Fall 2022 - Real Analysis
Homework 12

1. Show that the collection of all simple functions on E is dense in LP(E).

2. Let f € LP(R™) with p > 1.
e Fort >0, let A, ={x € R": |f(x)[P >t} and consider the function g(¢,z) defined on [0, co) x R™ by

g(t,z) = x,, (r). Show that
/ |f(z)|Pdx :/ g(t,x)dtdz.
E [0, co)xR™

e Show that /00 m(Ay)dt = /Ooptp_lm({x eR": |f(z)| > ¢}) dt.
0 0

e Deduce that / f(2)Pdz = / ptPlm ({2 € R™ : | f(2)] > £}) dt.
E 0
Hint: You can use Fubini’s Theorem.

3. When does Hélder’s inequality becomes an equality? When does equality Minkowski inequality becomes an
equality?

4. Let 1 < r < p < s. Show that L"(R") N L*(R") C LP(R™). Hint: For f € LP(R™), consider the sets
Ei={xeR": |f(z)| <1} and E; = {x € R": |f(x)| > 1}.

5. Prove that if (p,q) is a conjugate pair with p > 1, {f;}, € LP(R™) converges to f in LP, and g € LI(R"),
then lim / figdx = / fgdx
RTL

j—o0 R~

6. Consider the sequence of functions {gn}» on [0, 1] given by g, = nx,, where A, = [0, 1/n?.
1
e Show that if f € L2[0, 1], then lim f(x)gn(z)dx = 0.
0

n—00
1

e Find a function f € L'[0, 1] such that lim f(z)gn(x)dx # 0. Hint: Consider f(z) = x for some

n—oo
real number a.
7. Let 1 <p< 0.
e Find all a € R such that fo(z) = 2%x|o, 1)(z) € LP(R)
e Find all b € R such that g,(z) = 2Px1, ooy (z) € LP(R)

8. (LP-version of Chebychev’s inequality). Let £ C R® and f : E — R be a measurable function. Prove that
for any A > 0, we have

m({|f] > ) < Ai /E \FPde.

9. Let £ C R™ with m(E) < oo and let f : E — R be such that f is measurable. The aim of this exercise is
to prove that lim |[f||, = || f]|oo-
p—00

o Case ||f||cc = 0. Show that in this case || f||, = oo for all p > 1. Hint: You can use Exercise 8.
o Case ||f||cc = 0. Show that in this case ||f||, = 0 for all p.
e Case ||f|loo = C with 0 < C' < o0.

(1) Show that [|f|[} < CP m(E) and deduce that limsup || f]|, < C.

pP—o0
(2) Let e >0 and A. = {z € E, |f(z)| > C — €}. Show that
/1 = (C =€) m(Ac)
and deduce that liminf || f||, > C —€
p—o0
(3) Deduce that lim ||f][, = C.
p—>00

10. The aim of this problem is to establish a generalized of Holder inequality. More precisely, given a measurable
set E C R¥, positive numbers p1, - - , pn, r such that
1 1 1



2

and functions f; € LP*(E), --- f, € LP»(E), then

f=htafu e L(E) and ||fll. < [[fillp, - [[f2llps - [l fnllp,

1 1 1
e Let p, ¢ and r be positive numbers such that — = — + —. Show that
r p g

t_wm o1
- < + - Vt>0.
r p q
e Show that - R
@ @ " a0,
T p q
Hint: Use the previous inequality with t = a"0" 1.

1 1 1
o Let f € LP(E), g € LI(F) and r such that o= 2;4— 6 Show that fg € L"(E) and ||fgll» < ||fllp l9llq-

Hint: Let F' = ||J{|| and G = ﬁ Use the previous inequality with a = F' and b = G.
P 9llp

e Use induction to establish the generalized Holder inequality.

11. Let p,q € (0, oo] with p < ¢ and let E be a measurable subset of R™.
e Show that if m(E) < oo, then LI(E) C LP(E) and

i_

1
Fll, < m(E)»"a||flly Ve LY(E)
Hint: Apply the generalized Holder inequality to f and xg.
e Show that if F = R", then LY(F) ¢ LP(E) and LP(E) ¢ L(E). Hint: Consider f(x) = |z|.

12. The aim of this problem is to show (by contradiction) that for a measurable function ¢ : R* — R and for
1<p<oo,if fp € LP(R™) for all f € LP(R™), then ¢ € L (R™).

e Suppose that ¢ ¢ L<(R™). Show that for there exists a strictly increasing sequence {k;}32,; in N, such
that for every j € N, the set E; = {x € R"; k; <|¢(x)| < kj;+1} has a positive measure.
o0

e Define a function f: R® — Rby f = Z cjXE; where the c¢;’s are positive numbers. Show that
j=1

[ 1opar > Y mm(,).

o Show that for an appropriate choice the coefficients ¢;, we have f € LP(R™) and f¢ ¢ LP(R™).



