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Discuss a class of planar vector fields in R? that have

analogous properties as those of 0.
@ Holder solvability:
du=f felP, p>2 = uec C°, a:p;Z

@ Integral representation: u = _1/ R dédn + H(z)
T Jol—2Z
@ Similarity Principle: du = Au+ Bl = u(z) = H(z)e%?)

@ Boundary value problem (RH):
ou=Au+ Bu+finQ, Re(\u) = ¢ on 09.
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coordinates such that
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with b an R-valued function. Condition (P) just means that for
every x, the function t — b(x, t) does not change sign.

Example. 6?2‘ — ix”tmaax with m € Z™ satisfies (P) iff mis even.
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We know if L satisfies (P) and has C> coefficients, then L is
solvable in C> category:

Lu = f has C* solutions if f € C*°.

An old result of Treves gives L2-solvability. There is
LP-solvability in 2 variables under only Lipschitz regularity of
coefficients of L [Hounie-Morales Melo] (97)

Lu = f has LP solutions if f € LP.

Example. gt — ixagx satisfies (P) with first integral Z = xe’.
However Lu = 0 has singular solutions. For instance

u = In|x| + it.
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In order to gain regularity of solutions, it is necessary to
assume that L does not have 1-dimensional orbits.

Assume that L is hypocomplex. L satisfies (P) and the local first
integrals are homeomorphisms.

Example 9 —ixﬁ is not hypocomplex

5 3it2% is hypocomplex since its first integral Z = x + it is
global homeomorphism.

Hypocomplexity is not enough.

Example. [Berhanu-Cordaro-Hounie].

d 1 1\ 0 |t
L=— — —
5~ (tze p m) , Z(x,)y=x+1i exp |t\
L is a C* hypocomplex vector field with first integral Z. Let
S={(x,t):1Z(x,t)| <1/2, 0<arg(Z(x,t)) <n/4}.

For f = characteristic function of S, the equation Lu = f has no
bounded solutions.



§2

tojasiewicz type condition

Given L, let X be the characteristic set of L



§2

tojasiewicz type condition

Given L, let X be the characteristic set of L



§2

tojasiewicz type condition

Given L, let X be the characteristic set of L

L satisfies the tojasiewicz type condition (LC)



§2

tojasiewicz type condition

Given L, let X be the characteristic set of L
L satisfies the Lojasiewicz type condition (LC) if for every

p € ¥, L has a local first integral Z = x + i¢(x, t) (with
Z(p) = 0) defined in an open set p € U C R2



§2

tojasiewicz type condition

Given L, let X be the characteristic set of L

L satisfies the Lojasiewicz type condition (LC) if for every

p € ¥, L has a local first integral Z = x + i¢(x, t) (with

Z(p) = 0) defined in an open set p € U C R2such that Z is a
homeomorphism and satisfyies



§2

tojasiewicz type condition

Given L, let X be the characteristic set of L

L satisfies the Lojasiewicz type condition (LC) if for every

p € ¥, L has a local first integral Z = x + i¢(x, t) (with

Z(p) = 0) defined in an open set p € U C R2such that Z is a
homeomorphism and satisfyies

’Qb(xv t)’U < C|¢1‘(X7 t)|

forsome C >0and o € (0, 1).



§2

tojasiewicz type condition

Given L, let X be the characteristic set of L

L satisfies the Lojasiewicz type condition (LC) if for every

p € ¥, L has a local first integral Z = x + i¢(x, t) (with

Z(p) = 0) defined in an open set p € U C R2such that Z is a
homeomorphism and satisfyies

’Qb(xv t)’U < C|¢1‘(X7 t)|

forsome C > 0and o € (0, 1).
Remark. The (LC) condition is invariant under change of
coordinates or choice of a local first integral.



§2

tojasiewicz type condition

Given L, let X be the characteristic set of L

L satisfies the Lojasiewicz type condition (LC) if for every

p € ¥, L has a local first integral Z = x + i¢(x, t) (with

Z(p) = 0) defined in an open set p € U C R2such that Z is a
homeomorphism and satisfyies

’Qb(x, t)’o— < C|¢1‘(X7 t)|
forsome C >0and o € (0, 1).

Remark. The (LC) condition is invariant under change of
coordinates or choice of a local first integral.

Remark. If X is 1-dimensional manifold, then the (LC) condition
can be written as

dis(Z(m), Z(x))" < Cllm(ZZy)| -
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. n

Example. The vector field
=9 (1) 2
“ar '\ 2¥P7 ) ax
does not satisfy (LC) since

lim2exp— 2 =00 ifo<1.

t—0 |t‘
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Remark. L hypocomplex = L has a global first integral in €’.
We can assume that there exist

Z:Q — Z(Q)ccC
a C' homeomorphism, such that

LZ=0 and dZ(p)# VpeQ'.

We can assume that

) )
L=Z =20

LetQcc @, = Zj’\; Y. For each j let o; be the exponent of
the (LC) on %;. Let 0 = maxo;.



Cauchy-Pompeiu operator

For f € L'(Q) define

f(£ 77) d¢dn
Tzf(x.y) = 271// Z(¢ Z(x,y)"
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Theorem ([C. Campana, P. Dattori, A.M.])
@ Iff e LP(Q) withp > 2 + o, then IM = M(p, o,Q) such that

[Tz y)l < M[fllp,  VY(x,y) € Q.

e Iff € L'(Q), then Tzf(x,y) € LI(Q) for any
g

1 2 - ——.
<4< o+ 1
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1 dsdt 1 ds dt
J=(1+0o 0*‘/ — < (140 o+1/ [ —
(1+0) z@) It ¢ — 2|7 (1+0) p(z,R) 171 — 2|9

with ( =s+it, z= Z(x,y) and R is the diameter of Z(Q).
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ds dt
- - < M -
/D(z,m =z = M55




ds dt R2-9-T
/ e < M(Q)
p(z,R) 17 1¢ — Z| 2-q-71

This lemma together with the above estimate proves the special
case.



ds at R2—9-7
- - < M -
/D(z,m =z = M55

This lemma together with the above estimate proves the special
case. The general case can be brought into the special case by
writing



ds at R2—9-7
- - < M -
/D(z,m =z = M55

This lemma together with the above estimate proves the special
case. The general case can be brought into the special case by
writing

de dn N de dn
J=
70—z Z,:/v Z(En) ~ 2y




ds at R2—9-7
- - < M -
/D(z,m =z = M55

This lemma together with the above estimate proves the special
case. The general case can be brought into the special case by
writing

de dn N de dn
J=
70—z Z,:/v Z(En) ~ 2y

with V; tubular neighborhood of ¥; and @’ = Q\ UL, V.




ds dt R2-9-T
/ e < M(Q)
p(z,R) 17 1¢ — Z| 2-q-71

This lemma together with the above estimate proves the special
case. The general case can be brought into the special case by
writing

de dn N de dn
J=
70—z Z,:/v Z(En) ~ 2y

with V; tubular neighborhood of ¥ and @' = Q\ UL, V. Lis
elliptic in Q'




ds dt R2-9-T
/ g = M@);———
p(z,R) 17 1¢ — Z| 2-q-71

This lemma together with the above estimate proves the special
case. The general case can be brought into the special case by
writing

de dn N de dn
J=
70—z Z,:/v Z(En) ~ 2y

with V; tubular neighborhood of ¥ and @' = Q\ UL, V. Lis
elliptic in Q" and L can be transformed into the special case in
each V; with exponent o;.
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Let f € L'(Q). Let g € LP(Q) with p > 2 + o, then part (1)
implies that

_ 19(&:m)| d€ dn o
g1(X’y)_/Q\Z(§,77)—Z(X,y)\ eL®(Q) and gifeLl'(Q).

Then

oy dy o
/fg‘dxo’y /'95’ D ), 1Z6ey) - 2@ ©

So

f(x.y)| dxdy .
/n!Z(x,y)—Z(a,nn €LQ) and Tzf(x.y) € L(Q)
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Iff € L'(Q), then LTzf(x,y) = f

The proof is consequence of

Proposition
Ifwe Co(Q)nC'(Q), then

B w(&, n)
wix,y) =5~ 0a Z(E,1) — Z(x, )

az(&,m)

1 Lw(¢, )
™ Ja Z(§n) — Z(x,y)

dédn.
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Let ¢ € D(Q).

< LTZf(X7y)7¢> =—-< TZf(X7y)7L¢ >

- e (5 zmn = 2w @) 4

=<f, 0> .
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. g . .0
For the standard vector field ay ily]| Ix and

—ily|” 2
f(x,y) = ——— € LP(R%) for anyp <2+
U= Zamizey) € 5 yh=ere

but f ¢ LP" with p’ > 2 + 0. The function
u(x,y)=In|inZ(x,y)| ¢ L> and satisfies Lu = f. Equation
Lu = f has no bounded solutions.
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The proof uses the lemma

Lemma ([C. Campana, P. Dattori, A.M.])

Forzy # zy and T < 1, we have

J o < C(p,7) 121 — 202272
D

o.R) 7 1¢ = 2117 |¢ — z0/7
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Proof of Theorem

Set z; = Z(x1,y1) and zo = Z(Xo, Yo)-

| 1—20\ / \f(ﬁ n)| d€dn
T2f(xq, Tzf(xo, <
| T2f(x1, 1) = Tzf(Xo, o) Z(&.) — z1] 1Z2(&. 1) — o
< w!a ~ zo|Hs
e
with
oo dédn
Q ’Z(§> )_21’(7 ‘Z(fﬂl) _Zo‘q

ylyl?
o+ 1

It follows from the lemma that

Case Z(x,y) = x +
yiyl”

o+ 1

.Let R > 0s.t. Z(Q2) c D(0,R) and

S:g,t_
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1 dsdt
HS/ g g
(1+0)" Joe.r) It 1¢ =217 [¢ = 20

< C(q,7)|z1 — 22297
and
f 1
[ Tzf(x1, y1) — Tzf(x0, Yo)| < |7l”’121—20\Hq < C(p,7)|z1—20|"

with o = Z_L

aq , .
The general case can be reduced to this special case as was
done previously.
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The regularity of solutions of u, = f(x, y, u, uy) was studied by
many authors using the FBI transform. Including: [Adwan,
Berhanu](2012); [Asano] (1995);
[Baouendi-Goulaouic-Treves](1985); [Berhanu] (2009), [Lerner,
Morimoto, Xu] (2008). The last chapter of Treves book
"Hypo-analytic Structures" deals with nonlinear structures.
However, in all these works, the function f(x, y, (o, (1) is
assumed to be holomorphic in (¢, (1).

A paper by Hounie and Santiago (1996) considers the equation
Lu = f(x, u) with L satisfies (P). They prove in particular
existence of LP solutions if f € LP.
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Let F(x,y, () be a function defined on Q x C such that
@ Forevery ¢ € C, F(.,¢) € LP(Q) withp > 2 + ¢;
@ There exists ¥(x,y) € LP(Q) and g € (0, 1] s.t.

IF(X,y,G) = F(x,¥,60)| < %(x,¥)|¢ — Gol?
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Let F(x,y,u) be as above, o = 2= =T .__ 2
q o+ 1
@ If5 < 1, equation Lu = F(x, y,u) has a solution in C*(Q2);
@ If3 =1, then for every (x,y) € Q, there is an open
neighborhood U C Q such that equation Lu = F(x, y, u)
has a solution u e C*(U) .

Then
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LetP: Cn(Q) — Cn(Q):
Pu(x,y) = TzF(x,y,u(x,y)).

P is well defined since

Pu(x,y)| < M(p., Q)|IF(x.y, )|,
< M(p,o‘,Q)(HF(X,y,U)—F(X,y,O)Hp—FHF(X,y,O)Hp)
< M(p,o.9) (IIEl1N° + [|F(x,.0)llp) <N

Also the continuity of Pu follows from that of the integral
operator TzF:

Pu(my) — Pu(mo)| < C(p, o, QIIF(., u)l|p|Z(my) — Z(mo)|”
< C(p, 0, QN |Z(my) — Z(mo)|"
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An,c ={u e Cn(Q) : [u(my) — u(mg)| < C|Z(my) — Z(mo)|*}.

An,c is a convex subset of Cn(S2) and compact (Ascoli-Arzela).
We have P(CN(Q)) C AN,C and

IPu(m) — Pv(m)| = [TzF(m,u) — TzF(m, v)|
< M(p, o, QI[F(.,u) = F(.,v)llp
< M(p, o, Q)¢ lpllu — vII5
P: Anc — An,c is continuous. By Schauder fixed point

theorem, there is u € Ay ¢ satisfying u = Pu.Thus
Lu=LTzF(x,y,u) = F(x,y,u)
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