FOURIER-BESSEL SERIES AND
BOUNDARY VALUE PROBLEMS IN
CYLINDRICAL COORDINATES

1. EXERCISES

In Exercises 1 to 9, find the J,-Bessel series of the given function f(x) over the given interval
and with respect to the given endpoint condition.

Exercise 1. f(x) = 100 over [0, 5], and Jy(z) = 0.
For x € (0, 5) we have

100 = " ¢j Jo(zx/5),

=1
where z; is the j* positive root of Jy(z) = 0 and
100, Jo(2z;2/5))s 2 >
cj = (100, Jo(z/ 2)> = 5 / 100Jy(zjx/5) x dx .
[Jo(z2/5)][; 25J1(%)* Jo
We have
b 25 [# 25 . 25 J1(2;
/ 100Jo(zj2/5) z dz = 100— / tJo(t) dt = 100> [t.Jy (1)) = 10022 1%)
0 Z5 Jo Z; Zj
2
Thus ¢; = & and
zjJ1(2)
100 =200)" Jolz2/5)
= 5N()

Exercise 2. f(x) =z over [0, 7], and J;(z) = 0.
Exercise 3. f(x) = —5 over [0, 1], and J5(z) = 0.
For z € (0, 1) we have

[e.9]

-5 = ch JQ(ZjI) >

j=1
where z; is the j™ positive root of J,(z) = 0 and

— <_5> J2(ij)>w _ 2 ' B so0) xdr
cj = ”J2<Zj5’7)‘|i _Jg(Zj)2 /0( 5) Jo(zjx) x dx .

We have
/ LIt = / 21y (1)) dt = / (=1, (1)) dt

= —tJy(t) + 2/J1(t)dt = —tJi(t) + 2/(—J0(t))’dt
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! 1 [% 1 .
/ JQ(Zj.Q?) rdr = ) / tJQ(t) dt = ) [—tjl(t) — QJ()(t)]OJ
0 Zj Jo J

e

_ 2-20(3) — %4(%)

2

24
J
Thus ¢; = 102 — QJO(QZj) —5N(%) and
ZjJ3<Zj>2
—2Jo(z5) — zjJ1(25)
_5—1 i) j j )
5=10 E EF NPT Jo(zj)

i <z<
Exercise 4. f(x) = { (1) i (1) - ;; P ; over [0, 2|, and Jy(z) = 0.

Exercise 5. f(x) =z over [0, 3], and J{(z) =0
For z € (0, 3) we have

xr = ch Ji(zjz/3),
j=1

where z; is the j™ positive root of Ji(z) = 0 and

o Dz /3)e _

c.
R PACTEYEI s

is time ||J1(z;2/3)|, = o7 J1(z;)°. We have
J
3 27 27 Jy(2;)
(x, Ji(2j2/3))s :/o 2?Jy(zjx)3) v dw = —/ () dt = = 22 J1(z) = Z—J
Z j
Thus ¢; = 0 and

(25 = 1)N(z)

6; 71 Jl = Ji(zz/3).

Exercise 6. f(x) =1 over [0, 3|, and Jy(z) + 2J)(2) = 0.
Exercise 7. f(z) = 22 over [0, 3], and Jy(z) = 0 (leave the coefficients in an integral form).

For z € (0, 3) we have

o0

v = ¢ do(z2/3),
j=1
where z; is the j™ positive root of Jy(z) = 0 and

(2%, Jo(zj7/3))s 2 /3 18 / 5
c; = = 100Jy(z:x/3) x dr = —— t°Jo(t) dt.
7 ||J0(Zj17/3)||i 9]1(Zj)2 0 0( 7 / ) Z;Jl(Zj)Q 0 0( )

We have ‘
]tSJ t)ydt| Jolz;x/3).
Z { 4J1 zj /0 o() ] o(z]w/ )

Exercise 8. f(x) = 22 over [0, 3], and J3(z) = 0 (leave the coefficients in an integral form).
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Exercise 9. f(z) = /z over [0, 7], and Jy/2(2) = 0 (use the explicit expression of J;/» and
relate to Fourier series).

For z € (0, m), we have
VI =Y ¢ilip(za/m),
j=1
where z; is the j™ positive root of Jy/2(2) = 0 and

¢ = (VE, Jip(z@/T)e _ / VI (2 7) @ da

|‘J1/2(Z].I‘/7T)Hi 7T2J3/2 ZJ

Now we use the expressions

2 2 '
Jij2(t) = y/% sinz and  Jsp(t) = — (su;a: — cosx)

(-1tva
g

/7r \/§J1/2(Zj:lf/7r) rdr = /O7r \/5\/% sin(jx) xdx = %\};JH

\/ﬁ( 1)g+1
Vi

Vi= Y ehlerin) =Y M(J;W — sin(jo)

]+1

to get z; = jm, J3po(jm) = and

Therefore ¢; = and we have the expansion

8

This expansion is equivalent (after multiplying by 1/z) to = = 2 Z sin(jx) which the
7=1

Fourier sine expansion of = over the interval [0, 7].

In exercises 11 to 14, solve the indicated boundary value problem that deal with heat flow in
a circular domain.

Exercise 11. "
U = 2(urr+—’"> 0<r<2 t>0,
T
u(2,t) = t>0,
u(r,0) = 0<r<2.

If u(r,t) = R(r)T(t) solves the homogeneous part of the BVP, then R and T satisfy the ODE
problems

{ r?R"(r) +rR'(r) + M?R(r) =0 0<r <2

R(2)=0 , and T'(t)+2\T(t) =0, t>0.

The eigenvalues and eigenfunctions of the R-problem (singular SL-problem) are:

Aj = <%>2 and  R;(r) = Jo(zjr/2),

where z; is the j™ positive root of Jy(z) = 0. The corresponding independent solution of the
T-problem is Tj(t) = e~2% The general solution has the series representation

u(r, t) :Z 2”J (zjr/2).

J=1
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The nonhomogeneous condition implies that

u(r,0) =5 = ch Jo(zr/2).

j=1
Hence

(5, Jo(z7/2)) 5 /2 10 /
c; = = rJo(z;r/2)dr = ——— tJo(t)dt
T /22 20 Sy (=22 Sy

10 . 10
= —— S tht)]y =
Ty Pl = 7

The solution of the BVP is

=~ 1
u(r,t) =10 Z e Jo(zjr/2).
j=1

Ji(25)z

Exercise 12.
ut:2<urr—|—u—> O<r<2 t>0,
T

ur(27t) — t > O,
u(r,0) = 0<r<2.
Exercise 13.
ut:2<uw+&> O<r<2 t>0,
r
2u(2,t) —u,(2,t) =0  t>0,
u(r,0) =5 0<r<2.

If u(r,t) = R(r)T(t) solves the homogeneous part of the BVP, then R and T satisfy the ODE
problems
{ r?R'"(r)+rR(r)+ M*R(r) =0 0<r <2

R(Q) -0 , and T’(t) + 2/\T(t) =0, t>0.

The eigenvalues and eigenfunctions of the R-problem (singular SL-problem) are:
2\ 2
Aj = <5J> and R;(r) = Jo(z;r/2),

where z; is the j* positive root of —2.Jy(z) + 2J{(z) = 0. This time the norms of the eigenfunc-
tions satisfy
2(2%2 — 4)
1Tz /27 = —Lg—Jo(z)*.

j

The corresponding independent solution of the T-problem is T;(t) = e 2%t The general solution

has the series representation
[ee]
u(r,t) = Z ¢ et Jo(zm)2).
j=1

The nonhomogeneous condition implies that

o0

u(r,0) =5 = ch Jo(zr/2).

=1
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Hence
B b2 5% TP,
cj = ||J0<Zj7"/2)||72« = 2(2']2 — 4)<]O(Zj)2 /0 Jo( j /2)d
= <22 - i)OJO(Zj)Q /OZ] tJo(t)dt = (22 — 41)0J0(zj)2 [tJl(t)]gj
1OZjJ1(Zj)

(22 —4)Jo(z)?
The solution of the BVP is

u(r,t) =10 Z %1(%) o 2! Jo(zm/2) .

Exercise 14. Find a solution u of the form w(r,6,t) = v(r, ) sin(26) of the problem.

ut:2<uw—|—&+u—ej) 0<r<2 0<0<2r t>0,
rooor

u(2,0,t) =0 0<60<2m, t>0,

u(r,0,0) = 5r? sin(20) 0<r<2 0<6<2nm, .

Exercise 15.

r 9
u:(uw+u—— u) O<r<l1, t>0,
r

' 2
u(l,t) = t>0,
(r,0) =173 0<r<l.

If u(r,t) = R(r)T(t) solves the homogeneous part of the BVP, then R and T satisfy the ODE
problems

{ r?R"(r)+rR(r)+ (A?* =9)R(r)=0 0<r<1

R(1) =0 , and T'(t)+ AT'(t)=0, t>0.

The eigenvalues and eigenfunctions of the R-problem (singular SL-problem) are:
A=z and  Ri(r) = Js(zr),

where z; is the j™ positive root of J3(z) = 0. The corresponding independent solution of the
T-problem is Tj(t) = e %', The general solution has the series representation

u(r,t) = Z cj e 5t J3(z,r).

J=1

The nonhomogeneous condition implies that

u(r,0) =% = Z c; Js(zr).
j=1

Hence
(r, J3(z7))s 2 /1 s 2 / 4
T = r*Js(z:r)dr = ———— t*Js(t)dt
DS A A by P = e )y Y
2 2

= g Ol = T
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The solution of the BVP is
> 1
u(r,t) =2 E . J3(zm)

= (%)

In exercises 16 to 19, solve the indicated boundary value problem that deal with wave prop-

agation in a circular domain.

Exercise 16.
Uy
U = 2 urr+—> 0<r<3, t>0,

,
w(3,t) =0 >0,

u(r,0) =9 —r? 0<r<3,
u(r,0) =0 0<r<3.

If u(r,t) = R(r)T'(t) solves the homogeneous part of the BVP, then R and T satisfy the ODE

problems
r?R'(r) +rR(r)+ M?R(r) =0 0<r<3 and T"(t) 4+ 2\T(t) =0, t>0,
R(3) =0 1T =0

The eigenvalues and eigenfunctions of the R-problem (singular SL-problem) are:
Zj 2
)\j = <§> and Rj(?“) = Jo(Zj’l“/3),

where z; is the j™ positive root of Jy(z) = 0. The corresponding independent solution of the
T-problem is Tj(t) = cos (\/5 zjt/3). The general solution has the series representation

u(r,t) = i cj cos <\/§zjt/3> Jo(zjr/3).

The nonhomogeneous condition implies that

u(r,0) =9 — 1 = ch Jo(zr/3).

j=1

Hence
<9 — T2, Jo(ZjT/S»T
G = 2
[ Jo(z57/3)]I;
2 3 )
— W /0 (9 —7%)rdo(zr/3)dr.
We have

/03(9 — ) rdo(zm/3) dr = 9/03 rJo(zr/3) dr — /03 r?rJo(zr/3) dr

81 (% 81 [%
=— tho(t)dt — — t3Jo(t) dt
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Since
/t3J0(t) dt = /tQ(tjl(t))’dt =3I (t) — 2/t2J1(t) dt
=1J(t) — 282 Lo (t) + C
then
3 ) 81 ., 81 (4 ) .
(9 —r*)rdo(zm/3)dr = = [ZAGIKES = BEAGERANAGIN
0 J J
= —ij _
It follows that ¢; = M and the solution of the BVP is
Zj Ji(z5)
u(r,t) = 36 i MCOS <\/§zt/3> Jo(zir/3) .
| = A N(z)? ' ’

Exercise 17. u
Utt:(UTT—F_T) O<T<1,t>0,
r

u(l,t) = t>0,
u(r,0) = 0<r<l,
u(r,0) = g(r) 0<r<l.

where
(r) = 1 ifo<r<1/2,
=V 0 (/2 <r<l.

Exercise 18. Find a solution u of the form u(r,8,t) = v(r,t) cos

Uy  Ugg >

utt:<uw+—+— O<r<1,t>0,0<0<2r
T

2
u(1,0,1) =0 t>0,0<6<2r

u(r,0,0) =0 0<r<1,0<6<27
u(r,0,0) = g(r) cos b 0<r<l1,0<460<2r.

where
(r) = ro if0<r<1/2
IIT=Y0  if(1/2)<r<l.

In order for u(r,0,t) = v(r,t)cosf to solve the BVP, the function v(r,t) needs to solve the
following BVP

Utt:UTr+/li_% O<r<l1, t>0,
roor
(%) v(l,t) =0 t>0,
v(r,0) =0 0<r<l,
v (r,0) = g(r) 0<r<l.

If v(r,t) = R(r)T(t) solves the homogeneous part of BVP (%), then R and T satisfy the ODE
problems
r?R'"(r)+rR(r)+ (AM?*—=1)R(r)=0 0<r<1 and T"(t) + AXT(t) =0, t >0,
R(1)=0 H T(0) =0
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The eigenvalues and eigenfunctions of the R-problem (singular SL-problem) are:
Aj = z? and R;(r) = Ji(zr),

where z; is the j™ positive root of Ji(z) = 0. The corresponding independent solution of the
T-problem is Tj(t) = sin(z;t). The general solution has the series representation

v(r,t) = ch sin(z;t) Ji(z;7).

We have

o0
ve(r,t) = ch z; cos(z;t) Ji(zr).
j=1
The nonhomogeneous condition implies that

v (r,0) = g(r) = Z cjzj Ji(zr).

Hence

g A 2
Cj 2 = Hjl(ZjT)Hi - JZ(Zj)Q /0 9(7“) Jl( j )d .

We have
1 1/2 NEE
/ g(r)rJi(zr)dr :/ 7’2J1(zjr) dr = —3/ t2J1(t) dt
0 0 Zi Jo

= & [PR0) = _JQ(:;@)
J2(2/2)

% () and the solution of the BVP (x) is
ZjJdo\Zj

It follows that c;z; =

o0

v(r,t) = Z_; % sin(z;t) Ji(z,r).

The solution u of the original BVP is
o (2/2)
u(r,0,t) = v(r,t) cosd = Z W

=1

sin(z;t) Ji(z;r) cosf.

Exercise 19. Find a solution u of the form u(r,0,t) = v(r,t) cos

utt:<uw+&+u—?> 0<T<1,t>0,
r r

u(1,t) =0 t>0,

u(r,0) = Ji(z1,17) sin 0<r<l,
u(r,0) = g(r) cosd 0<r<l.

where 2, ; is the first positive zero of J; and where

(r) = ro if0<r<1/2
IIT=Y0  if(1/2)<r<l.

In exercises 20 to 23, solve the Helmholtz equation in the disk with radius L
Exercise 20. [ =2
Au—u=2, u(2,0)=0
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We construct a series solution in terms of the eigenfunctions of the associated 2-dimensional
Helmholtz eigenvalue problem

Au(r,0) + u(r,0) =0 0<r<2, 0<60<2m,
u(2,0) =0 0<6<2r.

The eigenvalues and eigenfunctions are:

m)\2 uj o (r,0) = cos(mb) Jy, (zjmr) ,
Ao = <ZJT> ’ uéjm(r, 0) = sin(m#)J,, <Zj’2%1r> ,

where z; ,,, is the j-th positive roots of the equation J,,(z) = 0.
We expand F(r,0) = 2 and u(r,0) into these eigenfunctions (Fourier-Bessel series). We seek
then a solution u of the form

:ii A, ; cos(mb) + By, ;sin(mb)] Jy, (zj’;r)

m=0 j=1
By using Aur? = —\,, u-?. we deduce that
y g mvj - m,J m7j7

A== = 50 S0 Ag) g osnd) + Byt g (227

m=0 j=1

The Fourier-Bessel expansion of F(r,6) = 2 is

()
Zj, 0J1 ZJO 2 '

J=1

It follows after identifying the series representation of Au — u and 2 that
Anj=DB,,;,=0 form>0

—4 —16

Ay — = :
" (L Moy)i(z50)  zio(d + 22,)Ti(z0)

The solution of the BVP is

1 ZioT

16 J ( ] )
— 2j0(4+ 23 ;) J1(2)0) ‘12

u(r,0) = —

Exercise 21. L =1
Au=rsinf, u(l,0)=0

Exercise 22. L =3
Au+2u = —1+ 5r° cos(30), u(3,0) =0

We construct a series solution in terms of the eigenfunctions of the associated 2-dimensional
Helmholtz eigenvalue problem

{Au(r,@)—l—)\u('r’,ﬁ)zo 0<r<3, 0<6<2m,

u(3,0) =0 0<6<2r.
The eigenvalues and eigenfunctions are:
A = (22)° ), (1, 6) = cos(m >Jm( el
75 3 ) ) e

where z; ,,, is the j-th positive roots of the equation J,,(z) = 0.
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We expand F(r,0) = —1 + 5r3 cos(30) and u(r,0) into these eigenfunctions (Fourier-Bessel
series). We seek then a solution u of the form

u(r,0) = [A,,.j cos(mb) + By, jsin(mb)] J,, (%)
m=0 j=1
By using Auiﬁfj = —)\m,juifj, we deduce that

Dt 2u= 3" 302 M) (Ao cos(mb) + B, sin(md)] 1, (220

m=0 j=1

The Fourier-Bessel expansion of the functions 1 and 3 cos(36) are:

> 2 ZioT
St ()
Z zioJi(z0) "\ 3

J=1

3 . > Zj’g’f‘
r° cos(30) = 54 cos(30) J; (—3 >

= Z3Ja(23)

We have then

0
2 Zjor

N 1 Z53T
_1 + 57’3 COSs 36 — — J + 270 N 39 J i
(30) Zl zj0J1(250) 0 < 3 ) jzl PAC) (30) Js < 5 )

It follows after identifying the series representation of Au + 2u and —1 + 513 cos(36) that
B, ;=0 forallm; A,,; =0 form#0or3

o =) - 18
" 202 = M) i(z0)  z0(18 = 22,) 1 (2)0)
270 2520
A37] p— p—

2j3(2 = A35)Ja(zj3)  23(18 — 25 ;) Ju(z;3)
The solution of the BVP is

o0

—18 Zior\ o 2520 23T
ulr,6) = Jo (= + cos(30) Js [ =L
(r,0) Z 2i0(18 — zg,j)J1(zj,0) 0 ( 3 > ; zj3(18 — z§7j)(]4(zj73) (30) Js ( 5 )

J=1

Exercise 23. Solve the following Dirichlet problem in the cylinder with radius 10 and height
20
U+ L fu =0 0<r<10, 0< 2 <20,
r
u(10,2) =0 0 <z <20,
u(r,0) =0 0 <r <10,
u(r,20) =1 0 <r<10.



