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Directions: Find the general solution of each of the differential
equations in Exercises 1 - 22. In each case assune x > 0.

19. X2y'" +xy’ +y =4sinlnx

O course to clarify matters, this is really
X2y’ + xy’ +y =4sin(ln(x))

Wiy is this silly Eul er-Cauchy equation of interest?? The answer in
t he back of the text,

y =clsin(ln(x))+czcos(ln(x))+sin(In(x))JSE%%Qde—cos(ln(x))JEﬂ%%ﬁidx

is actually quite wide of the mark. Want to play a little Jeopardy?? Wen
you get bored, determ ne the second order Eul er-Cauchy equation for which
this is the general solution. Note: If you understand solution structure,
you can sinplify your task considerably.

In the neantine, let’s obtain the solution to Problem 19.

First we reduce the Eul er-Cauchy varmnt to a constant coefficient
animal. Let x = e' sothat t = 1n(x) for x >0, and so as not to overl oad
the synbol y, set w(t) = y(e'). Thus, y(x) = wWIn(x)) for x > 0. After
maki ng the substitution and clearing the al gebraic dust, we end up with
(*) w/(t) - w(t) =4sin(t)

The solution of this ODE is a routine application of linear
t echni ques, augnented with undeterm ned coefficient nethods.

As usual, we begin by considering the correspondi ng honbgeneous
equat i on:

w/(t) +wt) =0 .
Since this is a constant coefficient equation, obtaining a fundanental set
of solutions to this reduces to obtaining the roots of the auxiliary
equat i on:

n +-1=0.
Qoviously, we see that the auxiliary polynom al factors as foll ows:
m+1=(m+i)(m-i), wherei? = -1

This means that a fundanental set of solutions to the correspondi ng
honbgeneous equations is given by

{ cos(t) , sin(t) } ,
and that the conplenentary solution is
w(t) = c,cos(t) = c,sin(t)

Fromthe UC theory, since 4sin(t) is part of the conplenentary
solution, we should expect a particular integral to be of the form

W(t) = At cos(t) + Bt sin(t) ,
where A and B are constants that we will determ ne by substitution into the

(*).
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Now, since
we(t) = A[cos(t) -tsin(t)] «B[sin(t) +tcos(t)]
and
we'(t) = A[(-2sin(t)) -tcos(t)] = B[2cos(t) -tsin(t)] ,

by substituting w into (*) and sinplifying algebraically, we
obtain

-2Asin(t) + 2Bcos(t) =4sin(t),for eacht OR .

From the |inear independence of sine and cosine, it follows that
= -2 and B = 0. Thus,

W(t) = -2t cos(t)

Wth w, in hand, we may wite the general solution to the transforned
equation (*):

Wt) =w(t) +w(T) =c,cos(t) +c,sin(t) - 2t cos(t)
Al we need do now is transformback to x’s and y’s.

Wth all parts of the puzzle in hand, we nay wite the general
solution to #19:
y(x) =w(In(x)) =cycos(In(x)) +c,sin(In(x)) - 2In(x)cos(ln(x))

for x > 0.
Qoviously this is not the only route to this solution. Variation of
paranmeters may al so be utilized.

Jeopardy Answer:

2y // / -
X2y xyl -y = oo



