STURM-LIOUVILLE PROBLEMS:
GENERALIZED FOURIER SERIES

1. REGULAR STURM-LIOUVILLE PROBLEM

The method of separation of variables to solve boundary value problems leads
to ordinary differential equations on intervals with conditions at the endpoints of
the intervals. For example heat propagation in a rod of length L whose end points
are kept at temperature 0 leads to the ODE problem

X"(x) + XX (z) =0, X(0)=0, X(L)=0.
If the endpoints are insulated, the ODE problem becomes
X" (z)+ XX (z) =0, X'(0)=0, X'(L)=0.

These are examples of Sturm-Liouville problems.
A regular Sturm-Liouville problem (SL problem for short) on an interval [a, D]
is a second order ODE problem, with endpoints conditions, of the form

(p(x)y) + (@) —q(z)]y = 0
(1) ary(a) + azy’(a) =0
B1y(b) + B2y’ (b) =0
where
e p,q and r are continuous functions on [a, b] such that
p(x) >0 and r(x) >0 Vi € [a, b]

e a1, ag, fB1, and [y are constants such that oy, as are not both zero, and
B1, B2 are not both zero.
e )\ € R is a parameter

Remark 1. The second order ODE of the SL-problem (1) is in self-adjoint form
(suitable for certain manipulations). Most second order linear ODEs can be trans-
formed into a self-adjoint form. Consider the second order ODE

B, C
Ax)y" +Bx)y +Clz)y=0 < ¢ +Ay +3y=0

with A(x) > 0 on an interval I. Let p(x) be defined by

—eo([5e)

Then p' = (B/A)p and py” + p(B/A)y = (py’)’. Hence, if we multiply the last
ODE by p we obtain

py" +p(B/A)Y +p(C/A)y=0 <« (py) +p(C/A)y =
This last ODE is in self-adjoint form.

Date: March 22, 2016.
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Note that y = 0 is a solution of the SL-Problem (1). It is the trivial solution.
For most values of the parameter A, problem (1) has only the trivial solution. An
eigenvalue of the the SL-problem (1) is a value of A for which a nontrivial solution
exist. The nontrivial solution is called an eigenfunction. Note that if y(x) solves (1),
then so does any multiple cy(z), where ¢ is a constant. Thus if y; is an eigenfunction
of (1) with eigenvalue A1, then any function cy;(z) is also an eigenfunction with
eigenvalue \;. In fact the set of all eigenfunctions, corresponding to an eigenvalue
A, together with the zero function forms a vector space: the eigenspace of the
eigenvalue.

Example 1. For the SL-problem

y'(z) + Ay(z) =0,  y(0)=y(L)=0
we have p(z) =1, r(x) =1, ¢(x) =0, a1 = 1 = 1, and as = B> = 0. This problem,
that we have encountered several times already, has infinitely many eigenvalues
An = (nw/L)?, and for each n € ZT, the eigenspace is generated by the function
yn(x) = sin(nmzx/L).

Example 2. The eigenvalues and eigenfunction of the SL-problem
y'(x) + Ay(x) =0, ¥ (0)=y'(L)=0

(here we have oy = 81 = 0 and ap = B2 = 1) are: Ao = 0 with yo(z) = 1, and for
n € Z%, A\, = (nm/L)? with y,(z) = cos(nrx/L).
Example 3. Consider the SL-problem

() + My(x) =0, y(0)=0, y(L)=0,
(this time oy =1, @y =0, 81 = 0, and B2 = 1). To find the eigenvalues, we consider
three cases depending on the values of .

If A\ <0, set A\ = —v? with v > 0. In this case the general solution of the
ODE is y(x) = Cy sinh(vx) + Cy cosh(vz). In order for y(0) = 0, we need to have
C1 = 0, thus y = Cysinh(vz) and y' = vC; cosh(vz). To get y'(L) = 0, we need
vCycosh(vL) = 0. Since coshz > 0 (Vz € R)and since v > 0, then necessarily
C1 =0 and then y = 0. Thus A < 0 cannot be an eigenvalue.

If A = 0, then y(x) = A+ Bz is the general solution of the ODE and the
boundary conditions give A = B = 0, and consequently A = 0 is not an eigenvalue.

If A > 0, we set A\ = 2 with v > 0. The general solution of the ODE
is y(x) = Cisin(vz) + Cycos(vz). The condition y(0) = 0 implies Cy = 0.
Then y = Cysin(vz) gives ¢y = vCycos(vz) and the condition y/'(L) = 0 gives
vCy cos(vL) = 0. In order to obtain a nontrivial solution, we need Cy # 0. Conse-
quently, cos(vL) = 0. Hence

25+ 1)m
2 )
The eigenvalues and eigenfunctions of the SL-problem are therefore

. 2 .
2 1 2 1
A= (( ]_; )ﬂ-) . ys(x) :sini( J +2 )71‘337 j=0,1,2 -

uL:gﬂ'w: j=0,1,2 -

This is the typical situation for the general SL-problem (1). The set of eigenvalues
forms an increasing sequence and for each eigenvalue, the corresponding eigenspace
is generated by one function. More precisely, we have the following Theorem,
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Theorem 1. The set of eigenvalues of the SL-problem (1) forms an increasing
sequence

)\1<>\2<)\3<"'7 with llm)\]:OO

J—00

and for each j € Z%, the eigenspace of \; is one-dimensional: it is generated by
one eigenfunction y;(x)

The proofs of the Theorems of this Note will not given here but can be found
in either Ordinary Differential Equations by G. Birkhoff and G. Rotta; Methods of

Mathematical Physics by R. Courant and D. Hilbert; A First Course in PDE by
H.F. Weinberger.

Example 4. Let us find the eigenvalues and eigenfunctions of the SL-problem

(2%2y") +Xy=0 1<x<?2
y(1) =y(2)=0

Note that ODE can be written as 22y” + 2zy’ + Ay = 0 which a Cauchy-Euler
equation. Its characteristic equation is m? +m + A = 0. The characteristic roots

—1—+/1—4X\ —14++1—4X\
are my = ——  and my = % We distinguish three cases

depending on the sign of 1 — 4.
If A < 1/4, then 1 —4X > 0. Both characteristic roots m; and my are distinct
and real. The general solution of the ODE is

y = Crz™ + Cox™?
The endpoints conditions are
Ci+Cy=0, Ci12™ +(C52™ =0.

Since my # mg, the only solution is C; = Co = 0. Thus A < 1/4 cannot be an
eigenvalue.
If A =1/4, then m; = my = —1/2. The general solution of the ODE is

y=Az >+ Bx~"?Inz .

The endpoints conditions lead to A = 0 and then B2~/2In2 = 0. We have again
y=0and A =1/4 is not an eigenvalue.

If A > 1/4, set 1 — 4\ = —4v? with v > 0. In this case the characteristic roots
are mp g = —— 4+iv. Two independent solutions of the ODE are ™ and z™2.
These are however (conjugate) complex-valued functions. We need to take their
real and imaginary part. For this recall that

x0H = gagit — geetne — g0 cos(blng) + 2%sin(blnz) .

The general solution of the ODE is therefore

S 1 41 1
y(z) = 27 Y2(Cy cos(vInz) + Cysin(vnz)) = C1 cos(v na:)\;;Cé sin(v In z) .
T

The endpoints conditions give

c In2) + Cysin(vIn2
y(1)=Cy =0, y(2)= 1 cos(v1n )ﬂ > sin(vIn ):0'
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Hence, Cosin(vIn2) = 0. To obtain a nontrivial solution y, we need to have
sin(vIn2) = 0. Thus, v = ln—g with n € ZT. From 1 — 4\ = —412, we get the
n

eigenvalues

1 1 nm\ 2
Ay = - +12 =~ (7) , Z*
17T 1 2 "e
and the corresponding eigenfunctions
1 . nrlnz

) = —= S
2. ORTHOGONALITY OF EIGENFUNCTIONS

In view of applying eigenfunctions of SL-problems

(p(2)y") + (@) = q(x)]y = 0

ary(a) + azy’(a) =0

Bry(b) + B2y’ (b) =0
to expand functions and solve BVP, we introduce the following inner product in the
space CPla, b] of piecewise continuous functions on the interval [a, b]. We define
the inner product with weight r(x) as follows: for f,g € Cpla, b],

b
< fvg >p= / f(m)g(x)r(x)dx .

The norm || f|| of a function f is defined as

b 1/2
[fllr =V< fo f>r = (/ f(x)zr(x)> ,

Two function f,g € C)la, b] are said to be orthogonal if < f,g >,= 0. We are
going to show that for a given SL-problem, eigenfunctions corresponding to distinct
eigenvalues are orthogonal. More precisely, we have the following Theorem.

Theorem 2. Let y(x) and z(x) be two eigenfunctions of the SL-problem corre-
sponding to two distinct eigenvalues A and p. Then y and z are orthogonal with
respect to the inner product < , >,.. That is,

<Y,z >p= / y(z)z(x)r(z)de =0.

Proof. By using urz = —(pz’) + qz, we get
b b
pf y@z@)r(@)de = | y(@)[-(p(x)z'(2)) + q(z)2(2)] dx
/a /‘l b b
- [ )o@ @)+ [ a@yla)s(a)ds
We use integration by parts for the first integral in the right hand side
b b
/ y(@)(p(@)? (@) de = [y(@)p(z)? (@)} — / p(@)y (2)2 (¢)de
= [p(@)(y(2)' (2) -y (2)z(2))], +
b
+ [ @) 2(@)ds
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Now we use the endpoints conditions to get

Pi(y(0)'(b) —y'(b)z(b)) = (Bry(b))z' (b)) — ' (b)(Br2(b)

)
= —Boy'(6)(b) + Bay/ (b)2'(b) =

0

Similarly,
Ba(y(0)z'(b) — o/ (b)2(b)) = 0.
Since f; and (B2 are not both zero, then y(b)z'(b) — y/'(b)z(b) = 0. An analogous
argument gives y(a)z’(a) — y'(a)z(a) = 0. This imply that
p(@)(y(@)?' () = ¥/ (x)(x))], = 0.

Therefore,

/ y(@)(p(x) 7 (x))da = / (@)Y (2))' 2(x)de

and then

b b
p / y(@)2(@)r(o)de = / (p(@)y (2)) =(x)dz + / ¢(@)y()2(z)d

Since A\ # pu, then necessarily
b
/ y(z)z(x)r(x)de =0.

3. GENERALIZED FOURIER SERIES

Consider the regular SL-problem

(p(@)y) + [Mr(z) —a(2)]y =0
(2) ary(a) +azy’(a) =0

B1y(b) + B2y’ (b) =0
We know that the eigenvalues A; form an increasing sequence and lim;_, o, A; = 00
and for each j, the eigenspace has dimension 1 (Theorem 1). Let y;(x) be an
eigenfunction corresponding to the eigenvalue );. By analogy with Fourier series,
we are going to associates to each piecewise continuous function f on [a, b] a series
in the eigenfunctions y;:

F(z) ~ Y ejys(a)
j=1
where the coefficients c; are given by
b
(3) e S > Jo f(@)y;(2)r(z)de
7 12 b
||y]Hr fa y?(m)r(x)dx

The following Theorem says that the system of eigenfunctions {y,}, is complete in
the space Cg [a, b] meaning that the above generalized Fourier series is a represen-
tation of f.
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Theorem 3. Let f be a piecewise smooth function on the interval [a, b] and let
{yj}jez+ be the system of eigenfunctions of the SL-problem (2). Then we have the
following representation of the function f

fav(x) = chyj(x) )

where the coefficients c¢; are given by formula (3). In particular, at all points x at
which [ is continuous, we have

f@) = ejyila) |

j=1

Example 1. Consider the SL-problems

y'(xz)+ Ay(z) =0 O<zr<l

y(0) =0

y(1) —y'(1) =0
It can be verified (I leave it as an exercise) that A < 0 cannot be an eigenvalue.
For A = 0, the general solution of the ODE is y(z) = A + Bz. The first condition
y(0) = 0 gives A = 0. For y = Buz, the second condition becomes is trivially
satisfied (B — B = 0). Hence A = 0 is an eigenvalue with eigenfunction yo = x.

For A > 0, we set A = 2, the general solution of the ODE is y(x) = C} cos(vz)+
Cy sin(vz). The condition y(0) = 0 gives C7 = 0. With y = Cs sin(vz) the second
condition y(1) — y'(1) = 0 gives
Cysin(v) — Cavcos(v) = 0.
In order to have a nontrivial solution (so Cy # 0), the parameter v > 0 must satisfy
the equation
sin(v) —vcos(v) =0 <« tan(v)=v.

This equation has a unique solution v; in each interval (jm, jm + (7/2)). Indeed,

Positive roots of tanv =v

/

S S L S

consider the function g(v) = sinv — vcosv. We have g(jm) = —(jm)(—1) and
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g(jm + (m/2)) = (=1)7. Thus g(jm)g(jm + (7/2)) = —jm < 0. The intermediate
value theorem implies that g has a zero v; between jr and jm + (7/2). Since the
derivative ¢’(v) = vsinv does not change sign in the interval [jm, jm + (7/2)] ,
then g has a unique zero in the interval. The same argument shows that g has no
zeros in the interval [jr + (7/2), j7 + 7).

The set of eigenvalues and eigenfunctions of the SL-problem consists therefore
of \g =0, yo(x) = z, and for j € ZT

Aj = ij, yj(z) = sin(vjz), where tanv; =v;, v; € (jm, jom+ (7/2))

The approximate values of the first eight values of v; and A; are listed in the
following table

i1 1 2 3 1 5 6 7 8
v; | 44937 7.725 | 10.904 | 14.066 | 17.220 | 20.371 | 23.519 | 26.666
A; | 202 | 59.7 | 1189 | 197.9 | 296.6 | 415.0 | 553.2 | 711.1

Example 2. Let us find the representation of the function f(z) =1 on [0, 1] in
terms of the eigenfunctions

z, sin(vjz), j=1, 2, 3,
of the SL-problem of Example 1. That is,
o0
1=coz+ ch sin(v;z) , ze (0, 1).
j=1
The coefficients are given by

<l,z> o < 1,sin(vjz)
11 T [sin(ya)][2

Note that the weight in this example is r(x) = 1. We have,

! 1
<1,x>:/xdx:f
0 2

1
< 1,sin(v;z) >=/ sin(v;z)dr =
0

For the norms of the eigenfunctions, we have

1
1
2|2 :/ o2dy =
0 3

and (recall that sinv; = v, cosv;)

Co = j:172737

and
1 —cosv;
Vj

1 1
|| sin(v;z)]||? :/ sin?(v;z)de = %/ (1 — cos(2vjz))dx
{ sin(2v;z r _01 (1 B sin(21/j)>
2 2v; 0 2 2v;
1 sin 1/] COS V;
-1 (
1—

2
OS Vj _ Sln Vj

2 2
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We have therefore,
W28 sy 2
1/3 2 (1 —cos?v;)/2  v;(1+ cosvy)
The expansion of f(z) =1 is

2 > 2

l=Zo+) ———sin(y 0, 1).

31‘—&-' V(L + cos ) sin(v;x) x € (0, 1)
Jj=1

i>1.

By using the approximate values of the v; given in the table, we get

2
1 = ?x +0.569 5in(4.4932) + 0.229 sin(7.725z)+

+0.202in(10.904x) 4 0.133 sin(14.067x) +
4. APPLICATIONS TO BOUNDARY VALUE PROBLEMS
We illustrate the use of SL problems in solving boundary value problems.

Example 1. Consider the problem dealing with the one-dimensional heat propa-
gation. The temperature u(z,t) satisfies the problem

Up = Klyy O<z<L, t>0
u(0,t) =0, wu(L,t) = auy(L,t) t>0
u(z,0) = f(x) 0<z<L

where a is a positive constant. Suppose that a < L. Let u(z,t) = X (z)T(t) be a
nontrivial solution of the homogeneous part (u; = kugs, u(0,t) = 0, and u(L,t) =
aug(L,t)). The separation of variables leads to the following ODE problems for X

and T
X"z)+AX(z)=0 /
{ X(é) )= 0, g(()L) = aX'(L) and T'(t)+ kXT'(t) =0.

The X-problem is a regular SL-problem. It is analogous to the problem of the
example of the previous section. This time however A\ = 0 is not an eigenvalue.
Indeed, for A = 0, the general solution of the ODE is X(x) = A + Bx, the first
condition X (0) = 0 gives A = 0, and the second implies that BL = aB. Since
a < L,then B=0and X =0.
The eigenvalues and eigenfunctions are
Aj=vi, Xj(x) =sin(vz), jeZt
where v; is the j-th positive root of the equation
sin(vL) = avcos(vL) <&  tan(vL)=av.

For each j, the corresponding solution solution of the homogeneous part is u;(x,t) =
exp(—kv3t)sin(vjz). The superposition principle gives the general series solution

as
g cje” Yit sin (vjz) .

In order for such a solution to satlsfy the nonhomogeneous condition, we need to
have

u(z,0) Z ¢; sin(vjz
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Therefore,
< f(x),sin(vjz) > fOL f(x)sin(v,z)dx
[ sin(v;z)[|? fOL sin? (v;z)dx
The norms (squared) of the eigenfunctions sin(v;x) can be calculated as in the
previous section:

Cj:

L L
1
||sin(v;z)||? = / sin? (v;z)dz = 5/ (1 — cos(2v;z))dx

0 0
1 - sin(2v;x) L 1 I_ sin(2v; L)

2 QI/j 0 2 2l/j
1 I_ sin(v; L) cos(v; L)

2 i
_ L—acos?*(y;L)

2
If for example f(z) = x, then
L _ 1L fL _
< f(z),sin(vjz) > = [zsin(vjz)de = xcos(l/jx)] +/ Mdm

0 Vj 0 /o Vi
_ Lcos(y;L) n sin(v; L)
N v; Z

Lcos(v;L)  avjcos(v;L)
7 + v?
J J
—(a-1) cos(v;L)
vj
The coefficients c; are
(a—1L) cos(v;L)
o vj —2a—1) cos(v;L)
7 L —acos®(y;L) vj(L — acos?(v;L))
2
The solution of the BVP is
B = cos(v;L) o
u(z,t) = (a— L) ; (L= acos? (1)) exp(—kv;t) sin(v;z) .

Example 2. The following problem models the wave propagation in a nonhomo-
geneous string (the mass density of the string is not constant).

utt:(l—&-x)zutt, O<z<l, t>0,
u(0,t) =0, wu(l,t) =0, t >0,

u(z,0) = f(x), 0<z<l,
ue(x,0) = g(x), 0<z<l

The mass density of the string at the point x is 1/(1 + z)2. The separation of
variables u(x,t) = X (z)T'(¢t) for the homogeneous part leads to the following ODE

problems

A
" —
X arap¥=%  and 17 iar=0.

X0)=X(1)=0
The X-problem is a regular SL-problem with weight 7(z) = 1/(1 + z)2.
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Now we need to find the eigenvalues and eigenfunctions of the X-problem. The
ODE can be written as (1 + 2)2X” + AX = 0. It is a Cauchy-Euler type equation
in the variable (1 4+ x). We seek then solutions of the form (1 + x)™. It leads to
the characteristic equation m? —m 4+ A = 0. The characteristic roots are therefore

1 1
= 44/> =)
mi, 2 B 1

Depending on the parameter A\, we consider three cases.
If A < 1/4, then my and ms are real and distinct. The general solution of the
ODE is X(z) = C1(1 + x)™ + C3(1 + z)™2. The boundary conditions give

X(0)=Cr+Cr =0, X(1)=C12™ + 2™ =0,

The only solution is C; = C5 = 0 and such A cannot be an eigenvalue.

If A =1/4, then my = mg = 1/2. The general solution of the ODE is X (z) =
AvV1+x+ By1+xIn(1+ x). In this case again the boundary conditions imply
that A= B =0 and A = 1/4 cannot be an eigenvalue.

If A\ > 1/4, then m; and msy are complex conjugate. Set A = v? + (1/4), with
v > 0, so that the characteristic roots are

1 1

my = - + Mo = - — 1.
2 ’ 2

The C-valued independent solutions of the ODE are
(1 _’_x)ml,g _ (1 —|—JJ)1/2(1 +x):|:z’z/ _ me:tivln(l—i-m) )
The general R-valued solution is therefore
X(z) =AvV1+zcos(vIn(l+z)) + BV1+ xsin(vin(l + z)) .
The condition X(0) = 0 gives A = 0, and then the condition X (1) = 0 gives
B+/2sin(v1n2) = 0. In order to obtain a nontrivial solution (B # 0), the parameter
v needs to satisfy
sin(vln2)=0 <« vIn2=jr, jeZ".
The eigenvalues and eigenfunctions of the X-problem are therefore
1 Jm
4 In2°
For each j € Z™, the corresponding independent solutions of the T-problem are

le (t) = cos(y/A\;t), and TJ-Q(t) =sin(y/\; 1) .

The general series solution of the homogeneous part of the problem is

Aj = —|—1/327 Xj(z) =vV1+axsin(vjIn(l+x)), where v; =

o0

u(e,t) =3 [Aj cos(\/X; t) + B;sin(y/A; t)} VIt zsin(v; In(1 + z))

Jj=1

In order for such a series to satisfy the nonhomogeneous conditions, we need

u(z,0) = f(zx)= ZAj\/l + zsin(v; In(1 + z))

=1
oo

u(x,0) =g(z) = Z VA Bjv1+ zsin(v;In(1 + z))

Jj=1
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The coefficients A; and B; are given by

_< f(x), V14 zsin(vjIn(l+x)) >,

VT asm(y (L + )2
o _< g(x),v/1+ zsin(y;In(l + x)) >,
! VAV + zsin(v; In(1 + )| |2

A

5. OTHER STURM-LIOUVILLE PROBLEMS

Other SL-problems important in applications include the periodic Sturm-Liouville

problem:

(p(2)y") + [Ar(z) = q()]y =0

y(a) = y(b)

y'(a) =y'(b)
where the coefficient p satisfies p(a) = p(b). The set of eigenvalues is as in Theorem
1 but this time for each eigenvalue )\;, there are two independent eigenfunctions
yjl (z) and yjz(;v)

Example 1. The following periodic SL-problem was encountered in connection
with BVPs in polar coordinates

0"(0) + X0(0) =0,  ©(0) = O(21), ©'(0) = ©'(2n)

The eigenvalues are \; = j* and the eigenfunctions are ©}(f) = cos(j#) and ©3(0) =
sin(j0).

The hypotheses on the coefficients of the ODE in a regular SL-problem includes
p(xz) > 0 and r(z) > 0 on [a, b]. If any one these hypotheses is weakened, it lead to
the singular Sturm-Liouville problem. For some singular problems, the boundary
conditions can also be weakened or are not needed. The following singular SL-
problem will be studied in more details. It is related to Bessel functions.

2

(zy") + (_m+)\l‘>y=07 0<z<L,
X

y(L) =0

Here p(z) = x and r(z) = =z, both functions vanish at # = 0. The boundary
condition at x = 0 is not needed. This equation is related to boundary value
problems in cylindrical coordinates.

Another singular problem of interest is the Legendre equation

((1—x2)y’)l—|—n(n—1)y:0 —l<z<1

This time r(z) = 1 and p(z) = 1 — 2% vanishes at both ends +1 of the interval. No
boundary conditions are needed. This problem appears in connection to boundary
value problems in spherical coordinates.

6. EXERCISES

For exercises 1 to 4: (a) find the eigenvalues and eigenfunctions of the Sturm-
Liouville problems; (b) find the generalized Fourier series of the functions f(x) =1
and g(x) = x.

Exercise 1. "+ y=0, 0<z <1, y(0)=0and 3/(1) =0
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Exercise 2. 4"+ y =0, -1 <x <1, y(-1) =y(1) and /(1) = y'(1) (periodic

SL problem)

Exercise 3. "+ \y=0, 0 <z <1, y(0)=0and y(1)+2y'(1) =0
Exercise 4. ¢ + Ay =0, 0 <z <1, y(0) =¢'(0) and y(1) = y'(1)

Exercise 5. Consider the problem

+zy' + Xy =0,

x2y”

with L > 1.

l<zx<L,

y(1) =0, y(L) =0,

(1) Put the ODE in adjoint form: (py’) + (¢+ Ar)y = 0 (Hint: multiply by 1/z).
(2) What is the inner product related to this problem?
(3) Find the eigenvalues and eigenfunctions (note: the ODE is Cauchy-Euler).

(4) Find the generalized Fourier series of the function f(z) =

1 (Hint: when

computing the Fourier coefficients c;, you can use the substitution ¢ = Inz in the

integral).

(5) Same question for the function g(x) = x.

Exercise 6. Same questions as in Exercise 5 for the SL-problem
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Yy +ay' + Ay =0, 1<z<L, ¢(1)=0, y'(L)=0,
Exercise 7. Solve the BVP
Up = 2Ugy O<z<m, t>0,
w(0,t) =0 t>0
2u(m,t) + ug(m, t) =0 t>0
u(x,0) = sinx O<z<m
Exercise 8. Solve the BVP
Ut = Ugy O<z<m t>0,
ug(0,) =0 t>0
u(m,t) = uy(m,t) t>0
u(z,0) =1 O<z<m
Exercise 9. Solve the BVP
Ut = CUgy O<z<m t>0,
u(0,t) =0 t>0
u(m,t) — ug(m,t) =0 t>0
u(z,0) =sinz O<z<m
ug(z,0) =0 O<zx<m
Exercise 10. Solve the BVP
Upp = CUgy O<z<m t>0,
u(0,) =0 t>0
u(m,t) — ug(m,t) =0 t>0
u(z,0) = O<z<m
ur(x,0) = f(x) O<z<m

where

f(w){(l)

if 0 <z<(7/2),
if (m/2) <z <.
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Exercise 12. Solve the BVP

Uty = Ugy O<z<m, t>0,
u, (0, )—au(O t) t>0

Uy (m,t) = t>0

u(:z:,O) O<z<mw

ug(x,0) = O<z<mw

Exercise 13. Solve the BVP
up = (14 2)%ugy O<z<l1, t>0,
u(0,t) =0 u(l,t)=0 t>0
u(z,0) =z(l —z)vV1+z 0<z<l1
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