx—l—bn—/ f(z)sin —dzx
Sy [ foreost] (@)sin

2
_ 4p

1 = 2 2
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The Parseval’s identity is used to approximate the average error when replacing
a given function f by its N-th Fourier partial sum Sy f. Recall that

N
Snf(z) = —O—i—Zancos@—i—bnsin@.
p p
n=1

2

The mean square error, when replacing f by Sy f, is defined as the number Ey
given by

1 P
B = [ (@)= Sxf@) da
-p
If we use Parseval’s identity to the function f — Sy f, we find that
B= Y @)
n=N+1

Example. Consider the 27-periodic function defined over [—7, 7] by f(z) =1
for 0 <z < mand f(r) = —1 for —m < = < 0. The fourier series of f is

(2 Dz
= Z Sm2 J _:_1 . We would like to find N so that the approximation
(25

4 sin(2j + 1)z
fla) ~ 772j+zlgN 2j+1)

guarantees that the mean square error is no more than 0.01. That is Ex < 1072.
From the above discussion, we have

16 1
T i>(N—1)/2 (2 +1)

We can estimate the last series by using the integral test (see figure). We have

y=1/(2x+1)?

FIGURE 2. Comparison of integral and sum

> e dx 1
N < — .
;:4 (25 +1)2 ~ /Mfl (2c+1)2 ~ 2(2M —1)
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Hence, it follows from the above calculations that
16
E% < —.
N=rN

Therefore, in order to have Ex < 0.01, it is enough to take N so that N > 1600/72.
That is N = 163.

Parseval’s identity can also be used to evaluate series.

Example. We have seen that

0 cos(2j + 1)z
|x|—§—72 @)+ 12 Ve e [-m, .

Parseval’s identity gives

8 — 1 L (™ 2
L 42 - = dr = —
4+7T2;0(2j+1)4 or | JHldr =3

From this we get

31 5171 gl T g6

3. EVEN AND ODD PERIODIC EXTENSIONS

We would like to represent a function f given only on a an interval [0, L] by
a trigonometric series. For this we extend f to the interval [—L, L] as either an
even function or as an odd function then extend it to R as a periodic function with
period 2L. The Fourier series of this extension gives the sought representation of
f. The even extension gives the Fourier cosine series of f and the odd extension
gives the Fourier sine series of f.

More precisely, let f be a piecewise smooth function on the interval [0, L]. Let
Sfeven and foqq be, respectively, the even and the odd odd extensions of f to the
interval [-L, L]. Now we extend feyen to R as a 2L-periodic function Feye, and

graph of fDdd

graph of f graphof f_
-L
L
\ \
0 L L 0 L

we extend f,qq to R as a 2L-periodic function F,z45. Note
() = Feven(z) = Foaa() Vx € [0, L] .

The Fourier series of Fiye, and F,qq are

Feven (CL’) + Z Qg COS % and Fodd Z 1 ?
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Even periodic extension F
even

Odd periodic extension Fodd

AN
VAV

The Fourier coefficients are

2 [t 2 [*
ap = ZA Feven(x)cosde:Lé f(l')COS%dl' n=0,1, 2, ---

2 [* 2
by, Z/o Fodd(m)sin?dm: Z/o f(x)sin%dm n=1,2, 3, ---

This together with Fourier’s Theorem give the following representations.

Theorem Let f be a piecewise smooth function on the interval [0, L]. Then f has
the following Fourier cosine series representation: Va € (0, L)

0 ) L
fau(z) = % +;an cos ?, where a,, = Z/o f(z)cos ?dm .

In particular at each point x where f is continuous we have

nmwx

flz) = 5—1—;&”(305?.

Theorem Let f be a piecewise smooth function on the interval [0, L]. Then f has
the following Fourier sine series representation: Vx € (0, L)

fav(x) = nz::lbn sin ?, where b, = Z/o f(x)sin ?dm .

In particular at each point x where f is continuous we have

Example 1. Let f(z) = z on the interval [0, 1]. The 2-periodic even extension
of f is the triangular wave function and the 2-periodic odd extension of f is the
sawtooth function
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Even periodic extension of x

Odd periodic extension of x

/ /
/ /

If we use the even extension we get the Fourier cosine representation of x with

coefficients
9 1
ag = — / xzdr =1
L Jo

2((-1)" -1)
n2m2

and for n > 1,

1
2
a, = 1 rcosnmrdr =
0

Since ag; = 0 and agjy1 = — we get the Fourier cosine representation

w2 (2) + 1)
x over [0, 1] as
1 4 i 2g+1 mc]
2 72 = (27 4+ 1)

If we use the odd extension we get the Fourier sine representation of x with

coefficients

2

1 n+1
2(—-1
by, = f/ rsinnrrdr = (7)
L Jo

nm

The Fourier sine representation of = over the interval [0,1) is

i (—1)"*+ sin(nrax) .

n

xr =

3w

n=1

Example 2. Find the Fourier cosine series of f(z) = sinx over the interval [0, =].

We have
2 (7 4
ag :7/ sinxzdr = — ;
™ Jo ™
2 T 1 s
ap = f/ sin x cos zdx = f/ sin(2x)dz =0 .
T Jo T Jo

To find a,, with n > 2, we use the identity

2sinz cos(nx) = sin(n + 1)z — sin(n — 1)z
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2 (7 1 [
an, = — [ sinzcos(nz)dr=— / (sin(n + 1)z — sin(n — 1)z) dz
nJo ™ Jo
_ 1 fcos(n—1)z cos(n+1)x T
T n—1 n+1 0
_ 2= -

w(n? —1)
We get the Fourier cosine of sinz on [0, 7] as
_ 2+2§:(f1)n*1f ( _2 4i 2]:v
sinx = = + = cos(nz) = = — —
L e S v 7r_:

4. HEAT CONDUCTION IN A ROD

Now we are in a position to solve BVPs with more general nonhomogeneous
terms than the ones considered in Note 4. Consider the following BVP for the
temperature function u(z,t) in a rod of length L with initial temperature f(x) and
with ends kept at temperature 0.

Up = Klgy O<z<L, t>0
u(0,t) =0, u(L,t) =0 t>0
u(z,0) = f(x) 0<z<L

We can apply the method of separation of variables.
The homogeneous part of the BVP is

U = ktgy, w(0,8) =0, u(L,t) =0

We have seen that solutions u(x,t) = X (z)T'(t) (with separated variables) of the
homogeneous part leads to the ODE problems

{ X"(z) + AX(z) =0

X(0) = X(L) =0 T'(t) + kAT(t) = 0.

The eigenvalues and eigenfunctions of the X-problem (Sturm-Liouville problem)
are

n
A =12, X,(z) =sin(v,z), where v, = %, n ezt
For each n € ZT, the corresponding T-problem has a solution
T (t) = e kvat
and a solution of the homogeneous part with separated variables is u,(z,t) =
T, (t)X,,(x). The principle of superposition implies that any linear combination of
these solutions is again a solution of the homogeneous part. Thus,

t) = i ChTn(t) X, Z Cpe *ntsin(v,x)
n=1

solves formally the homogeneous part of the BVP. At the points (x,t) where the se-
ries converges and term by term differentiation (once in ¢ and twice in z) is allowed,
the function u(x,t) defined by the series is a true solution of the homogeneous part.
This will be addressed shortly.
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For now let us find the constants C), so that the formal solution solves also the
nonhomogeneous condition u(z,0) = f(z). That is, we would like the constants C),
so that

u(z,0) = Z Cpe k0 sin(vpz) = f(x) .
n=1

Thus, after replacing v, by nw/L, we get

= nrx
flz) = ; Cp, sin <

This is the Fourier sine representation of the function f. Therefore the coefficients
are given by

2 L
anz/o f(x)sin?dm, nezZt.

Now we turn our attention to the series and verify that it indeed converges to
a twice differentiable function u on 0 < x < L and ¢t > 0 if f is piecewise smooth.
For this we will use the Weierstrass M-test to prove uniform convergence. First, let
M > 0 be an upper bound of f (i.e. |f(x)| < M for every z € [0, L]). We have

2 L
0

It follows that for a given ¢ty > 0, we have
Cpekvat sin(ynx)‘ < 2Me kvato , Yt > tg, Vze |0, L]

Since the numerical series ), 2M e~k¥nto converges (use ratio or root tests), then it
follows from the Weierstrass M-test that the series > Cpehvit sin(v,z) converges
uniformly on the set ¢t > ¢y, 0 < x < L. It follows at once that u is a continuous
function. We can repeat the argument for the series giving u; and the series giving
Ugz,. That is, the Weierstrass M-test shows that the series

oo oo
up = Z(fkyg)Cne*k”it sin(vpz), and Uy, = Z(fyi)Cne*k”it sin(v,x)
n=1 n=1

converge uniformly on ¢t > to, z € [0, L]. We also have u; = kuy,. Consequently
the function u(zx,t) given by the above series satisfies the complete BVP.

Example. Consider the BVP

Ut = Ugy O<zx<m t>0
u(0,t) =0, u(m,t)=0 t>0
u(z,0) = 100 O<z<mw
We have
2 (7 200(1 — (—1)™
Cn:f/ 1OOsin(nx)dx:M
T Jo ™

The solution of the BVP is therefore

200 o 1 — (=1)"
u(z,t) = % Z %e*”% sin(nzx)
n=1
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Temperature function u(x,t) at various times
120 T T T T

t=0.01
100 T

u-axis (Temperature)
@ ®
3 8

T

IS
S

35

or equivalently
sin(2j + 1)z

u(z,t) = 47 ZeXP [7((2.7 + 1)2t] 2j+1

5. WAVE PROPAGATION IN A STRING

Consider the BVP for the vibrations of a string with fixed ends.

Upt = CUgy O<z<L, t>0
u(0,t) =0, u(L,t) =0 t>0

u(z,0) = f(x) 0<z<L
ut(x,0) = g(x) 0<z<L

Thus u(z,t) represents the vertical displacement at time ¢ of the point z on the
string. The initial position and initial velocities of the string are given by the
functions f(x) and g(x).

The homogeneous part (HP) of the BVP is

Ut = C2U:cr; u(0,t) =0, u(L,t) =0

The solutions u(z,t) = X (z)T(t) (with separated variables) of the homogeneous
part leads to the ODE problems

{ X"(z) + AX(z) =0

X(0)=X(L)=0 T"(t) + AT (t) =0 .

The eigenvalues and eigenfunctions of the X-problem (SL problem) are
A =12, X,(x) =sin(v,x), where v, = %7 nezZ’
The corresponding T-problem has two independent solutions
T (t) = cos(cv,t) and  T2(t) = sin(cvpt) .
For each n € Z*, we obtain solutions of (HP) with separated variables

ul(x,t) = THt) X, (z) = cos(cvnt) sin(v,x)  and
u2(x,t) = T2(t) X, (z) = sin(cv,t) sin(v,z)
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The principle of superposition implies that any linear combination of these solutions
is again a solution of (HP). Thus,

u(z, t) :ZA Th(t)X () + By T2 X (2)
= Z [A, cos(cvpt) + By, sin(cvpt)] sin(vpx)

is a formal solution of (HP).
Now we use the nonhomogeneous conditions to find the coefficients A,, and B,,.
First, we compute the (formal) derivative of u;

Z [cvn, By, cos(cvpt) — cvy Ay sin(cvpt)] sin(vyx)

n=1

The conditions u(z,0) = f(x) and u¢(x,0) = g(z) lead to

= Z Ay sin(vpx) = Z A, sin ? and

n=1

0o
Z B nmwr
ClVp, sin l/nx —_— n sin — .
Zﬁ L L

n=1

These are the Fourier series sine representations of f and g on the interval [0, L].
Therefore

2 [* 2 [*
:E/o f(x)sin%dx and C%anz/o g(x)sin%dm

By using criteria for uniform convergence of Fourier series (Propositions 1 and
2 of Note 7), it can be shown that if f is continuous and piecewise smooth and if g
is piecewise smooth, then the series defining u is uniformly convergent and u(x,t)
is a continuous function for ¢ > 0 and 0 < = < L. Moreover, we can show that if f,
s ", g, and ¢’ are continuous functions on [0, L], the function u(z,t) defined by
the infinite series is twice differentiable in (z,t) and term by term differentiations
in the series are valid. This give u(x,t) as the (unique) solution of BVP.

Remark 1. Many concrete problems involve functions f that are only continuous
and piecewise smooth. The series solution u is then only continuous. It is a ’con-
tinuous’ solution of the BVP. The problem is understood in a more general sense:
in the sense of distributions ( a notion of generalized functions that is beyond the
scope of this course).

Remark 2. In concrete application problems, to overcome the lack of differentia-
bility of the series solution u, we can to within any degree of accuracy e, replace
the functions f and g by their truncated Fourier series Sy f and Syg so that

Hf_SNf||<€7 Hg_SNg||<€ on [07 L}

The functions Sy f and Syg are infinitely differentiable and the corresponding
solution uy (the truncated series of u) is infinitely differentiable.
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Remark 3. By using the principle of superposition, this BVP could have been
split into two BVPs: BVP1 (plucked string)

Ve = C2Ugy O<z<L, t>0
v(0,t) =0, v(L,t) =0 t>0

v(z,0) = f(x) 0<z<L
ve(x,0) =0 0<z<L

and BVP2 (struck string)

Wy = CWay O<z<L, t>0
w(0,t) =0, w(L,t) =0 t>0

w(x,0) =0 O<z<L
wy(z,0) = g(z) O<z<L

The solutions to BVP1 and BVP2 are, respectively,

v= Z A,, cos(cvnt) sin(v,x)

n=1

w = Z B, sin(cv,t) sin(v,x)

n=1
The solution to the original BVP is u = v 4+ w.
Example 1. (Plucked string) Consider the BVP

Upp = AUy O<ax<10, t>0
u(0,t) =0, u(L,10)=0 t>0

u(z,0) = f(z) 0<z<10
u(z,0) =0 0<zx<10

where

Initial position of the string

([ z/5 if0<z<5
f(“")—{ (10—2)/5 if5 <z <10

For such an initial position we have (B,, = 0) and
9 (10
=10 ; f(z)sin %dw

1 [ nwT 1o nwT

=— in ——dz + — 10 — ) sin ——d

258 ; a:s:ln T + o /5 ( x) sin T
. nw

= 77.[_2”2 S 7

An
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—1)J
Hence, As; =0 and Agj41 = 7% The series solution is
8 — , (—1)7 sin((2j + 1)7z/10)
u(z,t) = = JZ:;JCOS((Q_] + 1)t/5) @i+ 172
_ % cos(t/5) sin(z/10) — cos(3t/5) ;1n(3:v/10)+
cos(5t/5) sin(5x/10)  cos(7t/5) sin(7x/10)
* 25 - 49 A

The individual components u,(x,t) = cos(nwt/5)sin(nrxz/10) are called the har-
monics or modes of vibrations. The function u,(z,t) is just a sine function in x
being scaled by a cosine function in ¢ with frequency n/10.

First mode Second mode Third mode

FIGURE 3. The first three modes of vibrations of the plucked string
at various times.

Example 2. (Struck string) Consider the BVP

Upp = dUgpy O0<ax<10, t>0
w(0,8) =0, u(L,10) =0 ¢ >0

u(z,0) =0 0<x<10
ur(z,0) = g(x) 0<zx<10

where
glz)=—-1 if4<xz<6, andg(x)=0 -elsewhere.

This time A, = 0, and

1 2n 3nm
™ 5 5
Thus
B 5 2nmw 3nmw 10 nT o, nmw
n = ——= | cos —cos— | = sin sin —
m2n2 5 5 m2n2 2 10
The series solution is
10 o= 1 .onm . nm . nmt . nwx
u(z,t) =— — sin —~ sin — sin —— sin ——
T L=n 2 10 5 10
10 ™ . awt . mx 1 . 37 . 3wt . 3wz
= — | sin — sin — sin — — — sin — sin — sin ——+
2 10 5 10 9 10 5 10

+ — sin — sin — sin —— — — sin — sin — sin —— +

1 5m 5mt . 571'90_ 1 . Tn . Tnt | Tnx
25 10 5 10 49 10 5 10
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6. PROBLEMS DEALING WITH THE LAPLACE EQUATION

Recall that the Dirichlet problem in a rectangle is to find a harmonic function «
inside the rectangle whose values on the boundary are given. That is

Au(z,y) =0 O<x<L, O<y<H
u(z,0) = f1(z), u(z,H)=falz) 0<z<L
u(0,y) =g1(y), u(L,y)=92(2) O0<y<H
To solve this problem, we use the principle of superposition to decompose it into
four simpler subproblems as in the figure.

u =0 u,=f,(x)
u_=0
u =0 2
ul—O A ul:o + A u2=0 +
u_=0
u,=f (x u_=0
u=f. (x) =h®)
2
u=g,(y)
u=g, (y) Au=0 —
u=f (x) o ~
u, = u 4—0
u3=0
u,=g,(y Aug=0 + BU=0 fu,=g,(y)
u =0
— u =0
u3—0

We can find the solution u(x,y) as

w(@,y) = ui(z,y) + uz(z,y) + us(z,y) + ua(2,y) .
Each of the subproblems can be solved by the method of separation of variables.
Now we indicate how to find uq(z,y). The solutions with separated variables
ui(x,y) = X (2)Y (y) of the homogeneous part leads to the ODE problems
X"z)+ XX (z)=0 and Y"(y) =AY (y)=0
X(0)=X(L)=0 Y(H)=0
where ) is the separation constant. The X-problem is an SL-problem whose eigen-
values and eigenfunctions are
n%r’ nezt.
For each \,, the corresponding ODE for the Y-problem has general solution Y,, =
A cosh(v,y) + Bsinh(v,y). The boundary condition Y (H) = 0, implies that (up to
a multiplicative constant), the solution of the Y-problem is

Yo (y) = sinh [v,(H — )] .

A =12, X,(z) =sin(vp,z), where v, =
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Hence, the solutions with separated variables of the homogeneous part of the u;-
problem are generated by

u1,n(z,y) = sinh (v, (H — y)| sin(v,z) nezt.

A series solution of the ui-problem is therefore

ZC sinh [v, (H — y)] sin(vpz) .
Such a solution solves the nonhomogeneous condition u(z,0) = f1 (z) if and only if
= nwx
= ' sinh(vy, T n” in— .
;C’ sinh (v, H) sin(v ZC sin sin —

Thus, C), sinh(v, H) is the n-th Fourier sine coefficient of f; over [0, L]:

Cn smh@ / f1(z)sin —dx

The functions usg, uz, and us can be found in a similar way.
Example 1. Consider the following BVP with mixed boundary conditions.

Au(z,y) =0 O<z<m 0<y<2m
w(z,0) =2z, u(z,2r)=0 0<z<mw
uz(oay) =0, ur(ﬂ_vy) =1 0<y<2m

We decompose the problem as shown in the figure (see next page).

u=0 v=0 w=0
u =1 v =0 w_=0
A u=0 o Av=0 + Aw=0
u =0 v =0 —
< Wx—l
u=x V=X w=0

The method of separation of variables for the v-problem leads to the ODE prob-

lems
{ X"(z)+ XX (z)=0 and { Y"(y) =AY (y) =0
X'0)=X'(mr)=0 Y(27r) =0
where ) is the separation constant. The X-problem is an SL-problem whose eigen-
values and eigenfunctions are

and for n € Z*

A =12 X,(z) = cos(nz) .
For A\g = 0, the general solution of the ODE for the Y-problem is Y (y) = A + By
and in order to get Y (27) = 0, we need A = —2Bmw. Thus Yy(y) = (2r—y) generates
the solutions of the Y-problem For ), = n?, the solutions of the Y-problem are
generated by Y, (y) = sinh [n(27 — y)].
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The solutions with separated variables of the homogeneous part of the v-problem
are therefore
vo(r,y) =27 —y and wv,(x,y) = sinh[n(27 — y)]cos(nz) for n€Z*

The series solution is

v(z,y) = Co(2m —y —l—ZC sinh [n(27 — y)] cos(nx) .

In order for such a series to solve the nonhomogeneous condition v(x,0) = x, we
need to have

oo
x =2nwCy + Z Cy sinh(2n) cos(nz) .

n=1
This is the Fourier cosine expansion of z over [0, «]. Hence,
1

2 ™
27rC’0:f/ zdr =71 = Cy=—
0 2

™

and for n > 1
2 (7 2((-)" -1

sinh(2n7)C,, = 7/ x cos(nz)dx = 2D =D .

™ Jo

This gives

—4
7(2j + 1)?sinh 27(25 + 1)]

Cy; =0 and (11 =

The solution of the v-problem is

C2m—y 4 o=sinh[(2j + 1)(2m — y)] cos(2j + 1)z
vy =—— -3 ;0 sinh [2(2) + )] (2) + 1)

Now we solve the w-problem. The separation of variables for the homogeneous
part leads to the ODE problems.
X"(x) = AX(z)=0 and Y"(y)+AY(y) =0
X'(0)=0 Y(0)=Y(2r)=0
This time it is the Y-problem that is a Sturm-Liouville problem with eigenvalues
and eigenfunctions

n2

? )
For each n, a generator of the solutions of the X-problem is
X, (z) = cosh % .

The series solution of the w-problem is therefore

w(x ZC cosh—sm T;y .

n=1

To find the coetlicients C,, so that w,(m,y) = 1, we need

Z -C, smh sm—

n=1

Ap = Yn(y):sin%7 nezt.
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This gives

(oo}
n ..nT . n
lzr;gCnsmh?sm?y

(the Fourier sine expansion of 1 over the interval [0, 27]):

27 n
%C’nsinh%:% | sin%dyzw.
Equivalently,
Cojy1 = . - 5 . )
(25 + 1)%sinh [(25 + 1)7/2]

The solution of the w-problem is therefore

ng =0,

o0

8 Z cosh [(2j 4+ 1)z/2] sin (25 + 1)y/2]

wia,y)=—_ = (27 + D)7/2] (25 +1)2

j=0
The solution u of the original problem is u(x,y) = v(z,y) + w(z, y).
Example 2. Consider the Dirichlet problem in a disk (written in polar coordinates)

Au(r,0) =0 r<1, §€]0, 27
u(1,0) = f(0) 6 €0, 27

We take the function f to be given by

u(1,0)=f(6)

sinf if0<o60<mw
f(e)_{O ifr<6<2r

Recall that the Laplace operator in polar coordinates is

NIy
Cor2  ror 12002
A solution with separated variables u(r,0) = R(r)©(0) leads to the ODEs
0"(0) +X0(0) =0 and r*R’(r)+rR'(r) —AR(r) =0

where ) is the separation constant. Note that since u(r,d + 27) = u(r, 8), then the
function © and also © need to be 2w-periodic. Thus to the ODE for © we need
to add ©(0) = ©(27) and ©'(0) = ©'(27). Hence, the ©-problem is a periodic
SL-problem whose eigenvalues and eigenfunctions are

)\0:0, @0(9):1,
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and for n € ZT,
Ay = n?, 0L(0) = cos(nd), ©2(6) = sin(nd) .
The ODE for the R-function is a Cauchy-Euler equation with characteristic equa-
tion m? — X = 0. For A = \g = 0, the general solution of the R-equation are
generated by
R{(r)=1 and R3(r)=Inr.
For A = A, (we have m = £n), the solutions of the R-equation are generated by
RL(r)=7r" and R:(r)=r"".
The solutions with separated variables of the Laplace equation Au = 0 in the disk
are therefore
1, Inr, 7" cos(nd), r"sin(nd), r~" cos(nd), r~"sin(nd) .

Since we looking for solutions that are bounded in the disk and since Inr and
r~ "™ cos(nf) and r~" sin(nf) are not bounded, then we will discard then when form-
ing u
The series solution has the form
u(r,0) = Ao + Z (A,r" cos(n@) + B,r" sin(nf))

n=1

The initial condition u(1,60) = f(0) leads to

£(0) = Ag+ > Ay cos(nf) + By sin(nf) .
n=1
This is the Fourier series of f. I leave it as an exercise for you to verify that the
Fourier series of f is

cos(256)
f(o) = *—i- 51n9—724] 51 -

The solution of the Dirichlet problem is

2. 1% cos(276)
u(r,0) = — + T sing— 2 Z 4508_ i
j=1
7. EXERCISES

Exercise 1. (a) Find the Fourier series of the function with period 4 that is defined

over [-2, 2] by f(z) = — v

2

(o]
1
(b) Use Parseval’s equality to evaluate the series E —
n
n=1
(c) Use the integral test to estimate the mean square error Ey when replacing

f by its truncated Fourier series Sy f.
(d) Find N so that Enx < 0.01 and then find N so that Ex < 0.001

Exercise 2. (a) Find the Fourier series of the function with period 4 that is defined
over [—2, 2] by
f(x){ l—2 if0<x<2
1+z if —2<2<0
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(oo}
1
b) Use Parseval’s equality to evaluate the series —_
(b) quality ; CES
(¢) Use the integral test to estimate the mean square error Ey when replacing
f by its truncated Fourier series Sy f.
(d) Find N so that EFn < 0.01 and then find N so that Ey < 0.001

Exercise 3. Find the Fourier sine series of f(z) = cosz over [0, n] (What is the
Fourier cosine series of cosx on [0, 7]?)

Exercise 4. Find the Fourier cosine series of f(x) = sinz over [0, 7] (What is the
Fourier sine series of sinz on [0, 7|?)

Exercise 5. Find the Fourier cosine series of f(z) = 22 over [0, 1].

2

Exercise 6. Find the Fourier sine series of f(x) = z* over [0, 1].

Exercise 7. Find the Fourier cosine series of f(z) = zsinz over [0, 7.

(
)
(
Exercise 8. Find the Fourier sine series of f(x) = xsinx over [0, 7].

Exercise 9. Solve the BVP

Ut = Ugy, O<z<2, t>0
u(0,t) =u(2,t) =0, t>0
u(z,0) = f(x), 0<z<?2

where

f(x):{ 1 ifo<z<1

0 ifl<ax<?2

Exercise 10. Solve the BVP

Ut = Ugy, O<z<2, t>0
u(0,t) =u(2,t) =0, t>0
u(z,0) = cos(mx), 0<z<?2

Exercise 11. Solve the BVP

up +u = (0.1)ug,, O<z<m t>0
uz(0,t) = ug(m,t) =0, t>0
u(z,0) = sinz, 0<z<2

Exercise 12. Consider the BVP modeling heat propagation in a rod where the
end points are kept at constant temperatures 77 and T5:

Uy = Kgy, O<z<L, t>0
’U,(Oﬂf) =11, ’U,(L,t) =T, t>0
u(z,0) = f(x), O<z<L

Since Ty and T, are not necessarily zero, we cannot apply directly the method of
eigenfunctions expansion. To solve such a problem, we can proceed as follows.
1. Find a function a(x) (independent on time ¢) so that

o’(x)=0, a0)=T a(L)="T,.
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2. Let v(z,t) = u(x,t) — a(x). Verify that if u(x,t) solves the given BVP, then
v(z,t) solves the following problem
v = kUgq, O<z<L, t>0
v(0,t) =0, v(L,t) =0, t>0
v(z,0) = f(x) —a(z), O0<ax<L
The v-problem can be solved by the method of separation of variables. The solution
u of the original problem is therefore u(z,t) = v(z,t) + a(z).

Exercise 13. Apply the method of described in Exercise 12 to solve the problem

t:U O<ax<?2, t>0
u(0, Tl, u(2,t) =T, t>0
u(z, ) f(z), 0<z<2

in the following cases
1. T4, =100, T, =0, f(z) =0
2. Ty =100, T, = 100, f(x) =0
3. Ty =0, Ty =100, f(z) = 50.
In problems 14 to 16, solve the wave propagation problem

Up = gy, 0O<z<L, t>0
u(0,t) =0, u(L,t) =0, t>0
u(x,O):f(x), ut('xao):g(x) O0<z<L

x fo<ze<l1

Exercise 14. c =1, L =2, f(:E)O,g(x){ 9w iflex<?

. . z if0o<z <1
Exercise 15. c=1/m, L =2, f(z) =sinz, g(z) = { 9w fleq<?
Exercise 16. ¢ =2, L =, f(x) = zsinz, g(z) = sin(2x).

In exercises 17 to 19, solve the wave propagation problem with damping

Upr + 20U = gy, O<ax<L, t>0
u(0,t) =0, u(L,t) =0, t>0
u(x,O):f(x), ut(xao):g(x) O0<z<L

Exercise 17. c=1,a=.5, L=, f(z) =0, g(z) =«
Exercise 18. c=4,a=nw, L =1, f(z) = z(1 — x), g(x) = 0.
Exercise 19. c=1,a=7/6, L =2, f(z) = zsin(rz), g(z) = 1.

In exercises 20 to 22, solve the Laplace equation Au(z,y) = 0 inside the rectangle
0<a < L,0<y< H subject the the given boundary conditions.
Exercise 20. L = H =7, u(z,0) = z(7m — z), u(z,7) =0, u(0,y) = u(m,y) = 0.
Exercise 21. L = 7, H = 27, u(z,0) = 0, u(z,27) = =z, u,(0,y) = siny,
ug(m,y) = 0.
Exercise 22. L = H =1, u(z,0) = u(z,1) =0, u(0,y) =1, u(1l,y) = siny.
Exercise 23. Solve the Laplace equation Au(r,f) = 0 inside the semicircle of

radius 2 (0 < r < 2,0 < 6§ < 7 ) subject to the boundary conditions
u(r,0) =u(r,m) =0 (0<r<2) and u(2,0)=0(r—0) (0<O<m)
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Exercise 24. Solve the Laplace equation Au(r,6) = 0 inside the semicircle of
radius 2 (0 < r < 2,0 < 6 < 7 ) subject to the boundary conditions

ug(r,0) =ug(r,m) =0 (0<r<2) and wu(2,0)=0(r—0) (0<0<mn)
Exercise 25. Solve the Laplace equation Au(r,8) = 0 inside the quarter of a circle
of radius 2 (0 <7 < 2,0 < 0 < /2 ) subject to the boundary conditions
u(r,0) =u(r,7/2) =0 (0<r<2) and u(2,0)=0 (0<6<m/2)



