FOURIER SERIES PART III:
APPLICATIONS

1. EXERCISES
Exercise 1. (a) Find the Fourier series of the function with period 4 that is defined over [—2, 2]

)
byf(%'):4 2:@.

=1
(b) Use Parseval’s equality to evaluate the series Z i
n=1
(c) Use the integral test to estimate the mean square error Ey when replacing f by its
truncated Fourier series Sy f.

(d) Find N so that Ey < 0.01 and then find N so that Ex < 0.001

o 2 [?4—2a?
a. The function is even so b,, = 0 and a,, = 5 5 CoS 5 dzx.
0

2 2 n+1

4 — 8(—1

an, :/ T cos 2L gy = (=1) for n>1
0o 2 2 w2n?

(the last formula is obtained after integration by parts). Since f is continuous, then
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Function and partial [Fourier sum: N =1 Function and partial Fourier sum: N =3
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Function and partial [Fourier sum: N =9 Function and partial Fourier sum: N = 20
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8(—1)n+t
m2n?2

/f @)2 %i::a +b2)

1/2 4—x22d 42+82°°1
— x —_— —_—
2/, 9 32t

b. By using the fact that f is even, p =2, ag = 8/3 and a,, = , the Parseval identity

can be rewritten as

SO )
1 8 4, 1 16 64~ 1
—|16r — -2+ 22°| ==+ =) —.
8{ T3 +540 o L
R
It foll that
ollows tha Z =90
c. The mean square error Ey is given by
I -
By = [ ()= Suf@) do= Y (@48
pPJp n=N+1
s 64 o 1 . : , 4
In this case By < —; Z —; - By using the integral test and the function 1/2* (see figure),
n
n=N+1
we find
= 1 > 1 1
- < —dr =
> o< mtr= g
n=N+1
We have thus the estimate
N g
d. In order to have Ey < 1072, it is enough to have
‘\ Sael
64 10464
<107t = N>y ~ 12.99

3mtN3 — - 3
Therefore taking N > 13 insures that Sy f approximates f to within 0.01

Exercise 2. (a) Find the Fourier series of the function with period 4 that is defined over [—2, 2]

by
) = l—z f0<2<2
]l 142 if —2<2<0
1
(27 +1)*
(c) Use the integral test to estimate the mean square error Ey when replacing f by its

truncated Fourier series Sy f.
(d) Find N so that Ey < 0.01 and then find N so that Ex < 0.001

(b) Use Parseval’s equality to evaluate the series Z
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Exercise 3. Find the Fourier sine series of f(z) = cosx over [0, 7] (What is the Fourier cosine
series of cosz on [0, 7]7)
The n-th Fourier sine coefficient of f(z) = cosx is
2 [T 1 [
b, = —/ cos(z) sin(nz) dx = —/ [sin((n + 1)z) +sin((n — 1)z)] dz .
0 0

™ ™

We have b, = P [cos(2z)]g = 0 and for n > 1,
m

0 ifn=2k+1
b, =

-1 {cos((n +x)  cos((n — 1)x)} " _ 214+ (=D)")
n+1 n—1 m(n?—1) (4;2]{ N

The Fourier sine series representation of the function cosx over [0, 7] is

™

0 if n =2k

- k
cosT = %; eI sin(2kz), Vz € (0, 7).

The Fourier cosine series of cosx is cosz (has only one term).

f and its Fourier sine representation: N =2 f and its Fourier sine representation: N = 10

f and its Fourier sine representation: N =24 f and its Fourier sine representation: N = 40

Exercise 4. Find the Fourier cosine series of f(z) = sinx over [0, 7] (What is the Fourier sine
series of sinz on [0, 7]7)

Exercise 5. Find the Fourier cosine series of f(z) = 2% over [0, 1].

We have
! 2
ap = 2/ w2de = =
0 3

and for n > 1 an integration by parts gives

/x2 cos(nmz) dx =

22 sin(nmx) N 2z cos(nmz)  2sin(nmx)

+C

nm n2m2 n3m3
and

1
an = 2/ 2% cos(nmz) dr =
0
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The Fourier cosine representation of x? over [0, 1] is

L1, A3
3 w2 - n?

n=

cos(nmzx) .

f and its Fourier cosine representation: N =1 f and its Fourier cosine representation: N = 5

£ and its Fourier cosine representation: N = 10 f and its Fourier cosine representation: N = 20

Exercise 6. Find the Fourier sine series of f(x) = z? over [0, 1].
Exercise 7. Find the Fourier cosine series of f(x) = xzsinx over [0, 7.
Exercise 8. Find the Fourier sine series of f(x) = zsinx over [0, .

To find the b,’s, use the identity 2sinz sin(nz) = cos((n — 1)z) — cos((n + 1)z) and then
integration by parts. We have

1 s
by — ;/0 #(1— cos(2r)) dr =
For n > 1,
L[ An (=1 =1
b, = ;/0 x [cos((n — 1)x) — cos((n + 1)x)] de = n [2”2 )_ g ]
—16k
So b2k+1 =0 and ka = m and

16 k
rsinz = gsinx - Z ————sin(2kx) .

2 1)2
p (4k 1)
Exercise 9. Solve the BVP
Up = Ugg, O<zx<?2, t>0
uw(0,t) =u(2,t) =0, t>0
u(z,0) = f(x), 0<z<2

where

)_ 1 f0<z<1
10 ifl<a<?2
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The solutions with separated variables of the homogeneous part of the BVP are:

nm 2
Up(z,t) = e (%)t sin n2ﬂ

The series representation of the general solution is

Exercise 10. Solve the BVP

Uy = Ugg, 0<$<2, t>0
u(0,t) =u(2,t) =0, t>0
u(z,0) = cos(mx), O0<zx<2

Exercise 11. Solve the BVP

w4+ u = (0.1)uy,, O<z<m t>0
uz(0,t) = uy(m,t) =0, t>0
u(z,0) = sinz, O<z<m

If u(x,t) = X (t)T'(t) is a nontrivial solution of (HP), then X and 7" solve the ODE problems

{ ?}%&&ng?(;io T'(t) + (14 0.1N)T(t) = 0.

The eigenvalues and eigenfunctions of the X —problem are \, = n? X, (z) = cos(nz) with

n=0,1,2,---. The corresponding solutions of the T'—problem are T),(t) = e~ (LH01n%) g
series representation of the general solution is

u(x,t) = Coe™" + Z Ce~H01E cog(na).
n=1

The nonhomogeneous condition gives

u(z,0) =sinz = Cy + Z C,, cos(nz)
n=1

(cosine series of sinx over [0, 7]). Hence

1 2 iy 2 2 u ]. i
Co = ——/ sinzdr =—, C)= —/ sinz cosx dr = —/ sin(2z) dz = 0.
27'(' 0 ™ ™ 0 & 0
For n > 2, we get
2 T 1 ™ 2 _1 ntl - 1
C, = ;/0 sinz cos(nz)dr = ;/0 [sin((n + 1)z) —sin((n — 1)z)| dz = [(71(71)2 = ]
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4
Note that Co,y1 = 0 and Oy, = ———————. The solution of the BVP is
m(4k? — 1)

2, 4 1 >
_ Lt 2 —(140.4 k)t
u(z,t) = e - ,;Zl TR cos(2kzx) .

Exercise 12. Consider the BVP modeling heat propagation in a rod where the end points are
kept at constant temperatures 77 and T5:

Uy = Ky, O<z<L, t>0
U(O,t) =T, U(L,t) =T, t>0
u(z,0) = f(z), O<z<lL

Since T} and T5 are not necessarily zero, we cannot apply directly the method of eigenfunctions
expansion. To solve such a problem, we can proceed as follows.
1. Find a function a(z) (independent on time ¢) so that
A'(x)=0, «0)=T) «(L)="Ts,.
2. Let v(z,t) = u(z,t) — a(zx). Verify that if u(z,t) solves the given BVP, then v(z,t) solves
the following problem
vy = kUgg, O<ax<L, t>0
v(0,t) =0, v(L,t) =0, t>0
v(z,0) = f(z) —a(z), O0<z<lL
The v-problem can be solved by the method of separation of variables. The solution u of the
original problem is therefore u(x,t) = v(z,t) + a(zx).

Exercise 13. Apply the method of described in Exercise 12 to solve the problem

Ut = Ugg, O<zx<?2, t>0
U(O,t) =11, U(2,t> =15, t>0
u(z,0) = f(x), 0<z<2

in the following cases
1. Ty =100, Ty = 0, f(z) = 0.
2. Th = 100, Tp = 100, f(z) = 0.
3. Ty =0, Ty = 100, f(x) = 50.
Consider the case 2: T7 = 100, Ty = 100, f(z) = 0.

The function a(z) satisfies o”’(z) =0, «(0) =100, «(2) = 100. It follows that «(z) = 100.
Let v(z,t) = u(x,t) — a(x). The function v satisfies the following BVP

Vp = Ugg, O<zx<?2, t>0
v(0,t) =0, v(2,t) =0, t>0
v(z,0) = —100, 0<z<2

2,2
x t

n nmx
The solutions with separated variables of the homogeneous part aree™ 2 * sin 5 withn € Z*.

The series representation of the general solution is

o0

22, | NAT

v(z,t) = E Cpe™ 2 'sin——.
n=1

2
The nonhomogeneous condition implie

o(2,0) = —100= Y C, sin% .
n=1
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? 200 [(—1)" — 1
Therefore C,, = / (—100) sin IY gy = (=) ] Hence
0 2 nmw
200 o= [(—=1)" — 1] _22, . nar  —400 = 1 _=2e0?2, . (2k+ )7z
v(x,t):?;Te Tsin - = — ;215—1—16 T s ~————.
The solution u(x,t) = v(x,t) + a(x) of the original BVP is
400 = 1 =ekn?, . (2k+ V7w
u(:c,t)leO—?;%_i_le T sin
In problems 14 to 16, solve the wave propagation problem
uttZCQuajmy 0<517<L, t>0
u(0,t) =0, u(L,t) =0, t>0
u(z,0) = f(z), uw(z,0)=g(zr) 0<z<L
. x ifo<o<l
Exer01se14.c—l,L—Q,f(x)—O,g(x)—{Q_x flegen
x if0<z<l1

Exercise 15. ¢ = 1/7, L =2, f(z) = sin(nz), g(z) = { 9y ifleaq<?
The BVP in this case is

1
utt:puxx7 O<x<?2, t>0

u(0,t) =0, u(2,t) =0, t>0
u(z,0) = sin(mz), w(x,0) =g(x) 0<z <2

The solutions with separated variables of the homogeneous part are

nt . nrw .nt . nmw c 7t
— sin — in — sin ——
cos o sin——, sino-sin——, n
The series representation of the general solution is
E t t
u(z,t) = Z [An cos% + B, sin %} sin?
n=1
We have
“n nt nt nmwx
t) = — | —A, sin — + B, cos — | sin ——
u(z, 1) ;2 [ nSin = + B, cos 2}3111 5
The nonhomogeneous conditions imply that
- nmw “n nw
u(z,0) = sin(mx) ; sin —— an u(z,0) = g(z) 2.5 sin —
Therefore,
A,=0 for n#2 and Ay =1,
and

2 1 2
EBn = / g(z) sin 8 gy = / xsin@dx+/ (2 —x) sin L g,
2 ; 2 ; 2 ) 2

An integration by parts gives
8sin(nm/2)
2n?

n 16 sin(nm/2)
B, = =———1
w2n

B,
2
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The solution of the BVP is

16 = sin(n7/2) . nt . nmx

L L 27 2

u(z,t) = cost sin(mzx) +

Exercise 16. ¢ =2, L =, f(z) = xsinz, g(z) = sin(2z).
In exercises 17 to 19, solve the wave propagation problem with damping
U + 201 = gy, O<z<L, t>0
u(0,t) =0, u(L,t) =0, t>0
u(z,0) = f(z), uw(z,0)=g(zr) 0<z<L
Exercise 17. c=1,a= .5, L=, f(z) =0, g(z) =
The BVP is
U + Up = Ugy, O<z<m t>0
u(0,t) =0, u(m,t) =0, t>0
w(z,0) =0, w(z,0)=2 0<z<m
If u(x,t) = X (2)T'(t) is a nontrivial solution of the homogeneous part, then X (z) and 7'(t) solve
the ODE problems
X"(z)+AX(z) =0 T"(t)+T'(t)+ \T(t) =0
X(0)=0, X(m)=0 " T0)=0 ’
where A\ is the separation constant. The eigenvalues and eigenfunctions of the SL problem
(X —problem) are

Ap =02, X,, = sin(nx) nez".
For each eigenvalue )\, thew corresponding T'—problem has characteristic equation
-1 4n? — 1
m*4+m+ni=0 = m:7:|:iwn Withwn:nT
The T—problem has one independent solution given by T, (t) = e "/%sin(w,t). The solutions

—t/2

with separated variables of the homogeneous part are e sin(w,t) sin(nx) and a series repre-

sentation of the general solution is

ZC’ e72 sin(w,t) sin(nx) .

We have
Z /2 {_ sin(wpt) + w,Cp cos(wnt)] sin(nx).
So
2 (7 2(—1)n+!
(x,0) —:L‘—an sin(nz) = w,C, = —/ zsin(nz) dr = &
T Jo n
2(_1)n+1 ) ]
Thus C,, = ———— and the solution of the BVP is
nwy,
> 2(_1>n+1 .
=23 2L sin(wyt .
u(z,t) =e ; . sin(w,t) sin(nx)

Exercise 18. c=4,a=m, L=1, f(z) =z(1l — z), g(x) = 0.
Exercise 19. ¢ =1, a =7/6, L =2, f(x) = xsin(mx), g(z) = 1.
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The BVP is

7r
Utt+§utzuxx, O<x<2 t>0

u(0,t) =0, u(2,t) =0, t>0
u(z,0) = rsin(rx), u(r,0)=1 0<z <2
If u(z,t) = X (2)T(t) is a nontrivial solution of the homogeneous part, then X (z) and 7°(t) solve
the ODE problems
X”(I) + >\X(I’) = O 7 ™ / _
{ X(0)=0, X(2)=0 T(t)+§T(t)+)\T(t)_O,
where A\ is the separation constant. The eigenvalues and eigenfunctions of the SL problem

(X —problem) are
n 2

An = <7> , Xn:sin? neZ".

For each eigenvalue \,, thew corresponding T'—problem has characteristic equation
— Von2 — 1
m? + 3m+ <n27r> =0 = m:%iiwn with wn:%

The T—problem has two independent solutions given by T}, 1(t) = e ™/ cos(w,t) and T}, 5(t) =
e ™/%sin(w,t). The solutions with separated variables of the homogeneous part are T},  (t) X, ()
and T, 2(t) X, (z). The series representation of the general solution is

t)=e 5N A, ) + B, sin(w,t)] sin =~
u(z,t) =e ; [A,, cos(wnt) + By, sin(wy,t)] sin 5
We have
u(x,t) = e /6 ; [(wan — %An) cos(wpt) — (wnAn + an> sin(wnt)] sin % .
The initial conditions are
> nmx - nmx
0 =) = S A" a0 =123 (B Ta)
u(z,0) = xsin(mx) ; sin — ; s —
Thus , ,
A, = / xsin(mzx) sin nre der and w,B, — ZAn = / Sinm dx .
; 2 6 ; 2
Using integration by parts we find
—32 16 [(-1)"—1]n
Al:W’ Agzl, andA QW for n23
Then
92 T [(—1)" — 1] (8n? — 6(n? — 4)?)
YT oTnw T T 6wy o Tw,n(n? — 4)2 or e
The solution of the BVP is
32
u(z,t) = e 2 {W cos(wyt) + ST sin(wlt)} sin 7;—x + e t/2 [cos(th) + 6%12 sin(wst) | sin T+

82—6 2 —4) —1)"—1
_t/QZ{ cos(wyt) " (n ) sin(wnt)} (( 2) I sin n;r:c
™mwy, n? —
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In exercises 20 to 22, solve the Laplace equation Au(z,y) = 0 inside the rectangle 0 < x < L,
0 <y < H subject the the given boundary conditions.
Exercise 20. L = H = m, u(z,0) = z(7m — x), u(x,7) = 0, u(0,y) = u(m,y) = 0.
Exercise 21. L =m, H =27, u(z,0) =0, u(x,27) = x, u,(0,y) = siny, u,(m,y) = 0.
The BVP is
Ugg + Uyy, O<zx<m O<y<2rm
u(z,0) =0, u(z,27) =z, 0<y<2m
uy(0,y) =siny, u,(my) =0 0<y<2r

Seek solution u as u = v + w, where v(z,y) and w(z,y) solve the following BVP, respectively.

Vg + Vyy Wy + Wyy s
(%) v(z,0) =0, v(z,27) =2, and (xx){ w(z,0) =0, w(z,27) =0,
v:(0,9) =0, v (m,y) =0 w,(0,y) = siny, w,(m,y) =0

e v-problem: If v(z,t) = X(2)Y (y) is a nontrivial solution the homogeneous part of (x), then
X and Y solve the ODE problems

X"+ XX =0 q Y"—AY =0
X'(0)=0, X'(r)=0 ™ Y(0) =0

The eigenvalues and eigenfunctions of the X-problem are
A =12, X, (z) = cos(nz), n=20,1,2, ---
The corresponding solutions of the Y-problem are
Yo(y) =y for n=0, and Y,(y)=sinh(ny) for n=1,2,3---

The general series solution of BVP (%) is

v(z,y) = Coy + Z C,, sinh(ny) cos(nz) .

n=1

The nonhomogeneous condition gives

v(x,2m) = x =27CyH + Z C,, sinh(27n) cos(nz) .
n=1

Hence

2 [T 1
47T00:—/ xdr=1 = Ch=-
T Jo 4
and forn > 1

2[(=1)"—1]

Crsinh(2mn) = 7w n? sinh(2mn)

SHES

/xcos(m:)dx = (C, =
0

The solution of BVP (%) is

2 o= (=1)" — 1 sinh(ny)
+ T Z n? sinh(27n)

IS

v(x,y) = cos(nx)

n=1

—~

e w-problem: If w(z,t) = X ()Y (y) is a nontrivial solution the homogeneous part of (xx), then
X and Y solve the ODE problems

Y"+AY =0 d X"=AX =0
Y(0)=0, Y2r)=0 ™ X'(m) =0
The eigenvalues and eigenfunctions of the Y-problem are

n

2
/\n:<g> , Yn(y):sin?y, n=1,23 ---
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The corresponding solutions of the X-problem are

Xo(y) :cosh@ for n=1,2,3---
The general series solution of BVP (%) is
w(x,y) = ZC” cosh@ sin %

n=1

We have

inCn on(z—7) . ny

w$<$ ) y) =
n=1
The nonhomogeneous condition gives

o o Cn
w$(0,y):sinyzz "2 ginh ™7 sin Y

n=1

Hence
C,=0if n#2 and — Cysinhm=1.

The solution of BVP () is

cosh(xz — )

w(z,y) = — sinh siny .
e The solution u of the original BVP is
_cosh(z —m) — 1 sinh(ny)
u(z,y) =w(x,y) +v(z,y) = She siny + + = Z snh(2mn) cos(nx)

Exercise 22. L =H =1, u(z,0) = u(z,1) = 0, u(0,y) = 1, u(1,y) = siny.
Exercise 23. Solve the Laplace equation Au(r,f) = 0 inside the semicircle of radius 2 (0 <
r<2,0<6 <7 ) subject to the boundary conditions
u(r,0) =u(r,m) =0 (0<r<2) and u(2,0)=0(r—0) (0<6<m)

If u(r,0) = R(r)O(0) is a nontrivial solution of the homogeneous part, then R and © solve the
ODE problems:

©"(0)+X0(0) =0 and r?R'(r)+rR'(r) — AR(r) =0

©(0) =0, O(r) = R bounded function
where A is the separation constant. The eigenvalues and eigenfunctions of the ©-problem are:

Ao =n%  0,(0) =sin(nd), necZt.

The corresponding R-ODE is a Cauchy-Euler with independent solutions r™ and r~". Since we
are interested only in bounded solutions, the solution =" is not bounded as r — 0" and will
be ignored. The solutions with separation of variables are

Un(r,0) = r"sin(nfd)  neZ’.

The series representation of the general solution is

= Z Cpr" sin(nb) .
n=1

Use the nonhomogeneous condition to find the constants C),.

o0

u(2,0) =0 (7 —0) =Y 2"Cysin(nf) = 2'C, = % / "9 (m — ) sin(nd) db.

n=1
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4(1 — (—=1)"
An integration by parts gives 2"C,, = M Therefore the solution of the BVP is

™3
41— (1)) 8 2kl _
u(r,0) = ; T sin(nf) = — kZ:O (2% 1 1) sin((2k +1)0) .

Exercise 24. Solve the Laplace equation Au(r,0) = 0 inside the semicircle of radius 2 (0 <
r<2,0<6 <) subject to the boundary conditions

up(r,0) = up(r,m) =0 (0<r<2) and u(2,0)=0(r—0) (0<6<m)
Exercise 25. Solve the Laplace equation Au(r,#) = 0 inside the quarter of a circle of radius 2
(0<r<2 0<86<m/2) subject to the boundary conditions
u(r,0) =u(r,m/2) =0 (0<r<2) and u(2,0)=60 (0<6<7/2)
If u(r,0) = R(r)O(0) is a nontrivial solution of the homogeneous part, then R and © solve the
ODE problems:

0"(0) +X0(0) =0 d r?R"(r)+rR(r) — AR(r) =0
©0) =0, O(7/2)=0 ot R bounded function

where A is the separation constant. The eigenvalues and eigenfunctions of the ©-problem are:
A, = (2n)%, 0,(0) =sin(2nf), neZ".

The corresponding R-ODE is a Cauchy-Euler with independent solutions r?® and r~2". Since
we are interested only in bounded solutions, the solution r~2" is not bounded as r — 0* and
will be ignored. The solutions with separation of variables are

U (7, 0) = r*" sin(2n0) neZ’.

The series representation of the general solution is

2

u(r,8) = Z C,r*"sin(2nf) .
n=1

Use the nonhomogeneous condition to find the constants C},.

00 4 w/2
u(2,0) =60 = Z 2°"C, sin(2nf) = 2°"C, = ;/0 0sin(2n0) db.
n=1

(_1>n+1 ) .
. Therefore the solution of the BVP is

An integration by parts gives 22"C,, =

n
X  1\n+l ,.2n

u(r,0) = Z (=1) 27 sin(2nd) .

n n

n=1




