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St udent Nunber : Exam Nunber :

Read Me First: Read each problemcarefully and do exactly what
is requested. Full credit will be awarded only if you show all
your work neatly, and it is correct. Use conplete sentences and
use notation correctly. Mke your argunents and proofs as

conpl ete as possible. Be very careful. Read each question tw ce
and provide an answer to exactly what is requested. Renenber that
what is illegible or inconprehensible is worthless. Good Luck!

1. (15 pts.) (a) Suppose G and G, are nontrivial graphs.
What does it nean mathematically to say that G and G, are
i sonmorphic?? [This is really a request for the definition!]

(b) Gve an exanple of two graphs G and H that have the degree
sequence, have the same order and size, but are not isonorphic.
Explain briefly how one can readily see that the graphs are not
i sonor phi c.

2. (10 pts.) Use the ideas fromthe proof of Theorem 2.7, due
to D. Konig, to construct a 3-regular graph G that contains K ;
as an induced subgraph. Show each stage of the construction.
[This will not be the smallest 3-regular graph containing K, ; as
an i nduced subgraph.]
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3. (15 pts.) Use the Havel -Hakim Theoremto show that the

sequence
S: 5,5,4,4,3,3

is the degree sequence of sonme graph. Then show there is a plane
graph with this sequence as its degree sequence. [You nmay need
to do a second draw ng. ]

4. (10 pts.) (a) Explain why C, is Haniltonian for n > 5.

(b) Gve an exanple of a sinple connected graph G of order n
with A(G <n/2 that is Ham Itonian. What does this tell us
about Ore’s Theoren?
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5. (15 pts.) Each of the follow ng propositions nay be proved
by i nduction. Prove exactly one of themafter clearly indicating
whi ch you are proving.

Hnt: If the order of the graph Gis at |east 3, Theorem 1. 10
nplies that G has a vertex v wwth G - v connected.]

(a) Every nontrivial connected graph G has a spanning tree.
[
[

(b) If Gis a connected plane graph of order n, size m and
having r regions, then n - m+ r = 2. [Hnt: Do induction on the
size of G ]

6. (10 pts.) (a) What can you say about the order of any
nontrivial digraph in which no two vertices have the sane
out degree, but every two vertices have the sane indegree? Wy??

(b) What degree condition characterizes Eul erian digraphs? 1Is
t here an Eul erian di graph whose underlying graph is not Eulerian?
[If "yes", show the sinplest exanple you can think of.]
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7. (10 pts.) Apply Kruskal’s algorithmto find a m ni num
spanning tree in the weighted graph below. Wen you do this,
list the edges in the order that you select themfromleft to
right. Wat is the weight W(T) of your m ninum spanning tree T?

15

0

10

11

8. (15 pts.) (a) If Gis a nontrivial graph, howis k(G, the
vertex connectivity of G defined?

) If Gis a nontrivial graph and v is a vertex of G
G-vVv) 2k(G - 1. Provide the sinple proof for this.

(c) If Gis a Hamltonian graph, what can you say about k(G ?
VWhy ??
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9. (15 pts.) Find a m nimum spanning tree for the weighted
graph bel ow by using only Primis algorithmand starting with the
vertex a. Wen you do this, list the edges in the order that you
select themfromleft to right. Wat is the weight W(T) of your
m ni mum spanning tree T?

10. (10 pts.) (a) Wat is the chromatic nunber of any
nontrivial tree? Wy?

(b) Gve an exanple of a nonplanar graph Gwith x(G = 4.
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11. (10 pts.) (a) Suppose that Gis a bipartite graph with
partite sets Uand Wwith |[U < |[W. Wat does it mean to say
that U is neighborly?

(b) Kszs is given beloww th partite sets U= {a, b, c} and
W= {A B, C. Gve a connected bipartite subgraph of K;; with
the sane partite sets but with Ufailing to be neighborly.
Expl ai n why your exanple satisfies the requirenents.

12. (15 pts.) (a) State Kuratowski’'s Theoremthat characterizes
pl anar graphs.

(b) Wthout using Kuratowski’s Theorem explain briefly how one
can see that K; is not planar.

(c) Wthout using Kuratowski’s Theorem explain briefly how one
can see that K;; is not planar.
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13. (25 pts.) (a) (5 pts.) Wiat is a bridge? [H nt: Oiginal
definition please.]

(b) (5 pts.) Wiat is a cut-vertex?? [Definition, please.]

(c) (15 pts.) For the graph G below, determ ne the cut-vertices,
bridges, and blocks of G List the cut-vertices and bridges in
t he appropriate places, and provide carefully | abelled sketches
of the bl ocks.

Cut -vertices:

Bri dge(s):

Bl ock(s):
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14. (25 pts.) (a) (5 pt

Ss.) What is a network, N?? [Hint: It
woul d be nice to see Gould's

definition.]

) (5 pts.) What is a legal (or feasible) flowin a network
? [ Hnt: Definition. ]

(c) (15 pts.) otain a maximumflow f in the network bel ow, and
verify the flowis a maxi num by producing a set of vertices S

t hat produces a mnimum cut. Check that the total capacity of
that cut is the same as the value of your max flow.




