THE METHOD OF SEPARATION OF VARIABLES

EXERCISES

Use the method of separation of variables to solve the following boundary value problems.

Exercise 1.

ur(x,t) = Bug,(x,t) O<z<2m, t>0
u(0,t) = u(2m,t) =0 t>0

u(z,0) = sing —sin(3z) O<az <27

e Homogeneous and nonhomogeneous parts of the BVP are:

' up(x,t) = gy (z, 1) . T
HP: { w(0,) = u(2m,t) = 0 NHP: wu(z,0) = sin i sin(3z)
e ODE problems for solutions with separated variables of HP. Suppose u(z,t) = X (z)T(t)
is a nontrivial solution of HP. Then X (z) and T'(¢) solve the following ODE problems:
X"t)+2X(t) =0 , B
{ X(0) = X(2r) = 0 T'(t) +3XT(t) =0

where \ is the separation constant.

e Eigenvalues and eigenfunctions of the X-problem.
2

n nx
Eigenvalues: A, = R eigenfunctions X, (z) = sin - with n € Z*.
e For each eigenvalue \,, the corresponding T-problem has solutions generated by T,,(t) =
—3n?t/4
e :
e Solutions with separated variables of HP:

nx
Up(7,t) = e 3"t gin - neZ*

e Superposition gives more general solutions of HP

N
u(z,t) = Cle3t/4 sing +Coesine + -+ + CNe_3N2t/4 sin 755

e Use NHP to find the constants C1,--- ,Cy so that the solution solve the original BVP
(HP and NHP).

N
u(z,0) = sing —sin(3z) = C) sing + Cysinz + -+ 4+ Cy sin Tx
By identifying coefficients we find C; = 0 for j # 1,6, C; =1, and Cs = —1.

e The solution of the BVP is

—3t/4

u(z,t) =e sing — e " gin(3x)

Exercise 2.

ug(x,t) = uge(x,t) O<z<2m, t>0
u.(0,t) = u,(2m,t) =0 t>0

5
u(x,O)leO—Scost 0<z<2n
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Exercise 3.

ur(z,t) = 2uge(x,t) O<z<m, t>0
u(0,t) = uy(m,t) =0 t>0

7 11
u(x,()):50sm§—25sm7x+1osin7x O<z<m

e Homogeneous and nonhomogeneous parts of the BVP are:

' uy(z,1) = 2upe(,1) ‘ T Tz 1l
HP: { w(0,8) = 0, uy(m ) = 0 NHP: u(z,0) = 50 sin = i 25 sin 5 + 10sin 5

e ODE problems for solutions with separated variables of HP. Suppose u(z,t) = X (z)T(t)
is a nontrivial solution of HP. Then X (z) and T'(¢) solve the following ODE problems:

{ X"(t) +AX(t) =0

X(0)=0, X'(7) =0 T'(t) + 20T (t) = 0

where A is the separation constant.
e Eigenvalues and eigenfunctions of the X-problem.

(2n + 1)? 2n+1)x

Eigenvalues: A\, =
e For each eigenvalue \,,, the corresponding T-problem has solutions generated by T,,(t) =

ef(2n+1)2t/2.

e Solutions with separated variables of HP:
Uy (z, 1) = e~ D2 giy n; neZ"u{0}

e Superposition gives more general solutions of HP

Z Cre —(2j+1)%t/2 (2] + 1)z
2

e Use NHP to find the constants C1,--- ,Cy so that the solution solve the original BVP
(HP and NHP).

N .
7 11 2+ 1
u(z,0) = 50 sing ~ 25sin 7“7 +10sin Tx - 20 C; sin Q

By identifying coefficients we find C; = 0 for j # 0, 3, 5; Cy = 50, C5 = —25, and
Cs = 10.
e The solution of the BVP is

Tx 11
u(z,t) = 50e/? sing — 25e 7492 5in — 5 +10e7121/2 gy =0

Exercise 4.
U (2,1) = V2upp(x,t)  0<z <31, t>0

u(0,t) = u(3m,t) =0 t>0
uy(z,0) =0 0<x<3rm
u(z,0) = f(z) 0<z<3m
where
1 1 Tx

flz) = sing —5 sin(2x) + R sin 3

; eigenfunctions X, (x) = sin — withn=20,1,2, 3, ---
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Exercise 5.
U (2, 1) = 4y (x, 1) 0<z<3m, t>0
t)y=0 t>0

u(z,0) =0 0<z<3rm
u(z,0) = g(z) 0<z<3rm
where
(z) ) 2:c+1 . ox
x) = sin — + — sin —
g 3 2773

e Homogeneous and nonhomogeneous parts of the BVP are:

U (x,t) = 4y, (z, 1)
HP: u(0,t) = u(3m,t) =0 NHP:  w(z,0) = g(z)
u(z,0) =0
e ODE problems for solutions with separated variables of HP. Suppose u(x,t) = X (x)T'(t)
is a nontrivial solution of HP. Then X (z) and T'(¢) solve the following ODE problems:

X"(t) + AX(t) = 0 T'(t) + 4MT(t) = 0
{ X(0) =0, X(31) =0 { T(0) = 0

where A is the separation constant.

e Eigenvalues and eigen_fQunctions of the X-problem. .
Eigenvalues: \; = ‘%; eigenfunctions X;(z) = sin ‘%, with j =1, 2, 3, ---.

e For each eigenvalue JA;, the corresponding T-problem has solutions generated by 7,,(t) =

sin %
e Solutions with separated variables of HP:

u;(z,t) = sin % sin ‘% JEL"

e Superposition gives more general solutions of HP

N 9t -
u(z,t) = Z C; sin Il
§=0
e Use NHP to find the constants C1, - ,Cy so that the solution solve the original BVP
(HP and NHP). We have

N . : :
2 25t
u(z,t) = EjCj Cos%sin%
j=0
and
~ 9j 2 2 1 . 5z
u(z,0) = Z EjCj sin‘% = sin? + 5 sin?
=0

By identifying coefficients we find C; = 0 for j # 2, 5; Cy = 3/4 and C5 = 3/20.
e The solution of the BVP is

3.4 2« 3 . 10t . dx
u(a:,t):Zsmgsm?—i—z—osm?sm?
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Exercise 6.

U (T, 1) = Uge (2, 1) O<x<l, t>0
w(0,t) = u,(1,6) =0 ¢t>0
. T
u(x,O):sm? 0<zx<l1
7
ut(az,O):—sing 0<zx<l1
Exercise 7.

Ut (2, 1) = Ugy (2, 1) O<zx<2, t>0
uz(0,t) = ug(2,8) =0 t>0
u(z,0) =0 O<z<2

1 )
ut(q:,O)zl—écos%x 0<z<2

e Homogeneous and nonhomogeneous parts of the BVP are:

U (2, 1) = tge(, 1) 1 Smr
HP: uz(0,1) = ug(2,t) =0 NHP:  w(z,0) =1— - cos —
_ 2 2
u(z,0) =0

e ODE problems for solutions with separated variables of HP. Suppose u(z,t) = X (z)T(t)
is a nontrivial solution of HP. Then X (z) and T'(¢) solve the following ODE problems:

X"(t) + AX(t) =0 T'(t) + AT(t) = 0
{ X'(0) =0, X'(2) =0 { 7(0) =0

where A is the separation constant.
e Eigenvalues and eigenfunctions of the X-problem.

2
Ap = (%) , Xn(x):cosg, n=20,1, 2,3, ---
Note that A\g = 0 is an eigenvalue with eigenfunction Xy(x) = 1.

e For each eigenvalue \,,, the corresponding T-problem has solutions generated by T,,(t) =

t
sin%forn:1,2,3-~ and To(t) =t for n = 0.

e Solutions with separated variables of HP:
up(z,t) =t, Up(x,t) = sin %ﬂt cos % neZt
e Superposition gives more general solutions of HP
ol . gmt JTx
u(z,t) = Aot + ; C} sin o8 T

e Use NHP to find the constants C1,--- ,Cy so that the solution solve the original BVP
(HP and NHP). We have

N . : :
t
u(x,t) = Ao + ; ‘%Aj cos ‘% oS ‘%
and
al g JTT 1 omXT
0)=A IT A cos 2L —1 = Zcos 222
u(z,0) o—l—; 5 i cos = 5 €05

By identifying coefficients we find A; =0 for j # 0, 5; Ay =1 and A5 = —1/57.



THE METHOD OF SEPARATION OF VARIABLES 5

e The solution of the BVP is
1 . 5wt ST

u(z,t) —t—asm70057
Exercise 8.
Au(z,y) =0 0<z<l, 0<y<?2
u(0,y) =u(l,y) =0 0<y<2

u(z,0) =sin(27z), wu(z,2) =sin(3rz) 0O0<zx<l1

Exercise 9.

Au(z,y) =0 0<z<l, 0<y<?2
5)

U(O,y):1—COS%, u(l,y):3cos% 0<y<?2

Uy (2,0) = uy(z,2) =0 0<zr<l1

e Homogeneous and nonhomogeneous parts of the BVP are:

. Umm(l',y) + Uyy(il?, y) =0 . 1 ﬂ B 57‘(‘_y
HP: { wy (2, 0) = 1y (2,2) = 0 NHP: w(0,y) =1 — cos 5 u(l,y) = 3cos 5

e ODE problems for solutions with separated variables of HP. Suppose u(z,y) = X (2)Y (y)
is a nontrivial solution of HP. Then X (z) and Y (y) solve the following ODE problems:

Y'(y)+AY (y) =0 .
{ Y’(((?)/)L 0, 1%2) —0 X"(z) = AX(2) =0

where A is the separation constant.
e Eigenvalues and eigenfunctions of the Y -problem.

2
An:(%>, Yn(y):cos%, n=0,1,2 3, -

Note that A\g = 0 is an eigenvalue with eigenfunction Ys(y) = 1.
e For each eigenvalue A\, ( n > 1), the corresponding X-problem has solutions generated

by Xi,(z) = sinh n_;rx and X, (z) = cosh ? (note that instead of using hyperbolic

trigonometric functions, we could use > and e~ "2 For the eigenvalue \g = 0, the
corresponding X-problem has solutions generated by Xo(z) =1 and Xg;(z) =z
e Solutions with separated variables of HP:

upi(z,y) =1, wua(z,y) =2, for A=0

Upn,1(2,y) = sinh *7% cos “7Y, ,
for \, = ()" neZ"
Uno(z,y) = cosh "ZF cos “5Y

e Superposition gives more general solutions of HP

N , , .
u(z,y) = Ao+ Ajx + Z (Cj sinh ]WTI + Dj cosh JWTI) cos ‘%

j=1
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e Use NHP to find the constants so that the solution solve the original BVP (HP and
NHP). We get

N : :
u(0,y) =1 — cos % = Ao+ ZDj cosh‘%cos ]72Ty
j=1

N . . .
u(l,y) = 3cos%y = Ao+ AL+ Z (C'j Sinh]77r + Dj cosh ‘%r) cos IY
j=1

and deduce Ag =1, Ay = —-1,C; =0for j # 1, 5, D; =0 for j # 1, D; = —1,
Cy = cosh(7/2)/sinh(7/2), and Cs = 3/ sinh(57/2)
e The solution of the BVP (after simplification) is

sinh =1

: S
Ty sinh =%* oY
y)=1l—o+—-2—cos— +3 cos
u(z,y) * sinh § 2 sinh 57“ 2

Exercise 10. (In polar coordinates)

Au(r,0) =0

O0<r<2, 0<0<2r
u(2,0) = 1+ cos(30) — 2sin(56)

0<6<2m

Exercise 11. (In polar coordinates)

Au(r,0) =0 l<r<2, 0<6<2r
u(1,0) = sin(30) 0<60<2r
ur(2,0) =cos(b) 0<0 <27

e Homogeneous and nonhomogeneous parts of the BVP are:

1 1
P UTT(T, (9) -+ ;UT<T, 9) + ﬁUGB(Ta 6) =0 NHP- { U(L 6) — s1n(39)
: ) Uy (2
u(r,0) = u(r,2m), ug(r,0) = ug(r, 2m)

ODE problems for solutions with separated variables of HP. Suppose u(r,0) = R(r)O(0)
is a nontrivial solution of HP. Then R(r) and ©(#) solve the following ODE problems:
©"(0) + 2 6(0) =0

r?R"(r) +rR'(r) — AR(r) = 0
0(0) = 0(2r) ©'(0) = 0'(27)

where A is the separation constant. Note that the R-equation is Cauchy-Euler.
e Figenvalues and eigenfunctions of the ©-problem.

Eigenvalue Eigenfunction

)\0 = O @0(0) =1

2 ©1.,(0) = cos(nb)
Ao = { ©2.,(0) = sin(nd)

Note that for n € Z* there are two independent eigenfunctions (cos(nf) and cos(nf))
corresponding to the eigenfunction \,, = n?.

For each eigenvalue, the corresponding R-problem has solutions generated by
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A = n? { Ry (r) ="

e Solutions with separated variables of HP:

AM=0 1 Inr

A, =n? r"cos(nd), r~"cos(nf), r"sin(nd), r~"sin(nd)
e Superposition gives more general solutions of HP

N

. B, : - D\ ..

u(r,0) = Py + P Inr + Z <Aj7"] + r_j) cos(j0) + (C’jrj + r_ﬂj) sin(j0)

j=1

e Use NHP to find the constants so that the solution solve the original BVP (HP and
NHP). First we compute Uy

_hy Z <JA It — ) cos(j0) + <J’Cﬂ“j_1 i +1) sin(j6)

We have
u(1,0) =sin(30) = Py + ), (A, + B;) cos(j6) + (C; + D;) sin(j6)

u(2,6) = cos(50) = = + Z < A2 — é ) cos(j0) + (jCijl ;€1> sin(j0)

64

and deduce Py = P, =0; A; =B;=0for j #5 C;=D;=0forj#3; 14“:’:51257

64 1 64
51257 %7 65" 65
e The solution of the BVP is
64 1 1 64
u(r,0) = 515 ( 5 — > cos(b8) + 5 <T3 + ﬁ) sin(30)

7D

5 = —

Exercise 12.
u(z,y,t) = Au(x,y,t) O<z<7m,0<y<2m,t>0
w(z,0,t) =u(z,2m,t) =0 O<z<m, t>0
uw(0,y,t) = u(m,y,t) =0 O<y<2m,t>0
( v

uxy,)—sin:rsin? O<zx<m, 0<y<2m

Exercise 13.

w(z,y,t) = Au(x,y,t) O<z<7m,0<y<2m,t>0
u(z,0,t) = u(x,2m,t) =0 O<z<m,t>0
Uz (0,y,t) = up(my,t) =0  0<y<2m, t>0

3
u(x,y,O)zQsin5xSin?y O<z<m, 0<y<2m

e Homogeneous and nonhomogeneous parts of the BVP are:
Ut<l’,y,t> - AU([E,y,t) 3y
HP: u(z,0,t) = u(x,2m,t) =0 NHP: u(z,y,0) = 2sin bz sin 5
u;(0,y,t) = ug(m,y,t) =0
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e ODE problems for solutions with separated variables of HP. Suppose u(x,y,t) = X (2)Y (y)T'(¢)
is a nontrivial solution of HP. Then X (), Y (y), and T'(t) solve the following ODE prob-
lems:

X" (x)+aX(z) =0 Y” + BY =0 )
{ X /(<0))= X /(75) ): 0 { Y((%/): Y(27SZ)/): o TM+AT(E)=0

where «, [, A are separation constants with A = a + f3.
e Eigenvalues and eigenfunctions of the X and Y problems.

X-Problem Y-Problem
a, =n 3 m’
Eigenvalues " m= Ty
n=20,1,23,--- —1,2.3. ...

Eigenfunctions X, (x) = cos(nz) Y, (y) = sin %

e For each pair of eigenvalues a,, (,,, the corresponding T-problem has solutions generated
by
Tm(t) = e (ot Pnt

e Solutions with separated variables of HP:
Upn (2,7, 1) = e~ @ FBm) cos(na) sin % m=1,2,3--- n=0,1,2,---

e Superposition gives more general solutions of HP

N M
u(x,y, Ay e @Bt cos(na sin ¥
SApPS s

e Use NHP to find the constants so that the solution solve the original BVP (HP and

NHP).

u(zx,y,0) = 2sin bz sm = Z Z A, m cos(nx) sin ny
n=0 m=1 2
We obtain A, ,, = 0 for (n,m) # (5, 3) and Aj 3 = 2. The solution of the BVP is
3y

u(z,y,t) = e i cos(Hx) sin Y

Exercise 14.

u(x,y,t) = 2Au(z,y,t) O<z<m,0<y<2m,t>0
uy(2,0,t) = uy(z,2m,t) =0 O<z<m, t>0

uw(0,y,t) = u(m,y,t) =0 O<y<2m,t>0
u(x,y,O)zsiancosgy O<z<m, 0<y<2m
u(z,y,0) =0 O<z<m,0<y<2m

In exercises 15 to 17 find all solutions with separated variables.

Exercise 15.

ut(a:,t)—3um(x t) O<z<2, t>0
u(0,t) = t>0
u(2,t) = —ux( t) t>0

If u(x,t) = X (x)T'(t) solves the BVP, then X and T satisfy the following ODE problems

{ X7 (2) + AX(z) = 0

X(0)=0, X(2)=—-X"(2) T'(t) + 3\T(t) = 0
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To find the eigenvalues and eigenfunctions of the X-problem, we consider 3 cases
o Case X <0: Set A = —v? with v > 0. Then X (x) = C1e"* + Coe™"®. Then end point

condition X (0) = 0 leads to Cy = —C} and then if C} # 0 we gete® = T V. This last
v

Y < 1. Thus
v

equation has no positive solutionv since ¢* > 1 and for v > 0 and

A < 0 cannot be an eigenvalue.

e (Case )\ =0: In this case the only solution of the X-problem is trivial.

e Case X\ > 0: Set A = v? with v > 0. The general solution of the ODE is X (x) =
C cos(vzx) + Cysin(vx). The first boundary condition gives C; = 0 and the second leads
to Cytan(2v) = —Cyr. In order to get nontrivial solution X (z), it is therefore necessary
for v to satisfy the equation tan(2v) = —v.

FIGURE 1. Solutions of tan(2v) = —v

Equation tan(2v) = —v has infinitely many solutions 0 < v, < vy < v3 < --- with v, €

((2n—1)7r onm >
4 0 4 )
For each eigenvalue A\, = v/2, the solutions of the corresponding T-problem are generated by

T, (t) = e®at. Therefore, the solutions with separated variable of the BVP are:

U (x,t) = Ce it sin(v,x), where v, > 0 solves tan(2v) = —v

Exercise 16.

ur(z,t) = ug(x,t)  0<z<2, t>0
0,t) = t>0
) = —ug(2,1) t>0

Exercise 17.

ur(z,t) = 3ug(z,t)  0<z <2, t>0
uw(0,t) = ug(0,1) t>0
u(2,t) = uy(2,1) t>0

If u(x,t) = X (x)T'(t) solves the BVP, then X and T satisfy the following ODE problems

X7 (z) + XX (z) =0 ,
{ X((g)):X’(O(),)X(Z) — X'(2) T'(t) + 3A\T(t) = 0

To find the eigenvalues and eigenfunctions of the X-problem, we consider 3 cases

e Case X < 0: Set A = —v? with v > 0. Then X(z) = C1e”® + Cye™*. We need
X'(x) = vCie"® —vChe™*. Then end point conditions X (0) = X'(0) and X (2) = X'(2)
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lead to the linear system for C7, Cj
Cl + CQ = VCl — VCQ

Che? + Che ™ = v(Cie® — vChe™ %

In order for this system to have a nontrivial solution v must satisfy (1 — v?)e* =
(1 —v?)e~?. This equation has a solution only when v = 1. In this case C| is arbitrary
and Cy = 0. Therefore \g = —1 is an eigenvalue and X (z) = e” is an eigenfunction.
e (Case X =0: In this case the only solution of the X-problem is trivial.
e Case X\ > 0: Set A = v? with v > 0. The general solution of the ODE is X (x) =
C cos(vz) + Cysin(ve).
The boundary conditions lead to the system for C, Cs:
Cl = I/CQ
C cos(2v) 4+ Cysin(2v) = —vCysin(2v) + vCy cos(2v)

In order for this system to have a nontrivial solution v must satisfy (1+ v?)sin(2v) = 0.

na 2
Thus 2v = n7 with n € Z*. The eigenvalues are \, = (—W> and the eigenfunction

n nmx nmx
Xn(x) = 77 CcoS % + sin %
For the eigenvalue Ay = —1, the solution of the T-problem is generated by e*. For each

2
eigenvalue \,, = <%> , the solutions of the corresponding T-problem are generated by T,,(t) =
—3v2n2t/4

e . Therefore, the solutions with separated variable of the BVP are:
nmw nmx nmx
up(w,t) = e*e”;  w,(z,t) = e I/ (7 cos —— + sin T)



