Moving to Zero

When dealing with an initial value problemlike

(*) y"(x) + a(x) y'(x) + ax)x) y(x) = F(x), with
Y(Xo) = ¢
and
y'(Xo) = ¢y,

it is sonetimes convenient to transform the problem so that the
initial conditions are at the origin of the nunber line. This is
particul arly true when findi ng power series solutions, working with
t he Frobenius machine, or using Laplace transforns to solve the
differential equation or initial value problem

To transformthe problemis very easy. W sinply set
X =1t + X, and let M(t) =y(t + X,) to avoid overl oadi ng the synbol

y'. Then w'(t)=y'(t + X,) and w'(t)=y"(t + X,). Thus, replacing
" in equation (*) with 't + x,/, we obtain

X
y'(t + Xo) + a(t + Xo) y'(t + Xo) + a(t + Xo) y(t + Xo) = F(t + Xp),
or

Wi(t) + a(t + Xo) W (t) + a)t + Xo) wWt) = F(t + X).

Since x =t + X, inplies that x = x, if, and only if t = 0, the
transforned initial value problemis

(**) wi(t) + a(t + xo) w(t) + a,(t + Xo) Wt) = F(t + xp), with

W 0) = c
and
w'(0) = c;.

Once we obtain the solution to the transforned problem (**),
the solution to the original problem (*) is givenin terns of 'WwW
by the equation

y(x) = wWXx - Xg).
Note: If the equation in (*) is a constant coefficient equation,
only the right side, the driving function, gets changed by the
transformation. In this case, the left sides of (*) and (**) w |

be the sane except for beinginternms of "W and 't’ instead of 'y’
and ' x’ .



Here are a couple of sinple exanples. The second one has a
constant coefficient differential equation.

(b y"(x) + 3x%y'(x) + cos(4x)-y(x) =1In(x + 5), with
y(3) = -2,
and
y'(3) = 4,

by letting x =t + 3 and m(t) = y(t + 3), we obtain the initia
val ue probl em

W(t) + 3(t +3)2w(t) + cos(4(t +3)) - wt) =In(t +8), with

w0) = -2,
and
w'(0) = 4.

Once we solve the transfornmed initial value problem the solution
to the original problemis given by y(x) = w(x - 3).
(2) |If
y"(x) + 20-y'(x) - 4-y(x) =tan}(30-x), with
y(-7) = 23
and
y'(-7) = -8,

by letting x =t + (-7) and m(t) =y(t - 7), we obtain the initial
val ue probl em

w'(t) + 20-w'(t) - 4-w(t) =tan}(30-(t - 7)), with
w0) = 23,
and
w' (0) = -8.

Note that the coefficient functions on the left sides of the
differential equations are the sanme. This is typical of constant
coefficient equations. Like the first exanple, once we obtain a
solution to the transfornmed initial value problem the solution to
the original problemis given by y(x) = wWx - (-7)).



