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Recall: Classical problem

Problem. Given λ : ∂D −→ ∂D, Hölder continuous, find
w ∈ C(D) holomorphic in D such that Re(λw) = 0 on ∂D.

The problem has nontrivial solutions only when the index κ of λ
is ≥ 0.

w(z) = zκeiγ(z)

id0 +
κ∑

j=1

djz j − dj
1
z j


with d0 ∈ R, dj ∈ C, and γ(z) = S(arg(z−κλ(z)))

S(ψ)(z) =
1

2πi

∫
∂D
ψ(ζ)

ζ + z
ζ − z

dζ
ζ
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L = A
∂

∂x
+ B

∂

∂y
, locally solvable, nonsingular, Cω, in Ω̃, open

subset of R2.
Allow L to have one dimensional orbits.
Ω ⊂⊂ Ω̃, Ω simply connected.
Λ : ∂Ω −→ ∂D, Hölder continuous.
Problem 1. Lu = 0 in Ω, and Re

(
Λ u
)

= 0 on ∂Ω.
Problem 2. Lu = 0 in Ω, and Re

(
Λ u
)

= φ on ∂Ω.with
φ ∈ Cα(∂Ω,R).
Problem 3. Lu = f in Ω, and Re

(
Λ u
)

= 0 on ∂Ω.with
φ ∈ Cα(∂Ω,R) and f ∈ C∈(Ω).
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For simplicity, assume that L has no closed one dimensional
orbits.
Each one dimensional orbit is a curve Γj joining two distinct
points on ∂Ω.

Ω\
N⋃

j=1

Γj = Ω1 ∪ · · · ∪ ΩN+1

∂Ωj = Aj1 ∪ Γj1 ∪ Aj2 ∪ Γj2 ∪ · · · ∪ Ajmj ∪ Γjmj

Ajl arc of ∂Ω; Γjl one dimensional orbit.
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Associate indices to Λ ∈ Cα(∂Ω, ∂D)
To each connected component Ωj , associate and κj ∈ Z.
Jump of Λ along orbit Γjk = arc(p−jk ,p

+
jk ):

ϑjk = arg Λ(P−jk )− arg Λ(P+
jk ).

qjk =

[
ϑjk

π

]
∈ Z , αjk =

ϑjk

π
− qjk ∈ [0, 1) .

nj = # of orbits on ∂Ωj with qjk odd.
Define

κj = Ind
(
Λ, ∂Ωj

)
=

1
2

( mj∑
k=1

qjk − nj

)
δj = # of orbits with αjk = 0.
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Theorem (A. Ainouz, K. Boutarene, A.M (2014))

Problem Lu = 0 in Ω, Re(Λ u) = 0 on ∂Ω has nontrivial solutions
if and only if there is j with 2κj ≥ δj . Furthermore, the number of
independent solutions is

r =
∑

2κj≥δj

(2κj − δj + 1)

Theorem (A. Ainouz, K. Boutarene, A.M (2014))

Assume δj = 0 for all j . Problem Lu = 0 in Ω, Re(Λ u) = φ on ∂Ω
has solution u ∈ Cµ(Ω) except (possibly) at isolated points. The
singular points of u consist of a single pole of order −κj in each
component Ωj with κj < 0. Moreover, the value u on the orbit
Γ = arc(p−,p+) is uniquely determined:

u(Γ) = (−1)q Λ(p−)φ(p+)− Λ(p+)φ(p−)

i sin(πα)
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Examples

L = (1 + 2ixy)
∂

∂y
− i(x2 − 1)

∂

∂x
.

x = 1 and x = −1 are one dimensional orbits of L.
First integral Z (x , y) = x + iy(x2 − 1).
Let Ω = D(0,2), Ω\{x = ±1} = Ω1 ∪ Ω2 ∪ Ω3 with
Ω1 = Ω∩ {x > 1}, Ω2 = Ω∩ {−1 < x < 1}, Ω3 = Ω∩ {x < −1}.
Let Λ(2eiθ) = eif (θ), with

f : [0, 2π] −→ R , f (2π) = f (0) + πq0, q0 ∈ 2Z .

Jumps: ϑ1 = f (π/3)− f (5π/3), ϑ2 = f (4π/3)− f (2π/3)

q1 =

[
ϑ1

π

]
, q2 =

[
ϑ2

π

]
n1 = 1 if q1 is odd and n1 = 0 if not; n2 = 2 if both q1, q2 are
odd, n2 = 1 if only one odd, and n2 = 0 if both even;n3 = 1 if q2
odd and n3 = 0 if not.
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Indices

κ1 =
1
2

(q0 + q1−n1), κ2 =
1
2

(q1 + q2−n2), κ3 =
1
2

(q2−n3)

Case Λ(2eiθ) = eiθ:
κ1 = 0, κ2 = −1, κ3 = 0, α1 = α2 = 2/3, δ1 = δ2 = δ3 = 0
Problem Lu = 0 in D(0,2), Re

(
e−iθu)

)
= 0 has 2

independent solutions. Both are constant in Ω2.
Case Λ(2eiθ) = ei sin θ:
κ1 = 0, κ2 = −1, κ3 = −1, α1 =

√
3− 1, α2 = 2−

√
3,

δ1 = δ2 = δ3 = 0
Problem Lu = 0 in D(0,2), Re

(
e−i sin θu)

)
= 0 has 1

independent solutions constant in Ω2 ∪ Ω3.
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Complex generated by a closed form

En+1: space of germs at 0 ∈ Rn+1 of C-valued C∞ functions.
ω ∈ Λ1(En+1) with ω(0) 6= 0 and ω ∧ dω = 0.

X space of germs at 0 ∈ Rn+1 of C∞ functions (X = En+1), or
of space of germs of flat functions along closed subset Y
(X = F(Y )), or space of formal series etc.
f ,g ∈ Λp(X ) are ω-equivalent if f ∧ ω = g ∧ ω.
(i.e. f = g + α ∧ ω for some α ∈ Λp−1(X ).)
If f ∼ω g, then df ∼ω dg.

Λp
ω(X ) =

Λp(X )

Λp−1(X ) ∧ ω
. The exterior derivative

d : Λp(X ) −→ Λp+1(X ) induces the complex

dω : · · · −→ Λp
ω(X ) −→ Λp+1

ω (X ) −→ · · ·
Zp
ω(X ): ω-closed p-forms; Bp

ω(X ): ω-exact p-forms.

Hp
ω(X ) =

Zp
ω(X )

Bp
ω(X )
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ω = dx + ω′ = dx +
n∑

j=1

αj(x , t)dtj .

Lj =
∂

∂tj
− αj

∂

∂x
, j = 1, · · · ,n.

Λp
ω(X ) ∼= Λp,0(X ) = {f ∈ Λp(X ) : f =

∑
|J|=p

fJ(x , t)dtJ}.

L : Λp,0(X ) −→ Λp+1,0(X ), L = dt − ω′ ∧
∂

∂x

Lf =
∑
|J|=p

(
dt fJ −

∂fJ
∂x

ω′
)
∧dtJ =

∑
|M|=p+1

∑
j∈M

(−1)σ(j,Mj )Lj fMj

dtM

from now on we assume ω exact

ω = d(x + iφ(x , t))

with φ ∈ En+1 and R-valued.
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In the mid 70’s Treves (Annal Math) initiated the problem of
characterizing φ(x , t) for which Hp

ω(En+1) is trivial. That is
Equation Lu = f can be solved with u ∈ Λp−1,0(En+1) for
every f ∈ Λp,0(En+1) satisfying Lf = 0

He conjectured that the triviality of Hp
ω(En+1) is equivalent the

triviality of (p − 1) homology group of the generic fiber of
x + iφ(x , t).
The completed proof of the conjecture was given by Cordaro
and Hounie in 2001.
Some articles that were written about the problem include
Cordaro-Treves (1991): ” =⇒ ” for all p
Mendoza-Treves (1991): ”⇐= ” for p = 1
Chanillo-Treves (1997): ”⇐= ” for all p when ω is real analytic.
Cordaro-Hounie (1999): ”⇐= ” for p = n
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Hp
ω(En+1) computed in [A.M.] Trans. AMS in 1997 when ω is of

Mizohata type:

ω = d(x + iq(t)) , q(t) = t2
1 + · · ·+ t2

k − t2
k+1 − · · · t2

n

Ideas in [A.M] 1997 can used for ω = d(x + iφ(t)) where φ ∈ En

has an algebraically isolated singularity at 0 ∈ Rn.
Let L = |φ|−1(c) with c > 0 small. Then

Theorem

Hp
ω(En+1) ∼= Hp−1(L)⊗ S
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Ideas in the proof

Reduction to flatness along the separatrix R× V with
V = φ−1(0):

Hp
ω(En+1) ∼= Hp

ω(F0(R× V ))

Reduction to wedge

Hp
ω(F0(R× V )) ∼= ⊕N

i=1Hp
ω(C0(Wi))

where W1, · · · ,WN are components of Rn+1\R× V and
C0(Wi) is the space of germs at 0 of C∞(Wi) that are flat
along Wi ∩ R× V .
Hp
ω(C0(Wi)) ∼= Hp−1(Li)⊗ S where Li = L ∩Wi .
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Space S

Two germs f1, f2 of C∞ at 0 ∈ R2
+ (y ≥ 0) are equivalent if∫

C

f1(ζ)− f2(ζ)

ζ − x
dζ ∧ dζ is real analytic function (x ∈ R)

S: space of equivalence classes, S = C∞(R2
+,0)/∼.

Lemma

H1
d(x+iy)(F0({y = 0})) ∼= S
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Proof

To η = fdz + gdz ∈ Λ1(C∞(R2
+) associate [f ] ∈ S.

Since the general solution of uz = f in y ≥ 0 is
u(z) = u0(z)− h(z), with h holomorphic in y > 0 and smooth
up to y ≥ 0 and

u0(z) =
−1
2πi

∫
C

f (ζ)

ζ − z
dζ ∧ dζ

then in order for u to be flat along y = 0 we need u0(x) = h(x).

Φ : H1
d(x+iy)(F0({y = 0})) −→ S , Φ([η]) = [f ]

is an isomorphism.
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Cohomology with formal coefficients

F (x , t , s) = x + i(φ(t) + s).
Ex : germs at 0 ∈ R of C∞ functions
Ex [t , s]: ring of formal power series in t , s with coefficients in Ex .

Λ•dF (Ex [t , s]) =
Λ•(Ex [t , s])

Λ•−1(Ex [t , s]) ∧ dF

Proposition

H0
dF (Ex [t , s]) ∼= Ex and Hp

dF (Ex [t , s]) ∼= 0 for p > 0.
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Reduction to flatness along x-axis

Proposition

ω = d(x + iφ(t)). If η ∈ Zp
ω(En+1), then there exists

u ∈ Λp−1(En+1) such that

η − du ∈ Zp
ω(F0({t = 0}))
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Proof

dη ∧ ω = 0 =⇒ dη = η1 ∧ ω for some η1 ∈ Λp(En+1)
d2η = dη1 ∧ ω = 0 =⇒ dη1 = η2 ∧ ω for some η2 ∈ Λp(En+1)
The continuation gives rise to a (Godbillion-Vey) sequence
{ηj}j ⊂ Λp(En+1) with dηj = ηj+1 ∧ ω. (set η = η0).
Let α be the formal p-form in (x , t , s):

α =
∑
j≥0

ηj
(is)j

j!

so that dα =
(∑

ηj+1
(is)j

j!

)
∧ dF .



§1 §2 §3 §4 §5 §6

Proof

dη ∧ ω = 0 =⇒ dη = η1 ∧ ω for some η1 ∈ Λp(En+1)
d2η = dη1 ∧ ω = 0 =⇒ dη1 = η2 ∧ ω for some η2 ∈ Λp(En+1)
The continuation gives rise to a (Godbillion-Vey) sequence
{ηj}j ⊂ Λp(En+1) with dηj = ηj+1 ∧ ω. (set η = η0).
Let α be the formal p-form in (x , t , s):

α =
∑
j≥0

ηj
(is)j

j!

so that dα =
(∑

ηj+1
(is)j

j!

)
∧ dF .



§1 §2 §3 §4 §5 §6

Proof

dη ∧ ω = 0 =⇒ dη = η1 ∧ ω for some η1 ∈ Λp(En+1)
d2η = dη1 ∧ ω = 0 =⇒ dη1 = η2 ∧ ω for some η2 ∈ Λp(En+1)
The continuation gives rise to a (Godbillion-Vey) sequence
{ηj}j ⊂ Λp(En+1) with dηj = ηj+1 ∧ ω. (set η = η0).
Let α be the formal p-form in (x , t , s):

α =
∑
j≥0

ηj
(is)j

j!

so that dα =
(∑

ηj+1
(is)j

j!

)
∧ dF .



§1 §2 §3 §4 §5 §6

Proof

dη ∧ ω = 0 =⇒ dη = η1 ∧ ω for some η1 ∈ Λp(En+1)
d2η = dη1 ∧ ω = 0 =⇒ dη1 = η2 ∧ ω for some η2 ∈ Λp(En+1)
The continuation gives rise to a (Godbillion-Vey) sequence
{ηj}j ⊂ Λp(En+1) with dηj = ηj+1 ∧ ω. (set η = η0).
Let α be the formal p-form in (x , t , s):

α =
∑
j≥0

ηj
(is)j

j!

so that dα =
(∑

ηj+1
(is)j

j!

)
∧ dF .



§1 §2 §3 §4 §5 §6

Proof

dη ∧ ω = 0 =⇒ dη = η1 ∧ ω for some η1 ∈ Λp(En+1)
d2η = dη1 ∧ ω = 0 =⇒ dη1 = η2 ∧ ω for some η2 ∈ Λp(En+1)
The continuation gives rise to a (Godbillion-Vey) sequence
{ηj}j ⊂ Λp(En+1) with dηj = ηj+1 ∧ ω. (set η = η0).
Let α be the formal p-form in (x , t , s):

α =
∑
j≥0

ηj
(is)j

j!

so that dα =
(∑

ηj+1
(is)j

j!

)
∧ dF .



§1 §2 §3 §4 §5 §6

Consider formal expansions w.r.t. t of ηj ’s and w.r.t. (t , s) of α.

Ttηj =
∑

r

ηr
j t r and Tt ,sα =

∑
j,r

ηr
j
t r (is)j

j!

with ηr
j = ηr

j (x) ∈ Λp(Ex ).
dα ∧ dF = 0 =⇒ Tt ,sα ∈ Zp

dF (Ex [t , s])

so (from previous proposition) ∃β̂ ∈ Λp−1(Ex [t , s]) such that
(Tt ,sα− d β̂) ∧ dF = 0.
Let β ∈ Λp−1(En+2) s.t. Tt ,sβ = β̂ (Borel).
Let β0 and η = η0 be the pullbacks of β and α to s = 0. Then
Tt (η − dβ0) ∧ d(x + iφ(t)) = 0. i.e.

η − dβ0 ∈ Zp
ω(F0({t = 0})) .
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Theorem of C.A. Roche

φ(t) ∈ En is R-valued with an algebraically isolated singularity
at 0.
Sn−1
ε = {x ∈ Rn : |x | = ε}

Bn
ε = {x ∈ Rn : |x | < ε}.

Vε = φ−1(0) ∩ Bn
ε ,

Yε,δ = |φ|−1(δ) ∩ Bn
ε

Uε,δ = φ−1((−δ, δ)) ∩ Bn
ε
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Theorem of C.A. Roche

Theorem (C. A. Roche 1985)
For ε > 0 small enough, there exists δ > 0 s.t.

Sn−1
ε is transversal to hypersurfaces φ−1(t) for |t | < δ.

Vε is homeomorphic to a cone with vertex 0 and base
Vε ∩ Sn−1

ε .
The restriction of |φ| to U\Vε is a fibration with base (0, δ)
and fiber Yε,δ
|φ| : Uε,δ\Vε −→ (0, δ) has a C∞ trivialization
Ψ : Uε,δ\Vε −→ Yε,δ × (0, δ) such that Ψ∗ induces an
isomorphism between F(Yε,δ ×{0})Λ•(C∞(Yε,δ × (−δ, δ)))
and F(Vε)Λ•(C∞(Uε,δ)
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Complex on product manifold

M: smooth manifold of dimension m
R+(ε, δ) = {(x , y) ∈ R2 : |x | < ε, 0 ≤ y < δ}
Y = {(p, x , y) ∈ M × R+(ε, δ) : y = 0}
F(Y ): germs of flat functions along Y in C∞(M × R+(ε, δ)).

Λ•d(x+iy)(F(Y )) =
Λ•(F(Y ))

Λ•−1(F(Y )) ∧ d(x + iy)

Proposition

Hp
dz(F(Y )) ∼= Hp−1(M)× S
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Proof

η = η0 + η1 ∧ dz mod(dz): p-form on M × R+(ε, δ) with η0

and η1, p and (p − 1) forms on M depending on parameter z.
dη = d0η

0 + (d0η
1 + (−1)pη0

z ) ∧ dz mod(dz)

If η is dz-closed, then d0η
0 = 0 and d0η

1 + (−1)pη0
z = 0.

σ1, · · · , σl ∈ Λp(C∞(M)): generators of Hp(M)
η0 =

∑
f ν(z)σν + d0α with f ν and α flat along y = 0. so

d0(η1 + (−1)pαz) + (−1)p∑ f νz σν = 0 and f ν = 0.
Θ1, · · · ,Θk ∈ Λp−1(C∞(M)): generators of Hp−1(M) .
η1 + (−1)pαz =

∑
gν(z)Θν + d0β with gν and β flat along

y = 0.
We get

η = d(α + β ∧ dz) +
∑

gν(z)Θν ∧ dz mod(dz)
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So η ∈ Zp
dz(F(Y )) is dz-cohomologous to

∑
gνΘν ∧ dz;

and η ∈ Bp
dz(F(Y )) iff for every ν there exists Hν(z)

holomorphic in y > 0 and smooth up to y ≥ 0such that

−1
2πi

∫
C

gν(ζ)

ζ − z
dζ ∧ dζ − Hν(z)

is flat along y = 0. i.e. iff [gν ] = 0 ∈ S.

Φ : Hp
dz(F(Y )) −→ Hp−1(M)× S , Φ([η]) = (Θν , [gν ])

is an isomorphism.
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Reduction to wedges

Let W = (−a, a)× Uε,δ ⊂ R× Rn

W\R× V = W1 ∪ · · · ∪WN .
L = |φ|−1(δ), Li connected component of L such that
(−a, a)× Li ⊂Wi .
C∞0 (Wi): space of germs at 0 of C∞ functions with support
⊂Wi .

Proposition

For p > 1, Hp
ω(En+1) ∼= ⊕N

i=1 Hp
ω(C∞0 (Wi))
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Proof

First if η ∈ Z p
ω (En+1), we can prove that

η = du + η0 mod(ω) with η0 ∈ Z p
ω (F0(R× V )

Define η0
i =

{
η0 in Wi
0 in Rn+1\Wi

so η0 =
∑

i

η0
i .

Second we prove that η0
i ∈ Bp

ω(En+1) =⇒ η0
i ∈ Bp

ω(C∞0 (Wi))
The map [η] −→

∑
i [η

0
i ] gives an isomorphism

Hp
ω(En+1) −→

⊕
i
Hp
ω(C∞0 (Wi))
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Proposition

Hp
ω(C∞0 (Wi)) ∼= Hp−1(Li)× S

Proof. Roche’s Theorem induces an isomorphism

Ψ∗ : F((−a, a)× Li × 0)Λ•(C∞((−a, a)× Li × [0, δ))

−→ Λ•(C∞0 (Wi))

which in turn induces an isomorphism

Hp−1(Li)×S ∼= Hp
d(x+iy)(F(Li×R+(ε, δ))) ∼= Hp

d(x+iφ(t))(C
∞
0 (Wi))
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