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Similarity Principle for 0

Theorem
Let A, B € LP(Q2) with p > 2. If w solves

ow

then there exist a holomorphic function h in Q and s € C%(Q),
with o = P=2 such that

u(z) = h(z)e5? . (0.2)

Conversely, for any given holomorphic function h in €, there
exists a Hélder continuous function s € C*(Q2) such that u
given by (2) satisfies (1)
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Similarity principle for vector fields with degeneracy was
considered in [A. M] (1997) for some model vector fields.

In 2000, Berhanu-Hounie-Santiago generalized a weak version
of the principle to vector fields satisfying condition P.They used
the result to show uniqueness of the Cauchy problem for vector
fields.

For the class of vector under consideration. We prove a strong
version of the principle.
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Recall: Z: Q — Z(Q) c Cis a C' homeomorphism,
L={peQ: Im(ZZ,)(p) = 0}

is a C' 1-dimensional submanifold of Q.
Near each point p of ¥, there are coordinates such that

Z(x,t) =x+ip(x,t)
and |p(x,t) — ¢(x,0)|” < Cloi(x, t)| with < 1and C > 0.
0 0
L= Zy(x, y)@ ~Z(x¥) 5,

5 77) d¢dn
Tzf(x.y) = 277// Z(&,n) —Z(x,y)
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If f € LP(Q), with p > 2 + o, then

1Tzflloc < C(p, 0, Q)[[f[lp;
LTz =f

| Tzf(p) — Tz1(q)| < C(p, 0, Q)[|fl[p1Z(p) — Z(q)|*

with @ = 2-9=7.
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A semilinear equation

Let G(x,y,¢) € CO(Q x C) N L>(Q x C).

Theorem (C. Campana, P. Dattori, A.M)

Let G be as above and A, B € LP(Q2) withp > 2 + o. Then,
equation
Lu= A(x,y) + B(x,y)G(x,y, u)

has a solution u € C*(Q) .
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LetP: C%(Q) — C%(Q) given by
Pu(x,y) = Tz (A(x,y) + B(x,y)G(x, y, u)) .
Since A(x,y) + B(x,y)G(x, y,u) € LP(Q), then

IPullec < M(p, 0, Q)[|A+ BGllp
< M([|Allp + 1|Gllecl|Bllp) = D

and

IPu(my) — Pu(my)| < |Tz(A+ BG)(my) — Tz(A+ BG)(mp))|
< C(|Allo + 1|Glll|Bllp) [2(m1) — Z(mg)[*



Let
E
= C(]
|A
llp + |Gl
|| B
p)
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Let E = C(||A||p + ||Gl|=||Bl|p) and Ap g be the set of function
v € C°(Q) such that

IV]loo <D and [v(my) — v(mp)| < E[Z(my) — Z(mg)|*

Then P(Ap ) C Ap,e and P is a continuous operator:Since G is
uniformly continuous on the compact

Qx{¢eC [l <D}

then for e > 0, there is § > 0, s.t.

€
|G(m, (1) — G(m, ¢2)| < M(IBl,~1) for ¢4 — (o <9
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Hence for u, v e Ap g and ||u — V|| < 0

IPu— PV||oc = || T2(B(G(Y) — G(V)))lloc
< M||B(G(u) ~ G(v))llo
< MIIBIJ5 | G(Y) ~ G(V) 1
MIBllo .
= M([Bll,+1) "~

Shauder Fixed Point Theorem implies that P has a fixed point u
in AD, E and so

Lu=A(x,y) + B(x,y)G(x,y, u)
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Theorem (C. Campana, P. Dattori, A.M)
Leta, b €,LP(Q) withp > 2+ 0.
@ Ifu e L>(Q) satisfies

Lu=au+ bu (0.3)

then there is a holomorphic function H in Z(Q2) c C and
s € C*(Q) such that

u(x,y) = H(Z(x,y))es*) (0.4)

@ If H is a holomorphic function defined in Z(X2), then there
exists s € C*(Q) such that u given by (4) satisfies (3)
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Suppose u satisfies (3). Let ¢ = % Then a+ by € LP(Q) and

there exists s € C*(Q2) such that Ls = a+ by. The function
v = ue S satisfies Lv = 0. Therefore there is H holomorphic in
Z(R) such that (4) holds.

Conversely, if H is holomorphic in Z(Q), let ¢y = —. Then

Y =1oZ e L[*(Q). Equation

Tl T

Ls = a+ byeSS

has a solution s € C*(£2) (Previous theorem).The function
u(x,y) = H(Z(x, y))es*¥) solves (3).
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Second order elliptic equations with degeneracies

02 02 02 0 0
P=A— +2B—— D—+E—
ox2 T 2Baxay T Cayz TPax TEgy
For simplicity, assume that the coefficients are real analytic.
Suppose that AC — B? > 0 and A = 1. The degeneracy set

{C — B? = 0} is then an analytic variety of dimension 1.Let
L=0x+p0y,, with g=B+iS=B+ivVC—B?

Then
Pu = LLu+ MLu + NLu

with .
E—-LB—-pD

Y —E+LB+BD

o5 N=i 25
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Set w = Lu. The study of Pu = 0, reduces to
Lw+ Mw + Nw = 0.

This idea was used ([A.M] 2010, 2012) to study properties of
solutions of Pu = 0 near isolated singular points or near a
simple closed curve of degeneracy. Also used in the study of
deformation of surfaces
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Bending of surfaces

S C R3, orientable, C> surface with C> boundary.
S= {R(s, H)eR3: (st eﬁ}

where R: QcR?2 — R3isC™. LetE, F, G,and g, f, g, be
the coefficients of the first and second fundamental forms:

E=Rs; Rs, F=Rs-ARy, G=R: R
e=HRss- N, f=Rs-N, g=Ru-N
with B xR
N: SX t

The Gaussian curvature

_ eg-—f?
K=Ec_F
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An infinitesimal bending of S of class C* is a deformation
S, C R3, with o € R® with position vector
R,(s,t) = R(s,t) + cU(s, t)

such that
dR2 = dR? + O(c?) aso — 0

This means U : Q — RS satisfies
dR-dU =0.

Trivial bendings given by U(s,t) = A x R(s,t) + Bwith Aand B
constants in R®.

Question. Does S have nontrivial infinitesimal bendings?
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Existence of nontrivial bending fields

Assume K > 0 on Q except at finitely many planar points
P1,- P € Q.

Theorem ([A.M] (2013))

For every k € 7, the surface S has nontrivial infinitesimal
bendings U : Q — R3 of class CX.
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Reduction to solvability of vector fields

The (complex) asymptotic directions are given by

N 4+2fA+eg=0; A=—-f+i\/eg—f2cR+IiR".

The vector field

5, 0
L=g(s, t)% + A(s, t)a

is elliptic in Q\{py,--- ,p/}
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For U: Q — RS we associate the C-valued function

w(s,t) = LR(s,t) - U(s, 1)

=g(s, Hu(s,t) + A(s, t)v(s,t)

withu=Rs-Uandv =R;-U.

Theorem ([ A.M.] (2013))
If U satisfies dR - dU = 0, then w satisfies

Lw = Aw + Bw
with
(LR X ZR) . (L2R X ZR) B (LR X

LR) - (L2R x LR)

)

LR x LR|? B

ILR x LR?
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Solvability of Lw = Aw + Bw

First find a global first integral of L
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Use the first integral to convert into a Bers-Vekua type equation
with singular points
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and then the bending field U from

vV =

Rss'U:Us, Rtt'U:Vt and 2Rst'U:Ut+Vs
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Theorem ([ A.M.] (2013))

Let S be as before.Then for every e > 0 and for every k € 7,
there exist surfaces *+ and ¥~ of class C* in the
e-neighborhood of S (for the C¥ topology)such that ¥+ and ¥~
are isometric but not congruent.

Proof. Let X, and X_, be surfaces defined by
R.,(s,t) = R(s,t)+oU(s,1)
with U an infinitesimal bending of S.
dR-dU =0 = dR?_ = dR? + o%dU?

Hence ¥, and X_, are isometric. For & small enough X are in
an e-neighborhood of S.
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a(u(t) + BHv(t) =~(t) te o
where o, 3, ~ are given continuous R-valued function on 0.

Hilbert reduced it into finding holomorphic functions ®* and ¢~
in interior and exterior of Q2 such that

ot —g(t)d~ =f onoQ.
Can be solved in closed form using Cauchy type integrals

oz [ o g

:277TI QQZ—t

(¢ related to f and g) (Plemlj and Gakhov).
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8—'! = Aw + Bw in Q
0z
Re (Au) = ¢ on 00

Many problems can be reduced into solving RH problems.

Elasticity; Airfold theory; Helmholtz Equation; Radon Transform;
Inverse Scattering; ...
Literature:

@ Begehr (1994): Complex Analytic methods for PDE
@ Gakhov (1966): Boundary value problems
@ Muskhelishvili (1977): Singular Integral Equations

@ Rodin (1987): Generalized Analytic Functions on Riemann
Surfaces
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RH problem for vector fields

L complex vector field in R? Q is simply connected with smooth
boundary
Lu=F(x,y,u) in Q
Re(\u) = ¢ on 00

For hypocomplex vector fields satisfying (LC) condition, the
problem can be solved using the integral operator T-f.
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Schwarz formula: If h(z) € C(D) is holomorphic in the unit disc
D then

1 (+zd¢ .
h(z) = i o Reh(¢) =z ¢ + ilm(h(0)) .

Let Z: Q — D be C! first integral of L and a
homeomorphism. For ¢ € C(02, R), define

577 +Z(x,y) dZ(&,m)
S 271'// gbf’ _Z(X7.y) Z(§777)

+ic
(c € R).Then

L(S(¢))=0 inQ and Re(S¢)=¢ on 9Q
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Then Tzf € C¥(Q)



Define the operator

1 f(&,m) 201 m)
Tzf(x,y) = 2m/< Z(&mn) - Z(x, y)+1—Z(x,y)Z(€7n)> e

Then Tzf € C*(Q) and for f € LP(Q) with p > 2 + o, we have

LTzf=f inQ and Re(Tzf)=0 onoQ
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For the RH problem
Lw=F(x,y,w) inQ andRe(w)=¢ onoQ

with
@ ¢ € C(0,R);
@ F: QxC — Csuchthat F(.,{) € LP (p > 2+ 0)
IF(p.¢1) = F(p. ) < v(p)¢1 — Gl (0 < B < 1).
we associate the operator

ow =TzF(x,y,w)+ S¢.

We can show that Q has a fixed point in C* that satisfies the
above RH problem



	Similarity Principle
	Applications
	Bending of surfaces
	The Riemann Hilbert Problem

