CA&&T/DZZZ)" 3 (ﬁ'ﬁ g//] @

I(c{ Zezl Ad; = o of jﬂmes /;ér)/g/ f/ Z%e end of the -7 a/a/v

was played on fe B day.  Also  dpp S i2d=/52

N Then iy -a; 20 ,éec,_d_me_ﬁf least one Fame ..
because each week il mosl /2 games are played .
Se. o
L g <d<as £ - - - < dy7 £ /32

N And  for each £ = 1,2, .2
lthksa, bk <a,+k< - - - < dytk s 1324k IS3

Now look al the seguence o
- _.4.!,-9_4.2_) _‘?3 3T -..;.4‘27..7.) __74,-!—;?}7_43 +‘é, ﬂ; "'é) AR 4_77 +k
N 7hys sequence  has IS4 tesms each of which Is
between | & I53 (nclusive) . So by The AHFP
| #wo of He terms must be egual.  Since a,...47,,

| are alt distrncd % agrk, ..., ¢ +4& are al Aistinct

\we  must  have
| 4= aprk for some isij<7T
1Se a;~a; = k and  hence on He (1) - L

| gf.Z)-z‘i )/) (/7",(“-'/).’7% __ﬂ’ays_ a Tolal of & games
We"fi__/)/d/éé{.;_ o R g o o
R | /mi_.w._id" the fm/, used in 4;7’4':45./&44 4.
B NS ez, fhe segmence
b A, an, Ay, e g, AR, e, Atk
N il have sy Ferms each of which /S
N between 1 & 154 (inchusive) . And we would
| 0t be able % conclude thal two fevms must
| e 47144/ - 5)/ MS"’"’/‘j.d wore 5%4/&5&4/6/ /fao/’ _ﬁﬂ/
the facl Thal at most /2 games are /éi/e/ ach weeé

we can , howe Ver, find a Sucecession of a/a)?k 0 which 22 fd’Méj‘ are}@/ez/.




| Nntr eloments.  Wiake n  boxes which  wid

| We can  generalize # frcalion 5 as A Mows :

If S jf's amyj.s*ubxf? ot £1,2,3 .. 2n} wid
 n+i elemenls, Then we can always +fnd
 two eloments of S suck that one divides

7o prove Hhis Ll S = {a,a. ... a1 Vow every

/’05f,/"V‘?.124 f’yff._.(.ﬁm be a,ﬂ,{g M.e_,.// 5 M/fé’ﬂet«( w e

Sorm  a = Zéf where € s odd . The

A umber e is  called tre 2dd_paril oFf a .

let D =51,35, ... 21~} nd  defone

Nt = 44/4_/96?7"5&/., R
|smee D has  only n elhumends | we wmusl

| Aave /(_éz,,-j = fla;) /v some & Some 5. |
becaunse. S had %ﬂ*( EW _So o

| a;= 2% g ._g.:';z‘f’_f. c
Nand hence te smaller o a; 84y il
| divide #e targer of 4yaqr T

4ilet S be any subel of §i2. . o) wikh

N méﬁ/ﬂl‘___an// %e/nfyeﬁ Shown debw Ko boxes

| I TR >7) SRy o AR . S amepan
NVow it we place #he vt wmibgers 7S into these
n 50)(85/ Somé Lox ({/w// yéf) maszﬂf&f Fwe. So
1S will always fave 2 plegers  which ditfer by |.




lel S be oy subsel of $nz,3, ..., 3n] /4 @
ntl elements . Make m  boxes whtich wz//d(aé‘/)

only T m_f?-_j«fr_-s shown  belw B boxes

R L T e

NS ow i we //aae_,.__ S wr e ers 't‘”:' S ulle e
Aas

Il 2 17¢'>‘ﬁ.s/_.___5a__me box wusl .«eZz,\./wa_ /ﬂfyﬁrﬁ.ﬁvm o

1S, So S wil a/waty:__ﬁéwe _._/w_o__mffjem which
_a_’e"f/_m___b/ Al wwst 2.

N tet S be any cubnl of §h25 ., kn} wik

i 7H &WM:Z(J,- Then S wilf 4/uf_4/47____/!4f(€_/“/<?

|| eloments  which ditter 4y ot most ). Thus

vesunl! 7%&@/91; Probhbms # 4 & #5.

T pf o Thes resul! simifor 1 Hhal of #48
|l#s. Ll S 4o _.M/J_ué;e/ of $12,3 o

| ntr elomentds  Make n toxes which  wil] ﬂ,/éé’/f___ L
on/y '/Ai /leyéfs shown bﬁ/_@w ﬁrﬁ boxes o

Weegk ket ke, 2k kn- k1), kn-lk-2), oo b
Now if we _/a/_ace.%e_ Nl fm/éfefs n S mbh  hese
| boxes, Then some  box omust gel af leasl 2 mlegers
Nbom S These Fwo widegers will differ ,g} al most
k1), So S wi’,.//__a/wm%s_éwe al leasl fwo wilogers
|\ which differ by al wmosl -1).




- %
|| Let S = S, 4,45, 952 be e sel of Hae sz_O
giver 'mfa‘f?er‘j. (/455/'/)’/ Hhese Mf(éff,rs mto Fwo
Fwo 7,[)//963 . _ﬂ,C_é’_f??’é/(?’_?f_ b 4 (?_Wf/ 100)
Tpe I:  Hhose wh ogd; (modim) €

| Type L those wibh sicap (modwr) £ 77

N\ Wow  detine a Amelion £. & =fon2,8--,5% by
ey = a(medim) i 4 b fype I
0o glw—dz (mod 100) i a; s Fype A

Since S has sz inlegers and o142, 50}
has only 51 elaments, “we musl have

- F@) = Fay) A oseme  j<isjssz.

50

Now i a; g a; wee both of #ppe I or bolh
7 VP
N of Fpe T Hew  ai-a; = 0 (modios) amd
77 y ’ 7T
so " di-a; will be divisible by 0.

N bd 4 5ap were of ifferent Fypes, fow
| aita; = w00 =0 (moedioo) and so a4ty
\well be divisible @/'. /00 .
S0 we will afways be able T hnd > inlogers

n S whose sum oy d/fference /s Aivisible by,

C§| lonsider 4 rational wmumber such  as 12/7 and
st the guotienl & remainders al each Sfﬂje_f:,_

obtaining s decimal ggpansion
iz o 1.714 28571 4 .. gutesl

7 - 5,1 :3-9_'21 G, ¥y 55 ‘i,_B ; 2 remainaj&fs




4/
Now The vemaindove musl be an wleger ée/weenu
/ and 6. So a/zler P s/r/nj of & rema inders
we are guaranteed That Hhe 74 will repeal
one of  fa /)__ré‘w‘ouré, and This will mean
that  the remainders il Yé’/m/ Frrwm .f%?@f/?dmf
In our %ﬂm/,/e as  Seon ac we 762[ S 757“ &
Second Fime " we  know Hat 1,32 wil] follow.

Becaunse %a remamders are e same, Hhe
?awiféﬂ—llﬁ; will be Ho same (because we w it/
Viwst be addig 0's and dividwng by 7 after
J ) A , Jd 7 .
a . pomn: ) _ So. we w//jc.—f =3 f%?éﬂfﬁ*y o

-

decimal pfter some /@0,_,_-_,24_

For an m’ér'/f/_m@_n@/ number w/n | Jrve are
two cases i m o= 295°  for some a&b
. n# 296%  fr any azanyd

I e Firs? case | The  deciwal expansion
wm?’m///_ve/:ﬁaf: w05 (re) 7 e rminales)
I He Second case Tha Adecimal il ﬂ?@éﬂf |
atter some _/0_/%5_- The %/72 of He porfisn

fhat 7’@/9805/5. /s _'_a_r/uwy:_ét Ajvisor of  wn-t
A

0.27 27 27 27 - -- |  period =z

75/. =  0.074923 076923 076923 - - - /pen'od? =G
From ﬂ{ué P/X'%M/(M ot cgn SEE ZZM[ _ﬁ._/&’fﬂf@/
/s wol alwaye n-1[ I/ is, however, mlways
Ve y{ia//_‘;ar 0_/ -1 .



)

Z&Zl S = {/f)w-//.%} be /ﬁa 5@f of e /r)/?éc)o/e,

Jhere are 2°%1 = 1023  wtom- QM/%/ subsels of S

| Let us wrile Jhese as  §A, ..o, Apl . Sme
s 1

the max. age o 60 and the  wmin_age /s 1.
the sam o//é{zﬁjes nany A b belween

"/ and 600.  Swmce” there are (023 sué—i‘,&é ,4”,//,, _

we amusl have

af’fa/y 600./45525./@ Suwms
sum of ages A

v—
—

Sum ' of ages. m A =

Nhr some (€i<i{swz3.
otherwise  sum of age mn Ai will

be strietly bss Than o  Sum of ages m fy.. Similaty

/ngé A . Lel /4:= /_4[ —./ff/' and Aj = /i - Af
Then A7 and 1‘4; are. non- ém/ﬂ_’;{/ subsels of S

= Sam of ages n A = sum afﬂ;ﬂ Z Ainky
—  Sum g/gyef_zh__/_&_n{,'

= Sum ,0.1[ ,ﬂ7£,$ m /i, |

= snm of _/7@5‘ m /j, o
 Fwo ;/_/_'SJ'M/ 109 - éﬂ/’/}

So we have Sfound )
subsels of S such thal fHle sum of He ages

he same.

jn each subsel  are
llet 4, = mber of hows of TV Bl He cHil
watihes by He end of Ko Ky

Thew | as in problem #/ D
| € a4 <4, < d3< --- < 446] s 7= 77




0.

/.

increasing. Sequévce . Alo  d 20, - -

Now  Jook ,,,af . 77\2 .s_’._e’g .

%)

So RO £ d+20< Gy t+20< - - < G +20 € T7+20= 77
)70451) /00lé ﬂZz fé_@ S‘éju@n{é’

By, By, ~ -, Ay, A 120, 5 120, ot 20
This sequcnce las 78 Zevrms and each Term
s belween 1 & 97 (rnelusive) . S6 Ay, e FHE
Fwo of These rerms wmusl be The Ssame. Bul

-y Ayy are all dis Zinel  because This Jsan
Ay # 20
are  all distinet.  So  we st have
S Ay = .?/*._1"_2__0_._ o
for some (<0) s ¥9. So g-dj = 20
and tewee on the

- g+r),~_#___ , ___g_'_fz,)“_ﬁ( yom kgt (z‘;/) /.
days the child wonld have watihed 20 haers

oF .__feé.wis/én«,. -

lel by = 0 of hours Tha! 75{65/%/?”/ Sludies
- b/%@ end of e 2K _déf/-_
Thew as . preblaw #0
1€ b, < by, < by < - < bgy < 6O

~

Reyy

1413 S by+13 < by p13 < . .. < by t3 < 60+3=73,

b3
Jhis Se’;f has 74 Ferms  lach _a_/) which (s
belween | & 73 (mmeclusive) So by bhe PH-P
Jwo Ferms ,,m_as_.f_ be W/-‘ f@ as /Wé/em #_/0/

.b/) bz,. b3) - b b{—/—/?/_ .éz_?"/g,/,

we must have a; = A 13 for Sowme ¢ &7

Hewce He studen? will study 15 hours from the
beqinnirg of the J:'H”% g{ﬂy £ He endof Y JZ#(JJ)—/X /4%



/3

First observe thal 1f we /mmz‘ He 15 odges @
@@fweem fo 6 z/erzlzkes) red or é/ae) Thew we
will get a blue Friangle or a red friangle
because of Sormala 2.1 on fage. 26. There
dre fwo cases:

liseq): We gel a red Friamgle

problem and let  abc b the werlies of he red

| fw'ﬂ_!g’/e . Supmse lhere s w0 wore ged friamgles.
| e T wid sZZ@?‘A@z‘ Here wmusl be a //uajfrmjé.
(S we will get either two red Friangles, or

one ved and one blue 7‘??/?:437/@) o
b, ,

r -  eeees 2 blwe

Since we supposed that thee s me woe sed
%r/d_mféf, Al last one of The edges of fthe

| triangle def omust be bl . Lot say de i

blae. Now if 1we or wore of The edges da, db

| and de were rved | Then we would gel anshes

red fricingle by using The appropriate edge frm abe.
So two of Ha edge s da, db  ond de mus?t be
blue. Lel's say da g db are blue . Now /fook
2t e 44’:7@5 eb s ea. W bolh ebsrea are
red | Then we wounld jei anolher red %r/'ﬂwj/e -

Lt adedet be He six verlies of Mo



1%

N A similer proof
| hat f Hee is no omere blue Friangls Do
| Ao will be a ved Frangl. Meuae we must

|| Aawe.  Fwo  blue ff/’e’mjés , or one blue amd

{2 and since we 50{//’/70560/ 7@12{ /Zfére /S Ne wMore red

f‘Lf/‘ijéS) one of The @jé’s‘ b & ea wmusl be blue
| But " if eb is blue | then ebd wil be a blue

Friangle and i/ ea i e, fin ead will be

|| & blue Friavgte. <o i fhere /s only one ved
. %rf'afj_/___ Tw Theee will b6 a blee Friangle. Feuce
| Hhere” must be  Fwo yed Friangls, or me red
f.r./@y_/e._ and e blue Friangle.

NGses) : We get a thus trinmgt

b Hhat of case ) Wl Show

one. ved ..fr/_ézky/e-

feva in eilher case we gel Fwo mond-chrom-

| #fre Friangls (re. Tio ved Friangs, fwo blne
) T
- ./.r/'.ﬂ.nj@:/ or one ved and one é@f..f’f"ﬂ*j/ﬁ), |

We can pick up B owu Frwits and stillwol get
3 ___40_(5614 of any krnd . L

CAPPLES - BANBNAS - ORANGES . PEARS

| But i we prek 45 fruils, we are j@@fgegf 72
_ jgj a %‘?j‘?” 9/-5’””_'7_5 ,é/'n//._ 77 wil/ f@,é.g 45 min.

7o /Dibk 4?5‘ /ra//s

¢4s)



A

let S = fa,,... ,4,,} and D= {0,,2 . 0}
Define +i S—=>D by
A @) = a; (medn)

Since S has 7 e/e_-_m_enfs_._dﬁ/b- ﬁd@ é*? //

W.e_/eme_nfs, we  wmuast _have S
Fa)) = Hay) —  fr  some I<i<jsnil,
< ¢
0. a4 = aj (moedn) . -
L —ﬂ\/: o  (medny _ L
Hevce  a;-a; v Aivisiéle by 7. So we

We can alwaye Fund huo wnlegers 4, £ 6?/ L
i S el ff#/ and 4;-4; divisible by 0.

We defne o peron %o be a bner i Hhey

have ro acguainlances.  We wid prove el

i any  growp of 1 people Tare  are hvo pegple
vl Ho same sumber oF acguaintances.  These

are two cases:

lase G): The Fronp Aas g0 loners o
In This case tThe _/.“S‘/'é/é’ wumber 4’,/ f_ﬂj”_’ﬂ’h%ﬂ.”@f
A person can. have are
_ /02,3, ~ - - N0/ , _ _
Stnce no ore s allwed T be ﬂc;mf”/é/ wilk
Themselves. Swmee we have n/eyé .M"”’é_
(n-_/_)_/)os‘f/é//'//é—f , by e PHL, T fuw peopte
oust  have #e came no. _Jf_@c%ea@/m/ame.r.
I T T T R

l acg. 2 ac9. 3 acg, (n-1) acqg.




7y

QS@(/F) The jmm_f has ﬂlz /ﬁmZ/ one Joner. @
In This case The /o:s/é/é vunthe v of ﬂ%//tﬁ/‘nfcfnée_f

|- & persen can bave are

because a penson cannol éé dc‘;/xz%/ﬂ/«?/ ,,’W//Zl %2 R

bner or Hemselves  Smce we have 7 pegple &

.2 /assié_/%'z[/es) - Fwo /oez?/:/e usl bave The same

N 21 ber o/ ﬂ(;u.a'?ﬂ_ﬂmzs_

S in edler cwe Fuo pecple wid have Ho same

Aumber of éi_c'?_ﬂ_ﬂ-/ﬂ_ lances,

We swill prve Tl there are Hhree peose af e party

wilk He same nuamber of acguainfances by

| 9/’/”#’*7%4 /raéW sits e cases.

|Gueir: The parly has at least a loners

In  Hhis case e  possible number of acquainlances
2 person can have are
,0, 2,,‘7‘,6,"7")?‘9{/,96

|| because  The person has 7 exclade e 2 liners and
| hewiselves and  afso pOSSES an even . of m;mzh?fmcm,
Since we  have /00 /&7/@ and M_év_ o /os:/'éf'/‘fefé.
7 The ’VVIMSZZ be 3 /67/6 W/% /Z,f@ Same. 2.

| ﬂ/ ﬂ_e:?mm'm lances .

N Gusew - The party has exactly one brer

——

exac .
In this case  the /0_55/é/e::dn_dgéuéfmzzémre_r &/_ /%_rz




1|+

/8.

/9.

Dy

oler 99 /ea//e 7€
2, 4,6, - -, 74,96, 9%

Since we have 99 pecple and _M// _4{?/&;93///24?:
J
we wmust have 3 /940//3 wilh e same wnumber

of Mgminfemc_es -

lse (i) The party has no boners

Lo his case’ B possible mumber of acquanitnces

person can Hhave are

: - Z/é‘/é/ ,8/___-___‘,’,',,,,,75} ?‘?_ e
Since we  have loo pegple and only 49 pusibilbes,
we wmust have 3 /aeyé.wé/%%z sawe _mumber

47_7[ aef mqin/ﬂﬂces__ :

Divide He sguare inlo
Afour smaller Ssguares as L g0
jo 3 1
shown on e righl. ¥ e ]
we choose any & powls v 114
The AX2 square | al leasd v
Vo will foll v one of The o
smaller cquares. The distance belween These Tnro
pownts will be al mos? VZ

@) Hnt: Splt Ho equi-loton/
Friangle o 4 Sm‘d,//é”“ o
equilateral Friangles as Iy
‘S‘%wwn _014__/_%6 V({;Af *




/7

2.
| that it we color the (7) éﬁfjtfs belween The 17

edges coming oub of T

(5) ﬁl_(.‘_’izl D/V/?t/é’ /ﬁﬂ frr‘a‘nj/e @
mto 10 ejw‘/a/e)n/ fn'a(n/é ¢
as  shown on e N

fz‘jhz‘ |

(&) My = (14 3¢5 e T banm) # |

Y

. .

T shw thal 733 1T s equvaleal T iy

vertices of K.l el blneargmen, Ten we can always

fnd a 'fea’__fr_f'wy/e_?fﬂ' blue ffzfa:y/f&r_ a_ green.
| %f_’/_"ﬂfy/@- We W.f//../‘fﬂw his below. .

et v b of He 17 veclies and consider te

1o edges That come oul of U U ot mol S sdyes

vt of U7 have The same color Them V. will Aave

al most 5 5{7.@%_ cﬂmté;’ﬂ ond of A . So v musl

have at last 6 red edges or & blue or € green

X

Vs

| Zé’«ffm/ thal Mz 6/é¢,s:Z_L 6 ved »wéqes WJ ol

of Uy (e cases wihh & blue or & green  are

. enf/’ré’// S/‘m/r/&lr_) N // one 0/‘7 %@ ed;‘es é'e_fwéem- S

V2)-'/3; Ty

avd Vo s red Thea we jef a red

5 s B



20-

) ..C,”ﬁ/,f%"f'j_?‘f‘._./

&
fr/sz/e msfanféx and we are done. And X

none of e edfes belween vy, Vs ,--. Vg are
ved — few Al e edges belween e &

|| vertices are agher blue” or green | and by
N Armala a0 poze we know Hal  Hhere must
. /@f%f" be o ,.(7.?’5@_” f.’”.’b".("]fé or A é/Mé’ffW%/é

So wilh 17 verlices we will ﬂ/w._ﬂ/: be bl
e gel a blue Frungle or o green frizvgle, or

a red friangle . levce  r(z;33) <7

Wlet v vy be The 10 fou verlies amd consder
|| he 7 edges commng ol of V. [ al mel 5 of Hese
| edges were blue and al 3 edges were red , Tuew only
| 8 edges will come onl of 95, So ol leasl & edges

conirng oul of 4y musl be blue or al lkasl y edges
of sl be red . -
Wow if & of These edges are ved, look 2l fhe ol

NAur endpornts  vi,va, v v say. I Here /s a red edye
4 Vi, SAY 7
|| belween Two of These verlrces, we wéll gef a red -

Wy/e by 4//”% Yo s and if Hhere are wo red sdges

between These 4 verties, Thew 5,5 Y & Uy gl Form
o bue Kp (re) all six edges will b ble) .
Mo if 6 of Hese are blue | lok of Bo olhes

e endpoivls 2, b, e d, e f say.  Mow The edges

between thuse 6 vertices are red or blue, So by
A /”»’WW? theorem '/Af/ conlarn a blue frf;?»yé or A

| et Priangh . I we add vy £t blue Friangle wre

will jéi a blue Ky. o obler

So in all the cases we will el | é/m?. Ky or
| : A T n # .
o ved z‘nmfy/e. So we ave done ,_



