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[ Open Book Portion in C ass]
Name:

I nstructions: Choose any three of the foll owi ng probl ens to sol ve.
Crcle the nunber of each problemyou want graded. G ven the tine
constraints, wite up your solutions as carefully as possible.
Communi cat e!! If the space allocated for the solution is not
sufficient and you continue work in a different |ocation, please
indicate at the bottomof the page containing the statenent of the
probl emwhere that additional work is to be found. You may freely
use your textbook and any additional class notes. Please budget
your time by allow ng approximtely 1/3 of the remaining tine for
each problemyou attenpt.

1. Let f: [0,1] - R be defined by f(0) = 0 and f(x) = x¥2 for
x > 0. Prove f is Lebesgue integrable, and conpute the val ue of the
Lebesgue integral

1
[ f(x) dx.
0
H nts: (1) You will need the Mnotone Convergence Theorem
(2) At sonme point Proposition 4.7 mght be useful.
(3) If you want, you may use the Fundanental Theorem of
Cal cul us to eval uate a certain R emann i ntegral you encounter al ong

t he way.
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2. Define f:[0,1] - R by f(x) = x if x is irrational or x = 0O,
and f(x) = x + (1/n) if x # 0 is rational and x = nfn in | owest
termns.

(a) Gve an € - & proof that f is not continuous at each rationa
nunber x € (0, 1].

(b) Gve an € - o proof that f is continuous at each irrationa
nunber x € (0, 1].

(c) Conpute the value of the R emann integra

1
R [ f(x) dx.
0

H nts: (1) For each positive integer nthere are only finitely
many rational nunbers with denom nators less than n in eachfinite
open interval.

(2) At some point Proposition 4.7 mght be useful.

(3) If you want, you may use the Fundanental Theorem of
Cal culus to evaluate a certain R emann i ntegral you encounter al ong
the way. Be careful to ensure you have satisfied all the
hypot heses, however.
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3. Definition: A real-valued function f is upper seni conti nuous
at x if, and only if, for each € > 0, there’s a & > 0, such that
for each t in the domain of f, if |t - x| < &, then

f(t) < f(x) + e

Prove Dini’s Theorem Suppose <f, > is a sequence of upper
sem conti nuous functions defined on a closed and bounded subset A
of Rwith f,(x) - 0as n - o for each x € A, and f (x) =2f_ . (x) 20
for x € A and every n. Then the convergence is uniformon A

Hi nt: Let ¢ > 0. Let U, = {xeA . (x) < ¢€}. Showthat for each
n, U, = An Q, for sone open set QO 0O R. You nust have U, O U,;.
[ Why?] Use ' cl osed and bounded’ to produce an "N . Be very careful
with the details.
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4. Suppose that f:[a,b] - Ris continuous and that for sone pair
of nunbers x and y in (a,b) with x <y we have f(x) > f(y). Show
that if Df(x) > 0, then there is a nunber X, in (x,y) with

D'f (x,) < O.

Hi nt: Define h(t) =[f(x) - f(t)]/[x - t] for t € (x,y]. Find
the t where h(t) = 0 which is farthest to the right.
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5. One poi nt wher e begi nni ng neasure theory students get confused
is distinguishing between a neasurable function f which 1is
continuous al nost everywhere and a function f with the property
that there is a continuous function g such that the set

{x: f(x) # g(x)} has neasure zero.

(a) Construct an exanple of a function f:[0,1]] - R which is
continuous nowhere and a function g:[0,1] - R which is continuous
on all of [0,1], such that nm({x: f(x) # g(x)}) = 0.

(b) Let <g,> be an enuneration of all the rational nunbers in the
interval [0,1]. Define f:[0,1] - R by the follow ng fornul a:

f(x) = T 2"
gn<X

Here, of course, the sumis over the indices n such that g, is no
| arger than x. Note that since the geonetric series Y2 " dom nates
the sumdefining f, convergence is not a problem

Show f is continuous at each irrational nunber in [0,1] and
di sconti nuous at each rational nunber in [O,1].

Can you find a continuous function g:[0,1] - R such that the
nmeasure of the set {x: f(x) # g(x)} is zero? Proof??

Hi nt: (1) For (a) there are a couple of very easy and obvi ous
functions that do the job.

(2) For (b), it helps to observe that the discontinuities
are junps since f is increasing.
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6. (a) Let f (x) = n*X.,n(x) for n € Nand x ¢ R.  Show {f}
converges uniformy to f(x) = 0 on R

(b) Wth proof determne whether there is a Lebesgue
i ntegrable function g defined on R such the g(x) = f (x) for every
x € Rand n ¢ N.



