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MAD 4203 - INTROD TO COMBINATORICS FLORIDA INT'L UNIV.

TEST #1 — SPRING 2006 TIME: 75 min.
Answer all 6 questions. Show all working and provide éll
reasoning. An unjustified answer will receive little credit.

BEGIN EACH OF THE 6 QUESTIONS ON A SEPARATE PAGE.

1 (a)
(b)

2- (a)
(b)

3 (a)
(b)

4. (a)
(b)

5 (a)
(b)

6 (a)

How many integers in the set {1,2,3,...,2000)} are
divisible by 15 or 207

Find the permutation which has <3,4,1,2,1,0> as its
inversion sequence.

Write down what the Inclusion-Exclusion Theorem says.
Give all the details.

A shop has huge numbers of Pepsi, Coke, 7-up, and Sprite
sodas only. In how many ways can a lady buy a bag of 12
sodas if she wants at least one of each kind ?

A boy lives 5 blocks west and 7 blocks south of his
school. In how many ways can he walk the 12 blocks to
schocl if his first two blocks are always eastwards (so
that he can pass by his favorite tree) ?

Find the number of integer solutions of the equation
X+ X + X =9 with x,23, X,2-4 and x,;>2.

Write down what the Multinomial Theorem says. Then find
the coefficient of x°y’z in the expansion of (5x~-2y+3z)°.
Use the Binomial Theorem to find the value of the sum
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How many permutations of {1,2,3,...,7} have exactly 3
elements going to themselves?

How many permutations of {1,2,3,...,7} have no even
elements going to themselves?

[In part (b) you may leave your answer in terms of
factorials and the binomial coefficients.]

Write down the general form of the Pigeon-Hole Principle
Prove that in any group of 10 people we can always find
3 mutual acquaintances or 4 mutual strangers.

[You may use the fact that in any group of 6 people we
can find 3 mutual acquaintances or 3 mutual strangers.]
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MAD 4203 — Combrnatorics Florida Ta2') Univ
Solutions o Test #1  Spring 2006

Lot U= {23, 20003 | A= [xells x s dvishlbys]
and  B= {xell : x /s divisible by 20f ,  Then

AnB = {xeU: X is divisible by both 15 andzef

= fxell: X is divisible by lem (15,2003
= {xe&( X /s drvm/é/e é/ é&j

//4/ 2000 = [133%] = 133 /B / [ij [/acj o

Ward—|Anb] = lzcmo-/ LBS""_} - Hevee
il% of infegers in U which are divisible by 15 or 20, _f

= [AvB] = [A] *ZB/ [AnB] = 133 +100-3> = 200,
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(He tirst start by wiiting down ¢ because the legll

iO/ 7%5 tnversion Sé';&céﬂce /s 6, Then we Z‘ t

6,5 bec. we -need 1-=1 é/yjff /ﬂféyé’f % 74’””/4’/9

| 6,54 bec. we meed {4 =z b/j«fer m*//e,:r n /f"anf of
6,3,5,4 bec. we need t3=( Ligger infeger in fonl oz

6,3,5,42 bee. we meed -4 éfjjé’rfﬂfffff_“f_{frz/?w/f’.f_’._{_.___ |

Nl 635,042 bee. we need 4= 3 bigger integers infont of 1.

o K6BS,1,42> [s fhe required permudation.

Tnclusion- Exclusion_Theorem : Lel Ay ... Ay be subsel

of the wuniversal set Z( 77:6;2

[A I AV ERR /I/:’/- > f) ZJ‘Z’/U A,,n/?,zn/l 7 /7/1 /}

=0 (l.v) ;LR) Is a
i .S‘Méﬂ;u&vce af

<42 ,h
d’,[f ényt% k. >

__/Vofe %af Née_{z é;_a/_ _<¢‘,}h..,£}=> =< % =  the eyn/yysezuewce .
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= 2?0, d/ foermu%afmﬂr c)/ [5'5 7/\/] wﬁzaé é‘ff’” W:’/g/’—‘f_

Namber of ways The /ﬂ//\/ ean 5247 /2 sodas
wilh at feast one of each of the dour kinds

= w0, of 12~ comb, of [w.a,0.b xc ,0d]

 with at least one a, b,¢ and A each
_no of mfeﬁer sa/uf/bm‘ of X+ Xpt X Xy =42
| (,w/i Xy =), Xy, x‘,,,/A and Xezl

li

= 710, a/ mf{ff’r xo/ul‘/o/a: o/ St Yo+ FYyy =8

..__,;wﬁf,i Y20, %hzo, Y= 0 and B30

5.3

g aeN = g\ = Hw¥ o (55)(3) =65,
G5 )

4 3/ % 2 L

h

/[/(Améér r)/ w.ﬂ/v.r /Ae éa)/ can Wﬂ/té 72’6 /2 é/ac[r /‘ :céoo/

i = 710, a/ /Jé’r‘mw.'?lﬂf/&)ﬂf 0/ [35 7A/j

= ol = /0 ’Si & _!20 .
37t .

i

/\/o 04[) /nfé/er Sc)/u?‘ranr d/ X, 7 X;,%X_g =92
W/]% X/ ”/7 lfL dﬂ‘{. X.B

= 77& o/ wam_my m?‘e er so /u?‘wnr a/’

G F G0t r2) =
No . 0/ PIOH - ﬂé‘j mfe/erj Jc)/w//m»u _d/

Y, '/'yz 1“ y.% "(37"2 4)
( /) [ ) = 9 = e
2./

() Mulfinomial Theorem : For any mon- negative
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Z’ l,f

o ey CTMZ&,&.,)‘ P 0[~ ém)"—-— _-35} 7

me 7%6 Bmamxac/ ﬂearzm we /émw 7Za:f
| (’”) + ( X +(ﬂ x o F [:’)X” = (’*X)

In/ejrafufy bolh svy/e.r #om )t 0 we 1762/

i f { e ) X o+ (n)x R (’7) }/dx —-f (H()a//xo
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D Let

o ol perm. of T2, WMAW//y eloments
. ____';;famc 75 %emse/:/é_r e
= <% of ways of sending ) (770 o ways of derangis /)

3 e/emerzifr ?" /%em Se/mﬂJ‘

/fze | &/zfr 4‘ e/emenf_y

H_ _ ,
il—‘(7)cD¢ L= 7 4 [’0’-—-4 f—.L

3 / 2! ¢!

i

__;f._g_‘?}i (24-24 +/2—4 L) = 7(5')(‘?)~ 3/5 .

Lot u?ﬁ;”}};% of all permotalins of fu2s, ¥,

2 = i‘-,~"eild’r49 a// /Mm? M d” szV 2 /aﬂy/a' ,/m//
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Then [Ul= 7!, (k] = (Ag]=lhe] = &
[A20fy] = (Asnhs] = (Aunhs] = 5! and

W (Aznhenhe| = 4! Hence Hhe no. of perm. MJ/M

 Which o even infeger go T Hemselves = [Aznhgnds|
W = (U] = (o] -1Ag]-e] £ [AAy] (A A+ (A 0] - [Arhse|

= 7 = 3(6]) + 3(5!) ~ 4] = (76.5-36.5+3.5-1) 4!

= (#6.5 +14) 4! = (134)2¢ = (2¢8) 1z = 3,206,

General Form of ke RHE : If k pigeons are place in N

n_holes, Hhen there /c a hole which confains af least
Chosse any person p say, fyom The 10 people. [el
F = sel f.//i_?// ac}f;m'ﬂf:;cj ot 7, a/:// I
S= setof all strangers %o p.  Then [SvF[=7
and SNF =g .  So eilher [8/2¢ or [F/z #.

WCasety: [S]2 6. In case) we fnow Fom previsus resalls

in class that Hewe are efler 3 mul. sprangers or 3 mdl
_g_czjaaimfamzes. In the Airsl case we add VZ 7o jef

14 muﬁtﬁ[‘_S%’Qi’fffﬁ’ff‘ dnd n Ho second care we Am@”

pur 3 Wufmﬂ_/ acguaintarces.,

| Wease (i) (Fl 24 . L. lseli) we /<‘/MQUI Thal Here ust

-5€'f¢'ii5"-"'ﬂcg%fﬁdacw in F o all the pegple n - are
mut. strangers. In the fircl case we add p, 1o gel
2 mutual ﬂc?;&wzfnﬁmces_, And 1nHhe second case we
ﬁef 4 modual S"A’aryerf beravce [Flz4 .

Hewee in all _"%e cares we. can a/mfa/r Fnd 4 mutuaf ,
‘gzlmryer_r or 3 mu?cotﬂ/ ﬁLszezfm%ance.?, o




