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Ceneral directions: Read each problemcarefully and do exactly
what is requested. Show all your work neatly. Use conplete
sentences and use notation correctly. Mke your argunments and
proofs as conplete as possible. Renenber that what is illegible
or inconprehensible is worthless.

1. (25 pts.) (a) What is a bridge?? [Yes, a definitionis
required. ]

If Gis a nontrivial connected graph, then an edge e of Gis
a bridge if G- e is not connected. 1In the case of an arbitrary
graph G say with conponents G for i =1, ..., m an edge e of G
is abridge if G - e is disconnected where G is the conponent
cont ai ni ng e.

(b) Gve an exanple of a graph of order n and size n - 1 that is
not a tree.

Evidently, G=K 0O GC_., for n 24 wll do the job. Likely
as not you sketched G = K, O G,.

(c) Acertain tree of order n has only vertices of degree 3 and
degree 1. How many degree 3 vertices does the tree have?

Let x denote the nunber of vertices of degree 3 that the
tree has. Then the 1st Theorem of G aph Theory inplies that
3x + 1(n - x) =2(n - 1). Solving this yields x = (n - 2)/2.

(d)y If Gis a nonseparable graph with order at least 3, what is
t he best estimate that you provide for &(G ? Wy??

A graph of order at least 3 is nonseparable if, and only if
every pair of vertices lie on a comon cycle. Consequently, we
can say o(G = 2. W cannot do better than 2 generally since n-
cycles are 2-regul ar.

A(G. Let n; be the

(e) Let T be atree of order n > 2 with k =
< k. Then

nunber of vertices of degree i for 1 <

k k
Y n =n and 2(n-1) =Y in,
i-1 i1

Show how to obtain a forrmula for the nunber of end-vertices of T.
By replacing n in the second equation with the sumrmation in
the first equation, it follows that

k k k
Zﬁjni%—2=2ini O n=2+Yin -Y 2n
1 [ i=1 i;z i=2
2+ Y (i -2)n,

i=2

U n;
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2. (15 pts.) For the graph G below, determ ne the cut-vertices,
bridges, and blocks of G List the cut-vertices and bridges in
t he appropriate places, and provide carefully | abelled sketches
of the bl ocks.

Cut -vertices:

c, d, f, and i
(a) Bri dge(s):
ci and fg

Bl ock(s):

: (1) (1) O ()
() ()
3. (10 pts.) Bel ow, provide a proof by induction on the order
of the graph G that every nontrivial connected graph G has a
spanni ng tree. [Hnt: If the order of the graph Gis at |east

3, Theorem 1.10 inplies that G has a vertex v wwth G- v

connected.] //

Let S(k) be the follow ng assertion: "For any graph G if Gis connected
with k vertices, then G has a spanning tree T."

If Gis a connected graph of order 2, then Gis K, which is a tree and
there is nothing to show Thus S(2) is true, and we get a basis for the
i nduction with no real work.

To deal with the induction step, we nust provide a proof of the proposition
(Ok = 2)( S(k) O S(k+1) ). To showthis, we let k = 2 be fixed and arbitrary.
We need to show for this k that S(k) O S(k+1l). Suppose that S(k) is true. To
show that S(k+1) follows, we nmay assume as true the hypothesis of S(k+1), nanely
that we are dealing with G an arbitrary connected graph with k+1 vertices. W
need to show that G has a spanning tree. Since G has at |east 3 vertices,
Theorem 1.10 inplies that there are two vertices in G say u and v, with G- u
and G - v connected. W shall focus on G- v. G- v is a connected graph with
k = 2 vertices. Fromthe induction hypothesis, S(k), with G- v replacing G it
follows that G- v has a spanning tree, T, say. Since Gis connected, v is
adj acent to at |east one of the vertices of G- v. Pick such a vertex, say w,
and let T = (V(Q, E(Ty)O {vw}). Then T is a spanning tree for G Since G was an
arbitrary connected graph of order k+1, S(k+1) follows. Thus, S(k) O S(k+1).
Since k was arbitrary, we have (Ok = 2)( S(k) O S(k+1) ). W may now apply the
principle of induction. [Hello, nodus ponens.]
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5. (10 pts.) Apply Kruskal’s algorithmto find a m nimum
spanning tree in the weighted graph bel ow. Wen you do this,
list the edges in the order that you select themfromleft to
right. Wat is the weight wW(T) of your m ninum spanning tree T?

There are several
di fferent correct
solutions. First, in
sonme order you w ||
take two of the three
edges fromthe "1" 3-
cycle: de, ef, fd.

Then you wi Il need
both "2" edges in sone
order: ae and ac.

Then exactly one
of the two "3" edges:
ab or bd.

For any of the 6
possible trees T,

wT) = 0.

6. (15 pts.) (a) Suppose G and G, are nontrivial graphs.
What does it nean mathematically to say that G and G, are
i sonorphic?? [This is really a request for the definition!]

Two graphs G and G, are isonorphic if there is a bijection
¢ V(G) - V(G) such that uv ¢ E(G) if, and only if

o(u) o(v) € E(G).

(b) Sketch two graphs G and H that have the degree sequence

s: 2, 2, 2, 2, 2, 2 and have the sane order and size, but are not
i sonorphic. Explain briefly how one can readily see that the
graphs are not i sonor phic.

Since Gis not connected and H
is connected, G and H cannot be
Ciﬁf)c \ ; i sonorphic. Why?  Any graph
i sonmor phic to H nust be connected.

(c) Explicitly realize G and its conpl enent bel ow. [You may
provide carefully | abelled sketches.] Next, explicitly define an
i somorphismfromGC, to its conplenent that reveals that G is

sel f-conmpl enentary.

() ©s Define @ from G
to its conpl enent by

Ce f
o(a) =a, ¢b) =c, \
) (2 ®c) = e, d) =b, : :
and ¢(e) =d. ¢@is a
bijection, and its "
easy to check uv is
(H)——) an edge in C, exactly (=) ()

when @(u)@(v) is an
edge in the conplement of G. [There are only 5 edges to check.]
How many i sonor phisns are there??
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7. (10 pts.) Find a m nimum spanning tree for the weighted
graph bel ow by using only Prims algorithmand starting with the
vertex g. Wen you do this, list the edges in the order that you
select themfromleft to right. What is the weight w(T) of your
m ni mum spanning tree T?

1c Begi nning with

{9) vertex g, you should
obtain edges in the
foll owi ng order:

ge, ef, fb, ba, ed,
10 dc.

There is only one
spanni ng tree, and
its weight is

) wT) = 31.

You can check the
edges, but not their
order using
Kruskal * s al gorithm

11

8. (15 pts.) (a) If Gis a nontrivial graph, howis k(G, the
vertex connectivity of G defined?

If Gis a conplete graph of order n, then k(G =n - 1.
O herwise, G has a vertex-cut. In this case, K(G = k where k is
the cardinality of a m ninmum vertex-cut.

(b) If Gis anontrivial graph, it is not true generally that if
v is an arbitrary vertex of G then either k(G- v) = k(G - 1 or
K(G- v) = k(G. Gve a sinple exanple of a connected graph G
illustrating this. [A carefully labelled drawing with a brief
expl anation wll provide an appropriate answer. ]

Evidently, GOK, + (K, OK,). Since Gis
connected and a is a cut-vertex of G
K(G = 1. Note, however, G- b 0OK,; and
thus k(G- b) =2, not 0 or 1.

(c) Despite the exanple above, if Gis a
nontrivial graph and v is a vertex of G

K(G- v) 2 kK(G - 1. Provide the sinple

proof for this.

Pr oof : Let v be an arbitrary vertex of G If Gis a conplete
graph of order k, then G- v is conplete of order k - 1. Thus,
the conclusion follows fromdefinition of k. So suppose Gis not
a conpl ete graph. Then G- v is not a conplete graph, too.

Then either k(G- v) 2 k(G - 1 or k(G- v) < k(G - 1.

If k(G- v) <kK(G - 1, then there is a subset U, of the vertex
set of G- v with |U] = k(G- v) and (G- v) - U, disconnected.
But then U= U, O {v} is a vertex-cut of G for which

Ul = |y + 1 <k(G@, an inpossibility. Hence we nust have
K(G- v) 2k(G - 1.7/



