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Directions: Find the general solution of each of the differential
equations in Exercises 1 - 34.

23. y/// -3y’ + 4y = de* - 18e~*

The solution of this ODE is a routine application of |inear
techni ques, and in particular, undeterm ned coefficient methods. What |
aimto do additionally is to denonstrate how one can use linearity to cut
the problemof finding a particular integral for the ODE into snmaller,
easier to chew, sub-problens.

As usual, we begin by considering the correspondi ng honbgeneous
equati on:
y/'/ -3y’ + 4y =0 .

Since this is a constant coefficient equation, obtaining a fundanental set
of solutions to this reduces to obtaining the roots of the auxiliary
equati on:

m -3n? -4 =0 .

A reasonable way to attack this third degree polynomal is to see if
it has any rational roots. [There is a conplicated formula that ... ] It
follows fromthe Rational Root Theorem found in Appendix 2 of Ross’s text,
the possible rational roots are given by p/q, where p is an integer factor
of 4 and g is an integer factor of 1. Thus the possibilities are

+1, +2, or 4 .

Starting with the small est val ues and worki ng upward, by using either
synthetic division or old-fashioned | ong division, you can easily see that
= -1is aroot of the auxiliary equation and read off the actual
guotient. Consequently, we see that the auxiliary polynom al factors as
foll ows:

m -3m +4=(m-(-1))(m -4m+4) =(m-(-1))(m-2)2 .
This means that a fundanental set of solutions to the correspondi ng
honmbgeneous equations is given by
{ e*X , eZX’ Xe2X } ,
and that the conplenentary solution is
Yo = C,e % + Ce® + cxex .
Fromthe UC theory, we should expect a particular integral to be of
the form
Y = Ae* + Bxe ™,

where A and B are constants that we can determ ne by substitution into the
ODE #23, since e* is part of the conplenentary solution. |Instead of doing



Probl em #23 of Section 4.3 Page 2 of 2

that, however, to contain and |ocalize the potential al gebraic ness and
denonstrate technique, we shall obtain a particular integral as

yP(X) :fl(x) _fz(x) )
where f, is a particular integral for the |inear ODE

(1D y/! -3y’ + 4y = 4e¥
and f, is a particular integral for the |linear CDE
(2) y’"" -3y’ + 4y = 18e* .

Be cl ear about this: The reason we are able to do this is that the left
side of all of the ODE's, the linear operator part of the gane, is the sane
for all.

To determine f, first, fromthe UC theory, we shall set
f,(x) = Aex

where Ais a constant that we'll determne. It follows that if f;, is a
particular integral for the linear ODE (1), then

4ex = 4f, - 3f( « ("

4Ae* - 3Aex + AeX
2Aex , for each x OR

Consequently, A = 2 and
f.(x) = 2ex.

otaining f, explicitly is slightly nmessier since e* is part of the
conpl ementary solution space. This neans that instead of a nultiple of
e*, we need to set
f,(x) = Bxe™
where B is a constant that we' Il determine. It follows that if f, is a
particular integral for the linear ODE (2), then
18e * af , - 3f ;" + £
4Bxe * - 3[ (-2)Be * + Bxe *] + [ 3Be ™ - Bxe *]
9Be * , for each x OR.
Consequently, B = 2 and

f,o(x) = 2xe™ .

Putting the pieces together, we have
Ye(X) =, (x) - f,(x) = 2e* - 2xe™ .

Finally, with all parts of the puzzle in hand, we may wite the
general solution to #23:

Y(X) =YX) +yp(X) =c,e* +c,e2 +cxe + 2ex - 2xe™* .



