ALGEBRA AND TRIGONOMETRY REVIEW
by Dr TEBOU, FIU

A. Fundamental identities
Throughout this section, a and b denotes arbitrary real numbers.

i) Square of a sum: (a+b)?=a?+2ab+b?

i) Square of a difference: (a-b)>=

iii)  Difference of squares: a>-b’=(a-b)(a+b)
iv)  Sum of cubes: a®+b3=(a+b)(a-ab+b?)
V) Difference of cubes: a*-b%=

Exercises. 1) Use i) to complete ii) and use iv) to complete v); explain your reasoning.
2) Use i)-v) to factor each expression. a) x*-y*, b) 8x3-27, c) 4x*-1, d) 4z%-12z+9,
e) 9x2-8.

B. Factoring.

B1. Quadratic expression. Consider the quadratic expression: ax?+bx+c, where a, b, ¢ are
constants that do not depend on x, and a#0. We may then rewrite this expression as

b\? b\? c : 2.b_ 2. nb _
Z) — (Z) +Z)’ by noting that x X=X +25x, and using i), one can

easily complete the beginning of the square to get a complete square. Now, when we complete the
square, we add an extra term, and so we should also subtract it to keep the given expression
unchanged. So the original expression may be written, (thanks to i)):

a(x2+ 2x+S)=a(x2+ 2x+(
a a a

axZ+bx+c= a((x+ %)2_(b24_a4zca

expression. Note that if A<0, then the expression in the parentheses is always positive and the

)) Set A=b*4ac, which is called discriminant of the quadratic
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quadratic polynomial cannot be factored. If on the contrary, A>0, then we can use the difference
-b+VA

2a

of squares formula to show that the quadratic polynomial has two distinct roots given by x™=
—-b—VA
2a

and x'= ; thus ax?+bx+c=a(x-x")(x-x"). Finally, for A=0, the quadratic polynomial has a single

b
double root x=- —.
2a

B2. Cubic and higher order expressions. We have just seen that there is a simple rule that
may be used to determine whether a quadratic polynomial can be factored or not, and when it can
be factored, the rule, known as the quadratic formula, also helps us get the roots of the polynomial.
Now for cubic and higher order polynomials, we do not have such a simple rule. To factor such a
polynomial, we will have to use the trial and error method to get one of its roots, then use division
to reduce the degree of the polynomial to be factored. To use the trial and error method, evaluate
the given polynomial at the number x=x_0 with x 0=0, 1, -1, 2, -2, 3, -3, ... until you get the
value zero. Then x-x_0 is a factor of the given polynomial. Now divide the polynomial by x-x_0,
you then get a polynomial of a lesser degree. If the degree is 3 or more, use again the trial and error
method until you get a quadratic polynomial.

Note however that sometimes, just using the grouping method can save you all the work needed
to carry out the trial and error method. So, think out of the box!

Exercises. Factor each expression: a) f(x)=6x*+x3-24x2-9x+10, b) g(x)=x°-4x3-27x?+108

c) h(X)=4x3-4x2-3x+3, d) k(X)= 6x3+17x%+6x-8, €) m(x)=18x*-9x3-31x%+2x+6.

C. Rationalizing. When you want to rationalize the denominator of an expression involving
a radical, multiply both the numerator and denominator by the conjugate of the

denominator, and expand the denominator only; if the denominator is, say, x-\/_, then

multiply both numerator and denominator by x+,/y, as x+,/y is the conjugate of x-/y.
To rationalize the numerator, you proceed exactly the same way, and expand the numerator

only.
i ionali impli : 3—x+7
Exercises. 1) Rationalize the numerator and simplify each expression: a) r(x) = —x2—59;+6
_V2x+22-4
b) 4(x) = xX2+7x+12
2) Rationalize the denominator and simplify each expression c) p(x) = xiox-z
) SImPIY pression €) P = 1~ Terre
x2—x—12
b) n(X) = S~ Vaxte

D. Functions. A function is a rule that assigns to each admissible input exactly one output.
A simple example of a function is the assignment to each FIU student or staff a



panthersoft identity number (PID). The domain of a function is the set of all admissible
inputs; for instance in the case of PID assignment, the domain of that function consists of
all the staff and students of FIU; there are people in Miami who have no PID. The range
of a function is the set of all the corresponding outputs. In the case of PID assignments,
the range is the set of all assigned PIDs. The type of functions that we will be dealing
with will be functions defined from the set of real numbers into itself; examples of
functions include: polynomial functions whose domain is the whole set of real numbers,
rational functions, a rational function is the ratio of two polynomial functions, if

r(x):%, where p and g are polynomial functions, then the domain of r, denoted D,

consists of all real numbers x with q(x)#0. Another type of function is the absolute value
function defined by
x| = {—x,if x <0
x,if x = 0.

A piecewise defined function is a function given by different formulas in different intervals; the
absolute value function is an example of such a function.

Example: write the following function h(x) = |—2x + 5| — |3x + 7| without the absolute value
symbol. This amounts to writing the function h in piecewise defined form; to do this, which
intervals are we going to use? To find the intervals, solve for x each of the arguments in the absolute
value symbol: we shall solve for x:

-2x+5=0, getting x=5/2, and 3x+7=0, getting x=-7/3. Therefore our intervals are: (—oo, - g)
[—gg) E oo). Thus, we have
—2x+5—(-(Bx+7)), if x<-7/3
7
h(x) =4 -2x+5—3x+7), if —3<x<5/2
—(—2x+5)—-@Bx+7), if x=5/2.

Some simple algebra yields

x+12, if x <-=7/3

7
) <
h(x) —5x — 2, if —3 x<5/2

12, if >5
X ,1x_2.

Exercises. 1) Find the domain of each function: a) f(x):xzﬁx+6 b) g(X)=vx3 — 2x2 + 1

x2—x—12

2) Write each function in a piecewise defined form: ¢) k(x) = |6 — 5x| — |7x + 4], d) m(x) =
|[4x — 9] — |11 — 6x].

Note. The sum, difference, product and quotient of two functions is a function.



Composition. The composition of a function f with a function g is the function fog given by

fog(x)=f(g(x)) with domain Dsog={X in Dg; g(x) in Dr}.

Example. If f(x) =v1 —xand g(x) =

fog(x)= /1 — g(x)=J1 — 296_3:\/2’”’8; for fog(x) to be defined, g(x) must be defined, so

4x+5 4x+5

2x+8

x # —5/4, and > 0. To find where the ratio is nonnegative, we shall use a sign line.

-0 + -4 - -5/4 + 59
The sign line shows that the ratio is nonnegative in the intervals (-o0,-4] and (-5/4, oo); therefore

Dtog= (-00,-4]U(-5/4, o0). To get the correct signs, pick any number in each interval and plug it
in the ratio, evaluate; the sign of the number that you obtain is the sign of the ratio in the
corresponding interval. The case of gof is left as an exercise.

Inverse functions. Let f and g be two functions such that
9(f(x)) = x, forall x in the domain of f, and
f(g(») =y, for every y in the domain of g,

Then f and g are called inverse functions; f is called the inverse of g, and g is called the inverse
of . The inverse function of a function f is denoted 1, and we have Dr =R¢* and Ry =Dr™.

—-3x+8

. Find f~1(x), and Ds. To find f~1(x), sety = Z3%*8 switch x and y

togetx = ﬁ. Solve the equation for y in terms of x to get f ~1(x). It follows from the equation

Example. Let (x) =

x(5y + 4) = —3y + 8. Passing y from the right hand side to the left, and factoring, we get

y(5x + 3) = 8 — 4x. Consequently, it follows from the last equation, y = %. Hence,

flx) =— and Ri={x;x # —3/5} = (—, — —) U (- oo) As an exercise, do the same
for f(x) = \/3x—4.

Note. A function f is called one to one if f(x) # f(z) whenever x # z. Any one to one function
f defined from its domain to its range has an inverse, or is called invertible. The graph of an
invertible function and that of its inverse are symmetric about the line y = x.

Difference quotient. Let f be a function. We define the difference quotient of fat x to be the ratio

fx+h)—f (%)

o where h is a nonzero constant independent of x.



Example. If f(x) = 2x3 + x — 1, find the difference quotient of f. We have, by using the
difference of cubes formula:

flx+h)—f(x) _ 2(x+h)3+&+h)—1—-(2x3+x-1) _ 2((x+h)>-x3)+h _
h B h a h B

— 2 2
2(Geth %)((Hh)h YOAharx)th 2((x + h)? + (x + h)x + x2) + 1, in the last step, h was

factored out in the numerator, and cancelled with h in the denominator. Remember that in order to
get f(x + h), you replace x with x+h everywhere in the expression of f(x).

Exercises. If f(x) = 3x?2 — 7x + 4and g(x) = zii

Be sure to simplify your answers as much as possible.

find the difference quotients of f and g at x.

Parity. A function f is called even if f(-x)=f(x) for every x in the domain of f. For instance, if
f(x)=x? or f(x)=cos(x), then f is even, as (-x)>=x? and cos(-x)=cos(x), for every real number x.

A function f is called odd if f(-x)=-f(x) for each x in the domain of f . If f(x)=x3 or f(x)= sin(x),
then f is odd, as (-x)%= - x3 and sin(-x)= - sin(x), for every real number x.

E. Exponential and Logarithmic Functions.

E1. Exponential Functions. Let a>0 be a real number. The exponential function with base
a is the function f defined by f(x)=a* for every real number x. The domain and range of f
are given by Df =(—o0,), and Rf =(0, o). So exponential functions are defined
everywhere, and are never zero and never negative.

Properties. Let a>0, x, and y, be real numbers. Then

i) a*y=a*a¥

ii) a* Y =a*/a¥
i)  av=@)y=@)
iv) a’=1

Note. Among all the exponential functions there is one called natural exponential function whose
base denoted e is a number between 2 and 3; more precisely, e = 2.718281828459045235. Any
time that the base of an exponential function is not specified, you should understand that the base
ise.

E2. Logarithmic functions. Let b>0 and b # 1. The logarithmic function with base b is the
function denoted by log, and defined by y = log, x if and only if x = b?.

Note. i) It follows from this definition that the exponential function with base b and the logarithmic
function with base b are inverse functions. Therefore, the domain of log,, is (0, c), and the range
of logy, is (—oo, ). Further,

for every real number x, we have log, (b*) = x,and



for every x>0, we have h'°8v(*) = x,

i) The logarithmic function with base e is called natural logarithm and denoted In while the
logarithmic function with base 10 is called common logarithm and denoted log.

iii) (Change of base formula) Letb>0and b # 1 and leta>0 and a # 1. Let x>0. Then log,(x) =
logg(x)_In(x)
loga(b) In(b)’

As an exercise, prove the change of base formula.

Properties. Let b>0and b # 1, and let x>0, y>0, and r be real numbers.

i) logp (xy) = log, (x) + log, (¥)
i) logy (5) = logy (x) — log, ()
i)  log,(x™) = rlog,(x)

iv) log, (1) =0

V) log, (b) = 1.

Exercises. 1) Find the domain of each function: a) f(x) = log,(—3x + 5),

b) g(x) = log;(x? — x — 1). 2) Use the properties of exponential functions prove each of the
properties i) to v).

3) Expand the logarithm in terms of sums, differences and multiples of simpler logarithms

7x=9
sin 3x sec2x

b) h(x) _ x3Vx2+2x-2

a) f(x) =log, logs (3x—8)(2 cotx+5)

4) Solve each equation for x. a) log,(—3xVv2 + 8) = 2, b) In(4x)-3In(x?) = In2,

C)e ?* —3e ¥ +2=0,d) x@nx=3)=4,

F. Algebra of infinity. It is important to always keep in mind that —co and + oo are symbols
and not numbers. Accordingly, the algebra involving these symbols is somehow different
from the algebra of real numbers. We have
)] +00 + 00 = 400 and -0 + (—0) = —oo
ii) +00(+400) = 400 and -0o(+00) = —oo, and -co(—0) = +oo
iii)  For every real number a, we have a+(—o0) = —oo, a-(-00)=+00, and a/+0=0.

iv) For every nonzero real number a, we have a(—) = { tooifa <0
’ ’ A(=%) = oo if a> 0.
V) Indeterminate forms: These are quantities which do not have a definite value;

they are: a) +c0 — (+00) Or 0 — o0, b) f—z ¢) 0(f00), d) 1¥%, e) 0, ) 0/0,

g) 0% Any time that you encounter one of those indeterminate forms, you should
work out to get rid of them; many examples will be discussed in class.



G. Trigonometric Functions. The six fundamental trigonometric functions are stated in the
chart with their domain and range. All angles are in radian. You have the abbreviation of
each function into parentheses. If you do not remember, check their graphs in the
textbook.

Function Domain Range
Cosine (cos) (=0, +0) [—1,1]
Sine (sin) (—00, +) [-1,1]
Tangent (tan) {x;x # §+kn, k is an integer} (—o0, +00)
tan X_Sll’lX
COS X
Cotangent (cot) {x; x # m +kn, k is an integer} (—o00,+00)
Cot X:C.OS X — 1
Sin X tanx
Secant (sec) {x; x + g +km, k is an integer} (=00, —1] U [1, +0)
S6C X=—
COoS X
Cosecant (csc) {x; x # m +km, k is an integer} (=00, —1] U [1,+x)
CSC X=—
Sin X

G1. Important Trigonometric Identities.

Pythagorean identities:

a) cos’x+sin?x=1, for every real number x
b) 1+tan®x=sec?x, for every X in Dn
c) 1+cot?x=csc?x, for every X in Deot

Complement identities
cos x = sin(Z — x) and sin x = cos( — x), for every number x.
Supplement identities

sinx = sin(mw — x), and cos(m — x) = — cos x, for every number Xx.



Sum formulas

cos(x +y) = cosxcosy —sinxsiny

sin(x + y) = sinx cos y + cos x sin y, for all numbers x and y.
Exercise. Use the sum formulas to find:

cos(x —y) = tan(x +y) =
sin(x —y) = tan(x —y) =

Double-angle formulas
cos(2x) = cos?x — sin®x = 2cos?(x)—1 = 1 — 2sin%x, for every number x.
sin(2x) = 2 sin x cos x, for every number x.
Exercise. Show that cos*x — sin*x = cos?x — sin®x, for every number x.
Product to sum formulas
2cosxcosy = cos(x + y) + cos(x — y)
2 cosxsiny = sin(x + y) + sin(y — x)
2sinxsiny = cos(x —y) —cos(x + y)

Trigonometric values to know

X COos Xx sin x tanx secx CSCXx cotx

0 1 0 0 1 undefined | undefined
/6 V3/2 1/2 1/3 2I\/3 2 V3
n/4 V212 V22 1 V2 V2 1
/3 1/2 V3/2 V3 2 2I\3 13
/2 0 1 undefined | undefined 1 0

s -1 0 0 -1 undefined | undefined

G2. Inverse trigonometric functions. Given that none of the six trigonometric functions in
the chart above is one-to-one on its domain, in order to be able to define an inverse for any of
those functions, we shall restrict its domain to a subdomain where it is one-to-one.

Inverse cosine function. The inverse cosine function denoted cos™? is defined for every x in
[-1,1] by: y = cos~lx ifand only if x = cosy, yin[0,7].

Inverse sine function. The inverse sine function denoted sin~? is defined for every x in [—1,1]
by: y =sin"lxifandonlyif x =siny, yin[-m/2,7/2].



Inverse tangent function. The inverse tangent function denoted tan™? is defined for every x in
(—o0,00) by: y=tan"lxifandonlyif x = tany, yin (—g,g).

Inverse secant function. The inverse cosine function denoted sec™? is defined for every x in
(—o0,—1] U [1,0) by: y =sec lxifandonlyif x = secy, yin [O,g) U (/2.
Inverse cosecant function. The inverse cosecant function denoted csc™? is defined for every x in

(—o0,—1]U[1,0) by: y =csc xifandonlyif x = cscy, yin [—2,0) U (0,7/2].

Inverse cotangent function. The inverse cotangent function denoted cot™? is defined for every x
in (—o0,0) by: y = cot™lx ifand only if x = coty, yin (0,7).

Exercise. A) For what values of x do we have a) cos(cos™x) = x, b) cos™*(cosx) = x
¢) sin"I(sinx) = x, d)sin(sin"1x) = x, e) tan(tan"1x) = x, f) tan"(tanx) = x.

B) Show that 1) sec™*x = cos™1(1/x), 2) csc™ x = sin™1(1/x), 3) cot™lx = tan~1(1/x).

Some identities involving inverse trigonometric functions

i) cos lx + sin"lx = /2

i) cos(sin"lx) =+vV1—x2=sin(cos 1x)
—12

iii)  tan(cos™lx) = ==

. -1 _ X

Iv) tan(sin™'x) = —

v)  sec(tan"lx) = V1 + x2
vi) tan(sec™lx) = =+Vx2 —1

| x|
. — — X T
vii)  tan"lx + cot™lx = 2

Exercise. Find a) cos(tan™'x), b) sin(tan"'x), c) cos(sec™1x), d) sin(sec™1x).



