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Liouville numbers

λ ∈ R\Q is a Liouville number if
∀N ∈ N, ∃C > 0 and a sequence {(pj ,qj)}j ⊂ Z× N such
that qj −→∞ and∣∣∣∣λ− pj

qj

∣∣∣∣ < C
qN

j
∀j ∈ N

Examples. Let b ∈ N. Then λ =
∞∑

n=1

1
bn!

is Liouville.

An algebraic number is not Liouville.
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T2 =

(
R

2πZ

)2

.

u ∈ D′(T2). u =
∑
j,k

û(j , k)ei(jx+kt).

There exist constants C,M > 0 such that

|û(j , k)| ≤ C(1 + j2 + k2)M .

u ∈ C∞(T2) ⇐⇒ sup
|û(j , k)|

(1 + j2 + k2)N
< ∞ ∀N ∈ N

P =
n∑

p,q=0

cp,q
∂p+q

∂xp∂tq with cp,q ∈ C. P is Globally Hypoelliptic

(GH) if

∀u ∈ D′(T2), Pu ∈ C∞(T2) =⇒ u ∈ C∞(T2)
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Greenfield-Wallach Theorem

Theorem (S. Greenfield and N. Wallach (1972))
P is (GH) if and only if there exist A, B > 0 such that∣∣∣∣∣∣

n∑
p,q=0

cp,q jpkq

∣∣∣∣∣∣ ≥ A
(j2 + k2)B for |j | and |k | large

In case of a vector field L =
∂

∂t
− λ ∂

∂x
with λ ∈ R\Q

Theorem (S. Greenfield and N. Wallach (1972))
L is (GH) if and only if λ is not Liouville.
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Impact of Greenfield-Wallach Theorem

Some papers
Hounie (1979): A two-dimensional surface with a (GH) L
vector field is a torus and L ∼ ∂t − λ∂x .
Chen-Chi (2000): On Tn a (GH) vector field is ∼

∑
j Aj∂xj

with the Aj ’s in R satisfying a Diophantine condition.
Bergamasco-Cordaro-Malagutti (1993): (GH) on M × S1

with M compact
Bergamasco-Cordaro-Petronilho (1994): Global solvability
on M × S1 with M compact
A.M. (2002): (GH) on compact manifolds
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Bergamasco-Petronilho (1999): Closedness of the range
of ∂t + a(x)∂x on T2.
Bergamasco-Zani (2007): Global Analytic Hypoellipticity
Himonas-Petronilho (series of papers): (GH) on tori for
second order operators.
Gramchev-Popivanov-Yoshino (1993): Gevrey (GH) on
Tori.
MANY OTHERS
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Diophantine condition for matrices

M =
(
akj
)
∈ MR(m,n)

NM = M(Zn) ∩ Zm. NM ≤ M(Zn) with rank r ≤ min(m,n).
J1, · · · , Jr ∈ Zn such that span{MJ1, · · · ,MJr} = NM = M(N0)
N0 = span{J1, · · · , Jr} ≤ Zn.

(DC) there exist C > 0 and ρ > 0 such that

max
1≤`≤m

{|k` + a` · J|} ≥ C(|K |+ |J|)−ρ,

for all (K , J) ∈ Zm × Zn such that K + MJ 6= 0, where
a` = (a`1, · · · ,a`n) is the `-th row of M and
K = (k1, · · · , km).
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Examples

M ∈MQ(m,n) or ∈MA(m,n) satisfy (DC).
m = n = 1, M = λ satisfies (DC) if and only if λ is not a
Liouville number
Let λ ∈ R be a Liouville number X ∈ Zm, Y ∈ Zn with
Y1 = 1, and L ∈MZ(m,n).
M = λX · Y T + L does not satisfy (DC).
(m = 1, n = 4) Let λ1, λ2 be Z-independent Liouville
numbers.
M = (λ1, λ2,p1 + λ1,p2 + λ2) with p1, p2 ∈ Z does not
satisfy (DC).

Lemma
Let M ∈MR(m,n) and S ∈ SL(m,Z).

M satisfies (DC) ⇐⇒ SM satisfies (DC)
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A differential complex

Ω = {ω1, · · · , ωn} ⊂ C∞(Tm,Λ1) with dωj = 0.
C∞(Tm+n,Λp,0): space of p-forms f on torus Tm+n = Tm × Tn

with
f =

∑
|L|=p

fL(t , x) dtK fL ∈ C∞(Tm+n,C)

t = (t1, · · · , tm), x = (x1, · · · , xn) angular variables in Tm and
Tn.
LΩ : C∞(Tm+n,Λp,0) −→ C∞(Tm+n,Λp+1,0) ,

LΩf = dt f +
n∑

j=1

ωj ∧ ∂f
∂xj

=
∑
|K |=p

dt fK +
n∑

j=1

∂fK
∂xj

ωj

 ∧ dtK
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Lemma

L2
Ω = 0

Z p
Ω(Tm+n): space of Ω-closed p-forms (LΩf = 0)

Bp
Ω(Tm+n): space of Ω-exact p-forms (f = LΩu)

Hp
Ω(Tm+n) =

Z p
Ω(Tm+n)

Bp
Ω(Tm+n)
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Matrix of periods

γ1, · · · , γm closed loops in Tm such that the homotopy classes
Γ = {[γ1], · · · , [γm]} is a basis of H1(Tm).
To Ω = {ω1, · · · , ωn}, associate the m × n matrix

MΓ =
(

MΓ
kj

)
where MΓ

kj =
1

2π

∫
γk

ωj .

If Γ′ is another basis of H1(Tm), then MΓ′
= SMΓ for some

S ∈ SL(m,Z).

MΓ satisfies (DC) ⇐⇒ MΓ′
satisfies (DC)
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Theorem ([ P. Dattori, A.M.])

Let Ω = {ω1, · · · , ωn} as before, with matrix of periods M.
N = Span{g1, · · · ,gr} ≤ Zn such that M(N) = M(Zn) ∩ Zm

G = (g1, · · · ,gr ) ∈MZ(n, r). If M satisfies (DC), then

Hp
Ω(Tm+n) ∼= Hp(Tm)⊗Ψ∗(C∞(Tr ))

where Ψ : Tm −→ Tr is the linear map given by the matrix
(MG)T . In particular if M(Zn)∩Zm = {0}, then Hp

Ω(Tm+n) = 0 .
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Idea of the proof

Reduce to a complex with constant coefficients.
Use Fourier series to study the complex with contant
coefficients.



§1 §2 §3 §4 §4 §6 §5 §7

Idea of the proof

Reduce to a complex with constant coefficients.
Use Fourier series to study the complex with contant
coefficients.



§1 §2 §3 §4 §4 §6 §5 §7

Reduction to constant coefficients

For each j = 1, · · · ,n there are aj
1, · · · ,a

j
m ∈ R such that ωj is

cohomologous to

ωj
0 =

m∑
k=1

aj
k dtk .

Ω0 = {ω1
0, · · · , ωn

0} and LΩ0 the associated complex.

Proposition

H∗Ω(Tm+n) ∼= H∗Ω0
(Tm+n)
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Proof

f ∈ C∞(Tm+n,Λp,0), f =
∑

J∈Zn f̂ (t , J)eiJ·x ,
f̂ (t , J) =

∑
|L|=p

f̂L(t , J) dtL ∈ C∞(Tm,Λp).

∀ν ∈ Z+, ∃Cν > 0 ||̂f (t , J)|| ≤ Cν

(1 + |J|)ν
∀ J ∈ Zn

ωj = ωj
0 + dhj(t) with hj ∈ C∞(Tm,R).

H(t) = (h1(t), · · · ,hn(t)) and
SH : C∞(Tm+n,Λp,0) −→ C∞(Tm+n,Λp,0)

SH f = g =
∑

J

ĝ(t , J)eiJ·x with ĝ(t , J) = eiJ·H(t) f̂ (t , J) .

Note that ||ĝ(t , J)|| = ||̂f (t , J)|| and SH is an isomorphism
S−1

H = S−H .
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Claim. LΩ = S−1
H LΩ0SH

Proof.

LΩ0SH f = LΩ0g =
∑

J

(
dt ĝ(t , J) + i

∑
k

jkωk
0 ĝ(t , J)

)
eiJ·x

dt ĝ(t , J) = eiJ·H(t)

[
dt f̂ (t , J) + i

∑
k

jkdhk (t) ∧ f̂ (t , J)

]
LΩ0SH f =

∑
J

eiJ·H(t)LΩ

(
f̂ (t , J)eiJ·x

)
S−HLΩ0SH f =

∑
J

LΩ

(
f̂ (t , J)eiJ·x

)
= LΩf .

Consequence

SHZ ∗Ω(Tm+n) = Z ∗Ω0
(Tm+n) and SHB∗Ω(Tm+n) = B∗Ω0

(Tm+n)
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Conditions for closedness

f ∈ C∞(Tm+n,Λp,0),
f =

∑
J∈Zn

f̂ (t , J)eiJ·x , with f̂ (t , J) ∈ C∞(Tm,Λp).

f =
∑

K∈Zm

∑
J∈Zn

f̂ (K , J)eiK ·teiJ·x with

f̂ (K , J) =
∑
|L|=p

f̂L(K , J) dtL, f̂L(K , J) ∈ C

∀ν ∈ Z+, ∃Cν > 0, ||̂f (K , J)|| ≤ Cν
(1+|K |+|J|)ν ∀K , J

Lemma

LΩ0 f = 0 if and only if

(
m∑

l=1

(kl + al · J)dtl

)
∧ f̂ (K , J) = 0 for all

K , J. In particular eiMJ·t f̂ (t , J) is a closed p-form in Tm for every
J ∈ N.
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Condition for exactness

Proposition
Suppose that M satisfies condition (DC). Then f is Ω0-exact if
and only if for every J ∈ N, eiMJ·t f̂ (t , J) is an exact form in Tm
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Proof

"=⇒" Suppose LΩ0u = f . Use partial Fourier series wrt x.

dû(t , J) + i
m∑

s=1

jsws
0 ∧ û(t , J) = f̂ (t , J)

For J ∈ N, eiMJ·t ∈ C∞(Tm) and
d
(

eiMJ·t û(t , J)
)

= eiMJ·t f̂ (t , J).

"⇐=" Suppose eiMJ·t f̂ (t , J) is exact for every J ∈ N.
Let Ñ = Zn\N, fN =

∑
J∈N f̂ (t , J)eiJ·x fÑ =

∑
J∈Ñ f̂ (t , J)eiJ·x .

Solve LΩ0uN = fN and LΩ0uÑ = fÑ .
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dû(t , J) + i
m∑

s=1

jsws
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∑
J∈Ñ f̂ (t , J)eiJ·x .

Solve LΩ0uN = fN and LΩ0uÑ = fÑ .
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0 ∧ û(t , J) = f̂ (t , J)

For J ∈ N, eiMJ·t ∈ C∞(Tm) and
d
(

eiMJ·t û(t , J)
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eiMJ·t f̂ (t , J) =
∑

K

f̂ (K , J)ei(K +MJ)·t

= f (−MJ, J) +
∑

K 6=MJ

f̂ (K , J)ei(K +MJ)·t

eiMJ·t f̂ (t , J) exact =⇒ f (−MJ, J) = 0
We can define uN as
uN =

∑
ûN(K , J)eiK ·teiJ·x with

ûN(K , J) =
∑

|L|=p, σ∈L

ε

|K + MJ|
f̂ (K , J) dtL\σ with ε = ±1

Condition (DC) and f̂ (K , J) with fast decay =⇒ uN ∈ C∞
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ûN(K , J)eiK ·teiJ·x with
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ûN(K , J) =
∑

|L|=p, σ∈L

ε

|K + MJ|
f̂ (K , J) dtL\σ with ε = ±1

Condition (DC) and f̂ (K , J) with fast decay =⇒ uN ∈ C∞



§1 §2 §3 §4 §4 §6 §5 §7

eiMJ·t f̂ (t , J) =
∑

K

f̂ (K , J)ei(K +MJ)·t

= f (−MJ, J) +
∑

K 6=MJ

f̂ (K , J)ei(K +MJ)·t

eiMJ·t f̂ (t , J) exact =⇒ f (−MJ, J) = 0
We can define uN as
uN =

∑
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Proof of Hp
Ω0

(Tm+n) ∼= Hp(Tm)⊗Ψ∗(C∞(Tr ))

f ∈ Z p
Ω0

(Tm+n), d(eiMJ·t f̂ (t , J) = 0 ∀J ∈ N.

eiMJ·t f̂ (t , J) =
∑
|L|=p

CL
J dtL + exact form

CL
J ∈ C with rapid decay.

Let H : Zr −→ N ≤ Zn isomorphism. For every L let

gL(s) =
∑
ν∈Zr

CL
Hν eiνs ∈ C∞(Tr )

Define Φ(f ) by

Φ(f ) =
∑
|L|=p

gL((MH)T t) dtL ∈ Hp(Tm)⊗Ψ∗(C∞(Tr ))

where Ψ is the linear map given by (MH)T .
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f1 ∼Ω0 f2 =⇒ Φ(f1) = Φ(f2) (Prop. about exactness).
Φ : Hp

Ω0
(Tm+n) −→ Hp(Tm)⊗Ψ∗C∞(Tr ) injective.

For gL(s) =
∑
ν∈Zr

ĝ(ν)eiνs ∈ C∞(Tr ) define

f L(t , x) =
∑
J∈N

ĝ(−MJ)e−iMJ·teiJx ∈ C∞(Tm+n)

and f =
∑

f L(t , x)dtL. Then Φ(f ) =
∑

gL(Ψ(t)) dtL.
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Semiglobal solvability

Solvability of the equation

Lu = f

L is a vector field in a neighborhood of an orbit
A necessary and sufficient condition for local solvability is
the Nirenberg-Treves Condition (P)
Condition (P) is also sufficient for solvability in a
neighborhood of a nonrelatively compact orbit of L (L.
Hörmander, Ann. Math. 1978, J. Hounie, Proc. AMS,
1985)
Solvability in a neighborhood of a relatively compact orbit
not yet well understood.
The case of vector in two variables is considered in earlier
works (A.M. (2001) and Cordaro-Gong (2004))
There are locally solvable vector fields that are not solvable
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A class of vector fields

Let ω1, · · · , ωm ∈ R and λ1, · · · , λn ∈ R,
t = (t1, · · · , tm) ∈ Tm, x = (x1, · · · , xn) ∈ Rn.

X =
m∑

k=1

(ωk + gk (t , x))
∂

∂tk

Y =
n∑

j=1

(
λjxj + fj(t , x)

) ∂

∂xj
,

where gk , fj ∈ Ca(Tm × B(r) ; R), with a =∞ (smooth case) or
a = $ (real analytic case) and such that

gk = O(|x |) and fj = O(|x |2)
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Notation

X = (ω + g(t , x))∂t Y = (Λx + f (t , x))∂x

where

g = (g1, · · · ,gm) f = (f1, · · · , fn) ,
Λ = diag(λ1, · · · , λn)

∂t =

(
∂

∂t1
, · · · , ∂

∂tm

)T

∂x =

(
∂

∂x1
, · · · , ∂

∂xn

)T

Let Tm
0 = Tm × {0} ⊂ Tm × Rn
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Note that since Y = 0 and X = ω∂t on Tm
0 , then for every

(t ,0) ∈ Tm
0 the orbit of X through (t ,0) is also an orbit of the

real vector X + Y and of the complex vector field X + iY .
These orbits are trapped on the torus Tm

0 .
Our objective is to understand the equations

(X + Y )u = F (real case) and
(X + iY )u = F (complex case)

in a full neighborhood of the torus Tm
0
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Siegel type condition (SR)

The pair (ω, λ) ∈ Rm × Rn satisfies the Siegel type condition
(SR) if the following holds:

(SR): There exists C > 0 and µ > 0 such that

|i < ω,K > + < λ, J > −ελj | ≥
C

(|K |+ |J|)µ

for every K ∈ Zm , J ∈ Nn, j = 1, · · · ,n, ε = 0 or 1 and
|K |+ |J| > 0 .

where

< ω,K >= ω1k1 + · · ·+ ωmkm , < λ, J >= λ1j1 + · · ·+ λnjn .
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Normalization of X + Y

Theorem
Suppose that (ω, λ) satisfies (SR). Then there exists a
diffeomorphism Φ of class Ca

Φ(t , x) = (t + φ(t , x), x + ψ(t , x))

defined in a neighborhood of Tm
0 ,with φ(t ,0) = 0, ψ(t ,0) = 0,

such that
Φ∗(X + Y ) = Mω,λ = ω∂t + Λx∂x
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Idea of the proof: (C∞-case)

Step 1. Formal equivalence
Step 2. Reduction to normalization up to flat terms
Step 3. Removal of flat terms
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Solvability of Mω,λ

Mω,λ = ω∂t + Λx∂x

Theorem
Assume that (ω, λ) ∈ Rm × Rn satisfy (SR). Let f be a
Ca-function (a = $ or a =∞) in a neighborhood of Tm

0 such
that ∫

Tm
f (t ,0)dt = 0 .

Then equation Mω,λu = f has a Ca-solution in a neighborhood
of Tm

0
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Normalization of X + iY

We seek a diffeomorphism that transforms

X + iY = (ω + g)∂t + i(Λx + f )∂x

into
Lω,λ = ω∂t + iΛx∂x

Remark. Note that since ω∂t and Λx∂x commute, then a
necessary condition for such an equivalence to exist is that X
and Y need to commute.

[X ,Y ] = 0
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Siegel type condition (SC)

The pair (ω, λ) ∈ Rm × Rn satisfies the Siegel type condition
(SC) if the following holds:

(SC): There exist C > 0 and µ > 0 such that

|< ω,K > + < λ, J >| ≥ C
(|K |+ |J|)µ

for every K ∈ Zm , J ∈ Nn, with |K |+ |J| > 0.
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Normalization of X + iY : analytic case

Theorem
Suppose that

(ω, λ) satisfy (SC),
f and g are real analytic, and
[X ,Y ] = 0.

Then there exists a real analytic diffeomorphism

Φ(t , x) = (t + φ(t , x), x + ψ(t , x))

near Tm
0 with φ(t ,0) = 0, ψ(t ,0) = 0, such that

Φ∗(X + iY ) = Lω,λ
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Normalization of X + iY : C∞-case

Theorem
Suppose that

(ω, λ) satisfy (SC),
λ1 , · · · , λn have the same sign,
f and g are C∞, and
[X ,Y ] = 0.

Then there exists a C∞ diffeomorphism

Φ(t , x) = (t + φ(t , x), x + ψ(t , x))

near Tm
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0 with φ(t ,0) = 0, ψ(t ,0) = 0, such that

Φ∗(X + iY ) = Lω,λ
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A non normalizable vector field

Let (ω, λ) ∈ Rm × Rn with n ≥ 2 such that λ1 < 0 and λ2 > 0.
Let β(x) ∈ C0(Rn ,R) defined by

β(x) =

{
xλ2

1 x−λ1
2 if x1 > 0, x2 > 0 ,

0 elsewhere
Then Λx∂xβ(x) = 0.
Let α(y) ∈ C∞(R,R) with α(y) > 0 for y > 0 and α(y) = 0 for
y ≤ 0.
Define g(t , x) ∈ C∞(Tm × Rn,Rm) by

g1(t , x) = α(β(x)), gk (t , x) = 0 for k = 2, · · · ,m.

Note that g is flat along Tm
0 and Λx∂xg = 0.
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A non normalizable vector field

Consider the vector field

T = (ω + g(t , x))∂t + iΛx∂x = Lω,λ + α(β(x))
∂

∂t1

Note that [Re(T ), Im(T )] = 0.

Proposition

There is no diffeomorphism Φ near Tm
0 such that

Φ∗(T ) = Lω,λ .
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Proof

Suppose there a diffeomorphism

Φ(t , x) = (t + φ(t , x), ψ(t , x))

such that Φ∗T = Lω,λ. For j = 1, · · · ,m, the function φj(t , x)
satisfies

m∑
k=1

(ωk + gk )
∂tj + φj

∂tk
+ i

n∑
l=1

λlxl
∂φj

∂xl
= ωj

In particular for j = 1, the t-periodic function φ1 satisfies

m∑
k=1

(ωk + gk )
∂φ1(t , x)

∂tk
= −g1(x) .

This equation cannot have a periodic solution unless g1 = 0.
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Solvability of Lω,λ: real analytic case

Lω,λ = ω∂t + iΛx∂x

Theorem
Assume that (ω, λ) ∈ Rm × Rn satisfy (SC). Let f be a
C$-function in a neighborhood of Tm

0 such that∫
Tm

f (t ,0)dt = 0 .

Then equation Lω,λu = f a unique C$-solution in a
neighborhood of Tm

0
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Solvability of Lω,λ: smooth case

Theorem
Assume that (ω, λ) ∈ Rm × Rn satisfy (SC). Let f be a
C∞-function in a neighborhood of Tm

0 such that∫
Tm

f (t ,0)dt = 0 .

Then for every k ∈ N, equation Lω,λu = f has a Ck -solution in a
neighborhood of Tm

0
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Nonexistence of C∞ solutions

Theorem
Assume that (ω, λ) ∈ Rm × Rn satisfy (SC). There exists a C∞

function f in a neighborhood of Tm
0 with f = 0 on Tm

0 such that
equation Lω,λu = f has no C∞ solution in any neighborhood of
Tm

0
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Thank You
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