Fall 2022 - Real Analysis
Homework 9

1. Consider the two iterated integrals
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Show that I; exists but I does not (Note that the function /(1 — y?) is unbounded in the square (—1, 1)2.
2. Show that
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Hint: The function —=— 2 is continuous and bounded on [1, c0) x [1, co0) and — [ Y 2} = (m L
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and 4 33 =— vy For the third integral you can use polar coordinates
iz |22+ 2] (@212 graty p :

3. Given f € L(R), define the function g on R by g(z / f(t)dt. Let a € R be fixed. Show that the function

h defined by h(z) = g(x + a) — g(z) is an integrable function of z and

/o:oh(x)dx = a/O;f(x)dx
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4. Gaussian integral. The aim of this problem is to show that I = / e dy =
0
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e Method 1. (Seen in Multivariable Calculus) Verify that e ¢ L(0, 00) and use Fubini’s Theorem and
polar coordinates to prove that
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e Method 2. (First proof given by Laplace) Use the change of variable = yt in the inner integral of

72 = / (/ e—(‘”Q‘*‘yz)dm) dy to verify that
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Hint: (arctanz)’ = 522
T

Csin z T sin x

d:zc:§an ¢ L£(0, c0).

5. The aim of this problem is to show that the improper integral /
0o T

1 o0
(1) Verify that for > 0, we have P / e ' dt.
0
(2) Use the previous part to verify that for C > 0
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Hint: use the fact that sinxz =
(3) Use Fubini’s Theorem to verify that for M >0
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(4) Use the Dominated Convergence Theorem to show that
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5) Deduce that dz = Z (as an improper integral).
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¢ L£(0, 0o). Hint: You can start by verifying that / M dr = / sm? dx
g x 0o T+ gm

(6) Show that v

6. Let E C R? and f : E — R be a measurable function and f is finite a.e. on E. The distribution function of f
over E is the function w : [0, co) — [0, oo] given by w(t) = m ({|f| > t}) (this notion is related to probability).
Show that:

(1) The function w is monotone deceasing over [0, o).
hm w(t) =0.

(2)

(3) The function w is continuous from the right: For every a > 0, lim w(t) = w(a).
t—at

(4) lim w(t) =m{|f] = a}).

(o)
(5) For a.e. x € E, we have /0 X175 (@)dt = | f(2)].

oo

(6) If f € L(E), we have / t)dt = / | f|dz (Hint: You can use Fubini’s Theorem).
(7) [ € L(E) <= w € L(0, oo) (Hint: Consider the function g defined on E x R* by g(z,t) = x,;.,, (%)

and use Tonelli’s Theorem.
7. Let f(x) =e 17l g(2) = e and h(z) = ze~®" . Compute f x f, g+ g and h * h.

8. Prove the following properties of the convolution *. For f, h,g € L(R™):

(1) frg=gxf;
(2) (fxg)xh=fx(gxh)
(3) fxTulg) = Tu(f) x g = Tu(f = g), where T, is the translation operator defined on a function f by

To(f)(@) = f(z +a).

9. Let f,g € L(R) with g bounded. Prove the following

(1) f =+ g is a continuous function on R;
(2) f*gis abounded function on R and || f * g < | fll; [l9ll. i-e

sup{|f xg(z)] : = €R} < / flde sup{lg(@)] : « € R}

Hint: The following result could be useful. Let f € £L(R), then for any € > 0, there exists A > 0 and continuous
function A in R with h(z) = 0 for |z| > A and such that / |f —h|dz <e.
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