FOURIER-BESSEL SERIES AND
BOUNDARY VALUE PROBLEMS IN
CYLINDRICAL COORDINATES

The parametric Bessel’s equation appears in connection with the Laplace oper-
ator in polar coordinates. The method of separation of variables for problem with
cylindrical geometry leads a singular Sturm-Liouville with the parametric Bessel’s
equation which in turn allows solutions to be represented as series involving Bessel
functions.

1. THE PARAMETRIC BESSEL EQUATION

The parametric Bessel’s equation of order a (with o > 0) is the the second order
ODE

(1) 2y’ + oy + (M —a’)y =0,

with A > 0 a parameter, or equivalently,

(2) ?y" +ay + (VP2 —a?)y =0,

where v = v/X\. We have the following lemma.

Lemma 1. The general solution of equation (1) in x > 0 is
y(z) = AJy(vz) + BY, (vz) ,

where J, and Yy, are, respectively, the Bessel functions of the first and second kind
of order o and A, B are constants. Moreover, lim,_,o+ y(x) is finite if and only if

B =0 and so
y(z) = Ady(vz) .

Proof. We transform equation (2) into the standard Bessel equation of order « by

using the substitution ¢t = vx. Indeed, we have
dy _ dy 4 Py _ 22
—=v—, and — =v'—.
dx dt’ dax? dt2

In terms of the variable ¢, equation (1) becomes

d? d
2, 207Y 4 (222 2)y =0

deQWq;xVEqL vt —«
Yy Y 2 2
t—= 4+ t— + (- =0
a2 Tlg Ty

which is the Bessel equation of order « in the variable ¢t. The general solution is
therefore, y(t) = AJu(t) + BY,(t). This is precisely,

y(x) = AJy(va) + BY, (ve) .
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Note that J,(0) = 0if & > 0 and Jy(0) = 1, while the second solution Y, satisfies
lim, o+ Yo (z) = —oo. Hence, if the solution y(z) is bounded in the interval (0, €)
(with € > 0), then necessarily B = 0.

We can rewrite equation (1) in a self-adjoint form by dividing by  and noticing
that (xy’) = zy” + v’ to obtain

e (- LYo

We have here (with the notation of Note 9) that p(z) = z, r(x) = z, and ¢(z) =
a?/x. The point x = 0 is a singular point. Any Sturm-Liouville problem associated
with this equation on the interval [0, R] is a singular SL. As mentioned in Note 9,
we can use use only the boundary condition at the endpoint z = R.

2. A SINGULAR STURM-LIOUVILLE PROBLEM

We associate to the parametric Bessel equation the following SL-problem
a2
(3) (xy)+(/\x—)y—0

biy(R) + bay'(R) =0

It is understood in this problem that y(z) is a bounded solution, or equivalently that
lim,_,o+ y(2) exists and is finite. In the space CP[0, R], of piecewise continuous
function on [0, R], we consider the following inner product

< f,9>,= / f@)g(z)zd .

The proof given in Theorem 2 of Note 9, can be carried out almost verbatim to
establish the orthogonality of the eigenfunctions of problem (3).

There is an exceptional case which occurs when by = —bya/R (with b # 0).
In this case A = 0 is an eigenvalue of Problem (3) with an eigenfunction z®. To
simplify the discussion we will assume that by # —bya/R.

By Lemma 1, we know that the bounded solutions of the ODE are y(z) = J,(vx)
(with v = v/A). Note that y/(x) = vJ/,(vx) In order for such a solution to satisfy
the boundary condition, the parameter v must satisfy

(4) b1Jo(VR) + bovJ. (VR) =0 .

This means that A = 2 is an eigenvalue of Problem (3) with eigenfunction J, (vz).
It can also be proved that these solutions form a complete set (basis) in the space
of piecewise continuous functions. This imply that any function f € Cg [0, R] has
a representation as a series in these eigenfunctions. Denote by

0<m <<y < - <y <---

be the increasing sequence of solutions of equation (4). The series expansion is then

x) ~ Z CiJa(vjz)
j=1

where the coefficients are given by,

_ </ ( vjx)rds : viz)lxde
G = st (/f >d>/</ J”‘“)d>
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It is of importance to find the square norms ||J, (v;x)||2. We have the lemma.

Lemma 2. Let v; be a positive solution of (4), then we have the following:
o Ifby =0, then
R R2
Malvsol2 = [ TuvsePads = %o v Y
0
o Ifby #£0, let h = Rbl/by, then we have
R?1v2 — a? + h?

R
Malvgol2 = [ Jatogo)ade = =g, R
J

Proof. Since J,(v;x) satisfies Problem (3) with A = v, then
w(zJa(vin)) = (o = via?)Jo(vz) .
We multiply by 2J,(v;z)’ to get
20 J, (viz) [w o (viz)] = (o — via?)2Jo(vjm)Ja(viz) .
By using 2ff’ = (f?)’, we obtain
{(xJa(l/jz)/)Z]l = (a2 — V;Iz) (Ja(ujx)Q)/ .

Now we integrate from 0 to R. The left side is

R ’
/0 [(xJa(ij)’)Q} dr = [(x]a(ujx) )2}

For the right side we use integration by parts,

=R N2
w0 (RJa(v;R)')™ .

R R
/(oz2 - I/?Z‘z) (Ja(vjx)Q)/dz = [(on - ijxQ)Ja(ij)Q}? + QVJZ/ Jo(viz)2xd
0 0
= 23| Ja(vj2)|2 + (o® — VIR?) Jo(v; R)?
After equating the two sides, we get
(5) 25 1o () |[2 = B*(Ja(v;R))? + (] B? — a®) Ju(v; R)?
We distinguish the two cases.
If by = 0, then the condition is J,(v;R) = 0, and relation (5) becomes
R?(Ja(viR)')?
atio)lfs = =25 5

!

We simplify this expression by using Property (4) of Bessel junctions ((z~%J,(z)) =
—2~%Ja41(x)) in the form
a
Ja(f)/ - EJa(x) = —Jas1(z) .
For x = v; R, we have J,(v;R) = 0 and it follows that
R2Jai1(v;iR)?
)2 = 2t
1o (v 2VJ2

If bs # 0, then the boundary condition can be written as
b h
v J\(VjR) = =~ Ju(VjR) = ——=Ju(v;R) .
bo R
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Relation (5) becomes
23 || Jo (V)7 = W2 Ja(v;R)? + (Vi R? — ) Jo(v;R)® = (R?*vi +h* —a?)Jo(v;R)? .
From this we deduce that
R202 + b2 — o2
o (vjz)ll7 = —L——5——Ja(v;R)*.

2
2’/]‘

3. BESSEL SERIES EXPANSIONS
We summarize the above discussion in the following theorems.

Theorem 1. Consider the SL-problem
22y +xy’ + (A% — o)y =0, O<z<R,
y(R) =0
with bounded solutions y(x). The eigenvalues values consist of the sequence \; = V?,
with j € Z" and where v; R is the j-th positive zero of Jo(z). That is,
v <y <3< -y <
satisfy Jo(vjR) = 0. The corresponding j-th eigenfunction is

yj(x) = Ja(vjz).
Furthermore, the family of eigenfunctions J,(vjx) is complete in 02[0, R]. The
square norm of the j-th eigenfunction is
2

R
R
o (vj)][2 = / Jo(vyo)Pads = 2

9 Ja+1(VjR)2

Theorem 2. Consider the SL-problem

22y +xy’ + (A% — o)y =0, 0<z< R,
biy(R) + bay'(R) = 0, (ba #0 b1 > (—aba/R))
with bounded solutions y(x). The eigenvalues consist of the sequence \; = 1/]2, with
j € ZT, such that,
Vp <y <y < ey <
satisfy the equation
, Rb1
hdo(V;R) +v;RJ,(v;R) =0, h= T
The corresponding j-th eigenfunction is
yj(@) = Ja(v;).
Furthermore, the family of eigenfunctions J,(vjx) is complete in C; [0, R]. The
square norm of the j-th eigenfunction is
R*v? —a? + h?

R
L R e
0 Vi

Consequence of Theorem 1 and 2. If f € C’g [0, R], then f has the expansion,

fav(@) = w = ZCjJa(ij)v
i=1
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with
< f(.’L'), Ja(ij) >y

|| (vz)] 2

and where the functions Jo(v;x) are as in Theorem 1 or as in Theorem 2.

C; =

Remark 1. If we set z; = v; R, then the above series takes the form

xt x~ > x
/( );f( );ija(sz)

where in the case of Theorem 1, the z;’s are the positive roots of J,, i.e.,
JQ(Z]):O, jzla 27 3,"'7

in the case of Theorem 2, the z;’s are the positive roots of the equation
Remark 2. Since J,(0) = 0 for o > 0 and Jp(0) = 1, then A = 0 is an eigenvalue
of the SL-problem (3) only in the case of boundary condition y'(R) = 0 and the
eigenfunction is Jy(z;z/R), where the z;’s form the sequence of positive zeros of
Jh.

We illustrate this theorems with some examples.

Example 1. Expand the function f(z) =1 on [0, 3] into a Jyo-Bessel series with
condition Jy(z;) = 0. This is the case of Theorem 1. We have

=S e (ET 0<z<3,
;JO(:&) v
Where

1 3
0-27/ Jolz:x/3)xdx .
= TaGedE Jo P

The square norms are ||Jo(zj2/3)||2 = 9J1(z;)?/2 and to find the integral we use

Property 9 (/ t*Jo—1(t)dt = t*J4(t) + C and a substitution).

3 Zj )
/ Jolzja/3)ede = 2 / Eho(dt = 2 (2,1 (2;) — 01 (0)) = 21G1)
0 Z5 Jo Zj Zj
Hence,
2
= —2
T zdi(z)

and the series expansion is

s 1 ZiX
12;WJ0(;) O<az<3.

Now we give approximations of the first five terms of the series

J 1 2 3 4 5
z; 2.405 | 5.520 | 8.654 | 11.792 | 14.931
Ji(z;) | 0.519 [ -0.340 | 0.272 | -0.233 | 0.207
2/2;J1(z;) || 0.801 | -0.532 | 0.426 | -0.365 | 0.324
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The beginning of the series expansion is

1~ 0.801.J5(0.80x) — 0.532.J0(1.84z) + 0.426.J(2.88z)
—0.365.J0(3.93z) + 0.324.J5(4.982) + - - -

Example 2. An analogous calculation gives the expansion of f(z) =1 over [0, R]
with respect J, with end point condition J,(z;) =0 as

1!2@@(?) 0<z<R,

Where

2 R 2 Zj
= Jaz-xRxd:z:zi/ tJ,(t)dt .
R2ja+1(2’j)2 /0 ( J / ) ZJQ-Ja+1(Zj)2 0 ( )

Example 3. Expand f(z) = 1 on [0, 2] in J,-Bessel series with endpoint condition
J!(z;) = 0. This is the case of Theorem 2 with R = 2 and h = 0. The square
norms are

&

2(22 — a?)
| Ja(z2/2)|[2 = ]TJQ(ZJF
J
and
N (BT
1= ZCJJ“ ( 2 ) '
j=1

with

22 2

G = 2(22 — a?)Ja(z)? /o wlolz7/2)dr = (25 — a?)Ja(z))? /o Balt)dt

J

When o = 0, we get a more compact form of C}

P 2 2 . 201(z)
—_— tho(t)dt = - [th(t)]y = ——25
ij»Jo(Zj)2 /0 0( ) Z]zjo(Zj)Z [ 1( )]0 ZjJ()(Zj)Q

The expansion of f(z) =1 over [0, 2] in a Bessel series with endpoint Jj(z;) = 0 is

C; =

ad Jl(Zj) Z5T
1=2 —=J (=) .
=1 ZjJ()(Zj)2 ( 2 )

Example 4. Find the Jy-Bessel series of f(z) = 1 — 22 over [0, 1] with endpoint
Jo(zj) = 0.
We have for 0 < z < 1,

>, <1-—2a?% Jo(z;1) >,
(1—2%) = C;Jo(zx), C; = J -
2, Gl G = e

J1(z;)?
We know that ||Jo(z;z)||2 = % (see previous calculations). To compute

< 1— 22 Jo(zjx) >, we use the substitution ¢ = z;z in the integral and the
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properties (tJy (1)) = t*Ja—1(t) and (t*Jo (1)) = =t *Joy1(t):

<1-—2%Jo(zjz) >» =— | (25 —)tJ(t)dt = —4/0 j(zf. — 1) (tJy (1)) dt
J

Hence the coefficient C; is

T ()2 T AN

The series representation of (1 — z?) is
1—z? ——92 Rt 24 , ze (0, 1).
( ) L 23.J1(25) ( )

Example 5. The expansion of 2™ over [0, 1] in J,,-Bessel series with endpoint
condition J,,(z;) = 0 can be obtained by using similar arguments as before.

m > <a™, I (zi7) >4
re= ZCij(zja:), C; = [T (z;2)| 2
j=1 m\~j x

A calculation gives
2

C:i= — =
! ZjImt1(2j)

and the series is

> Im(z;x)

™ =2 = ze (0, 1).
j; zjTm+1(2;) ® 1

4. VIBRATIONS OF A CIRCULAR MEMBRANE

The following wave propagation problem models the small vertical vibrations of
a circular membrane of radius L whose boundary is held fixed. The initial position
and velocity are given by the functions f and g.

up(x,y,t) = AAu(x,y,t) 2 +y* <L*, t>0,

u(z,y,t) =0 224+’ =L, t>0,
u(z,y,0) = f(z,y) 22 +y* < L?,
ut(zv,y70)=g(x,y) {I?2+y2<L2.
where
0? H?

a2 " o2
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is the 2-dimensional Laplace operator. For the purpose of using the method of sep-
aration of variables, this problem is better suited for polar coordinates x = r cos 8,
y = rsind. Recall the expression of the Laplace operator in polar coordinates is
0? 10 1 02

a2 Tror T o

The expression of the BVP becomes

utt:cz(um—i-%—f—u—e;) r<L,0<6<2m,t>0,

T T

(6) u(L,0,t) =0 0<6<2m, t>0,
u(r,8,0) = f(r,6) r<lL,0<60<2rm,
ug(r,0,0) = g(r,0) r<L,0<60<2m,.

It is understood that the sought solution wu(r,#,t) and its derivatives need to be
periodic in 6: i.e., u(r,0,t) = u(r,0 + 2m,t) and so on. Since in this form the PDE
has a singularity at » = 0, we impose that the solution u be continuous at the
origin.

Before we consider the general case, we are going to solve problem (6) in the
particular case when f and g are independent on 6 (invariant under rotations).

4.1. Rotationally invariant case. Since f and g depend only on 7, we seek
solution u that is also independent on 6. That is, at each time ¢ the displacement
, u = u(r,t) depends only on the radius r and not on the angle §. In this case
problem (6) becomes a problem in 2 variables:

u
utt:CZ(Urr“‘i) 'f'<L,t>O7

(7) u(L,t) =0 " t>0,
u(r,0) = f(r) r<lkl,
ue(r,0) = g(r) r<L.

We seek nontrivial solutions with separated variables « = R(r)T(t) of the homo-
geneous part of the problem:
Ut = C2 (u'r"r‘ + %> 5 U(L,t) =0.
r

The separation of variables of the PDE leads to

R"(r) ~R'(r) T"(1)

R(r) " rR(r)  c2T(t)
This together with the boundary condition give the ODE problems for R(r) and
T(t)

=-A (constant) .

r?R" +rR + Ar?R =0, 0<r<R,
R(L)=0
and
T4+ ANT=0.

The R-problem is the eigenvalue problem. Its ODE is the parametric Bessel
equation of order 0. Since we are seeking bounded solutions, then the eigenvalues
and eigenfunctions are
ij zir .
ﬁa R](T):']()(T)a .7:17 27 37
where z; is the j-th positive root of Jy(z) = 0.

A =
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For each j € Z*, the T-equations becomes 7"+ (cz;/L)*T = 0 with independent
solutions cos(cz;jt/L) and sin(cz;t/L) .

For each j € Z*, the homogeneous part has two independent solutions with
separated variables

1 - ezt Z" 2 — i (5t Z"
uj(r,t)—cos( 7 )JO(L) and uj(r,t)—mn( 7 )JO(L).

The general series solution of the homogeneous part is the linear combination of all
the uj’s and u}’s:

> + + .
u(r,t) = Z [Aj cos (?) + Bjsin (CZLJ>} Jo (%)
j=1

Now we use the nonhomogeneous conditions to find the constants A; and Bj so
that the series solution satisfies the whole problem. First we compute wu;:

ug(r,t) = Z % [Aj sin <Czjt) + Bj cos <Czjt)] Jo (%) )

j=1
‘We have

u(r,0) = f(r) = ffAon (%)

J
CZ; zZ5T
ui(r,0) = g(r) = Y. B (A1)

I
—

NE

1

<.
Il

These are, respectively, the Jy-Bessel series of the functions f and g over [0, L]
with endpoint condition Jy(z;) = 0. We have then,

_ < Sr), Jo(zr/L) >, 2 L
A= HJO(Z(;?"/L)H% N L2J1(Zj)2/0 Tf(TL)Jo(zjr/L)dr,
L <o/ e |
5= /D dah)P / rg(r)Jo(zjr/L)dr

Example. (The struck drum head). Suppose that the above circular membrane,
with L = 10 which was originally at equilibrium is struck at time ¢ = 0 at its center
in such a way that each point located at distance < 1 from the center is given a
velocity —1. The BVP in this case is (we take ¢ = 1)
U
utt:<urr+i) T<10,t>07
r

u(10,t) = 0 t>0),
u(r,0) =0 u(r,0) = g(r) r<L.

where

(r) = -1 if 0<r<1,
9= 0 if 1<r<10.

In this case the coefficients are A; = 0 and

1 10
Bi=—— /10)dr .
=y ol 0
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For the last integral, we have

10 1 100 Z]'/].O
/ rg(r)Jo(z;r/10)dr :7/ rJo(z;m/10)dr = 77/ tJo(t)dt
0 0 i Jo
100 L0 10
= - [th@O)F " = == (z/10)
J J
We have therefore
B. — _2J1(Zj/10)
! 23J1(2)?

and
J1 2/10 . [zt 2T
-2y 2R (35) 0 () -

The following table list the approximate values

j 1 2 3 4 5
zj 2.405 | 5.520 | 8.654 | 11.792 | 14.931
J1(25) 0.519 |-0.340 | 0.272 | -0.233 | 0.207
J1(2;/10) || 0.119 | 0.266 | 0.393 | 0.493 | 0.557
| B [-0.153[-0.151[-0.143 [ -0.131 | -0.117 |

‘We have then

u(r,t) ~ —0.153sin(0.24¢).J6(0.247) — 0.151 sin(0.55¢)J (0.55r)
—0.143 sin(0.86t).Jo (0.861) — 0.131 sin(1.18¢).Jo(1.18r)
—0.117 sin(14.9¢)Jo (14.9r) —

4.2. General case. Consider again BVP (6). This time we assume that the initial
position f and initial velocity g depend effectively on 6 and r and also u = u(r, 8, t).
We emphasize the 2m-periodicity of w and its derivative ug, with respect to 6, by
adding it to the problem. The problem is therefore

uttz(:Z(uw r+%) r<L,0<60<2m,t>0,
u(L,0,t) =0 0<6<2r,t>0,

(8) u(r,—m,t) = u(r,m,t) O<r<L,t>0,
ug(r, —m,t) = ug(r,m,t) O<r<L,t>0,
u(r,8,0) = f(r,6) r<L,0<60<2rm,
u(r,6,0) = g(r,0) r<L,0<6<2m.

We apply the method of separation of variables to the homogeneous part. Let
u(r,0,t) = R(r)©(0)T(t)

be a nontrivial solution of the homogeneous part. For such a function the wave
equation can be written as
() _ B'(r)  R(r) ©"(0)

2T(t)  R(r)  rR(r) + 20(0) =-A (constant) .

Thus 77 (t) + 2A\T'(t) = 0 and
LSRRG ,00)
’e) TTRE T 60

=0.
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The last equation can be separated:

R'(r) R(r)

2 Al = —

Rr) " Re) T 60
The ODEs for R and © are

PR +rR +(M?—a*>)R=0 and ©"+0o’0=0.

The homogeneous boundary conditions imply that R(L) =0, ©(xr) = O(—m) and
©'(m) = ©'(—m). The three ODE problems are

1
o7 () =a? (constant) .

0" +0°0 =0 2R 4R 4 (A2 — a?)R =0
O(r) = O(—m) e Toe)R= T (t) + AAT(t) = 0
&/(r) = /() ity o

The O-problem is the regular periodic SL-problem and the R-problem is the singular
Bessel problem of order o with endpoint condition R(L) = 0.
The eigenvalues and eigenfunctions of the ©-problem are.

a5 =0, ©¢(0)=1;
formeZ™",
o2 =m?, O (0) =cos(mb), ©2(h) =sin(mh).

We move to the R-problem. For each o = m (with m € Z1TU{0}), the eigenvalues
and eigenfunctions of the R-problem are
2

where {z;}; is the increasing sequence of zeros of J,,. That is,

O<Zm1 < Zm2 <"'<ij < -
satisfy Jp,(zm;) = 0.
Now that we have the eigenvalues and eigenfunctions of the ©- and R-problems,
we solve the T-problem. For each m € ZTU{0} and each j € Z*, the corresponding
T-equation is

T”+(%)2T=o

with two independent solutions

T,,; = cos (CZLJ> and T, = sin <CZLJ ) .

The collection of solutions with separated variables of the homogeneous part
of Problem (8) consists of the following functions (where m = 0, 1, 2, --- and
=12, -)

u,lnj(r,ﬁ,t) =Jm

: CZmjt
cos(m&)cos( T ),

S

i (r0.8) = T (ZWET) sin(m#) cos czrlnjjt; )
(1)
(%) )

it
uilj(r,ﬁ,t) =Jn Gomg?

™~

ufnj(r,e,t) =Jn
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These are the (m,j)-modes of vibrations of the membrane. Up to a rotation, the
profile of each mode is given by the graph of the function

Umj(1,0) = I <Zn2jr) cos(mb)

(each (m,j)-mode is just vy,; times a time-amplitude). For each (m, j), the mem-
brane can be divided into regions where v,,; > 0 and regions where v,,; < 0. The
curves where v,,,; = 0 are called the nodal lines (see figure).

(m)=(0.1) (m,)=(1,1) (m)=(2.1)
(m,j)=(0,2) (m,j)=(1,2) (mj)=(2,2)

D
D) &

Some of the (m, j)-modes are graphed in the figure.

m=0, j=1 m=1, j=1 m=2, j=1

m=0, j=2 m=1, j=2
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The general series solution of the homogeneous part is a linear combination of
ko

the solutions u i

u(r, 0,t) Z ZJ (Zm] ) <czzjt> (A, cos(mb) + By, sin(m8))

m=0 j=1

T (ZWET> sin <czTLnjt> (Cij c0S(mB) + Dy sin(me))

In order for such a solution to satisfy the nonhomogeneous condition, we need

u(r,0,0) = f(r,0) = 33 I, (%) [Apj cos(m) + By, sin(mb)]
m=0 j=1

and

u(r,8,0) = g(r,0) Z Z szj I (M) [Coj cos(mB) + Dy, sin(mf)]
m=0 j=1
These are the (double) Fourier-Bessel series of f and g. To find the coefficients,
we can proceed as follows. Expand f(r,0) into its Fourier series (view r as a
parameter),

f(r,0 + Z A (1) cos(m@) + By, (r) sin(mb)
m=1
where )

1 us

Ap(r) == f(r,0) cos(mb)de, m=0,1, 2.
™ Jo
1 2m

B (r) = 7/ f(r,0)sin(m8)dé, m=1, 2 3,
™ Jo

Now expand A,,(r) and B,,(r) into a J,,-Bessel series with end point condition
Jm(2) = 0. We get,

ZAWJ (25 Awg= s [ A (22 ) i

and

=S B (). B = i [ ot () 0

After substltutlng the expressions of A,,(r) and B, (r) in term of the integrals
of f, we obtain the coefficients A,,; and B,,; of the series solution as:

27
A = 0)J
T | Im zmjr/L / / rf(r,

B, -
mj 7T||J ZmJT/LHQ/ / Tf?"e

The other coefficients C,,; and D,,; are obtained in a similar way by using the
second initial condition.

Example Take L = 1, ¢ = 2, g(r,0) = 0 and f(r,0) = (1 — r?) +sinf. In this
situation C',; = Dy,j = 0 for m > 0 and j > 1. Furthermore,
Apj=0 for m>1

) cos(mé)drde ,

) sin(m@)drdf .
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and
Bn; =0 for m>2
Hence, the solution has the form
u(r,0,t) = Z Ag;Jo(z0;7) cos(2z05t) + Z By Ji(z157) cos(2z1;t) sin @,
j>1 i>1
where

1
Agj = 1 T /r(l—r2)J0(zoj7")dr
- Jo

|| Jo(z0;7)]|?
and

1 271'/ ) 1 /1
B,=——-¢v—— rdi(z1;7r)sin”“ 0drdf = ——— rdi(z1:r)dr.
& w|J1<z1jr>||%/o , ") AT

The square norms are

J1(205)° Ja(215)°
2 2

The integral involved in Ag; can be evaluated. First, notice that by using the
property (t*J(t))" = t*J4—1(¢) and integration by parts, we get

/tSJO(t)dt =t2(tJi(t)) — 2/t(tJ1(t))dt =31 (t) — 262 T5(t) + C.

Hence, by using the substitution ¢ = zg;r, we get

[ Jo(z057)|[7 = and  |[Jy(z;7)]]7 =

1 1 Z()j
/ r(1—r*)Jo(z05r)dr = — / [25;t — ] Jo(t)dt
0 0

z%j

=7 (285t — %) Ju(t) + 2% 1o (1)]
0]

_ 2J2(Zoj)

2
2,

and so
0 = 4J2(Z0j)
T g i(205)?

The solution w is

Ja(205)Jo(z0;7) - .
u(r, 0,t) Z ZOJJJl e = cos(2z0,t) + ZBIle(leT) cos(2zy;t) sin 6 .

Jj=1 Jj=1

5. HEAT CONDUCTION IN A CIRCULAR PLATE

The following boundary value problem models heat propagation in a thin circular
plate with insulated faces and with heat transfer on the circular boundary. In polar
coordinates, the problem is:

ut_k(uTr+—+%) r<L,0<0<2r t>0,

(9) hu(L,0,t) + Lu.(L,0,t) =0  0<0<2r, t>0,
u(r,0,0) = f(r,0) r<L,0<6<2r,
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where i > 0 is a constant. Let us assume for simplicity that f is rotation invariant
f = f(r) is independent on 6. We seek then a solution that is also independent on
0 and the problem becomes.

ut:k<u”+%> r<L,t>0,
(10) hu(L,t) + Lu, (L, t) =0 ¢ >0,
u(r) = f(r) r<L.

The solutions with separated variables: u(r,t) = R(r)T'(t) of the homogeneous part
leads to the ODE problems

r?R"4+rR + X 2R=0
{ WR(L) + LR/(L) =0 d T+ ENT=0.

The R-equation is the parametric Bessel equation of order 0. The values A < 0
cannot be eigenvalues. The case A = 0 is a particular case.

Remark about the case A = 0. In this case, the R-equation is also a Cauchy-
Euler equation with general solution A + Blnr and the bounded solutions are
R(r) = A. Such a solutions satisfies the boundary condition if and only if A = 0.
This correspond to the situation where the boundary is insulated

The (positive) eigenvalues and eigenfunctions are:

2

z; zr ,
Aj:f]ga Rj(r):JO (Jf)a ]EZ+7

where z; is the j-th positive root of the equation
hJo(z) + 2J5(2) = 0.

A corresponding T-solution is

T;(t) = exp _ﬁt .

The series solution of the homogeneous part, when h > 0, is
> 2/72 z4iT
N =S"Ce- k5L g (Ji)
u(r, ) ]z:; ;€ 7 0 I

and when h =0 is

= (ka2 2T
u(r,t) = Co + Z Cje~* 5/LI (]T)
j=1

In order for such a series to satisfy the nonhomogeneous condition, we need
u(r,0) = £(r) = Co + f:C-JO (%%)
) - 7 I
j=

(with Cy = 0 when h > 0). This is the Jy-Bessel series of f with endpoint condition
hdo(z) + zJ(z) = 0. We have then (see Theorem 2),

1 L o 222 L zjr
%= o b0 (8 o= po sy f, o 0n ()
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Remark. If instead of being independent on €, the initial condition is of the form
f(r) cos(mf), the solution u of problem (9) can be put in the form
u(r,6,t) = v(r,t) cos(mb) ,

where v solves the two variables problem

vt:k(vw—l—v—r—mz%) r<L,t>0,
r r
(11) ho(L,t) + Lv.(L,t) = 0 t>0,
o(r) = f(r) r<L.
This time the separation of variables of the v-problem leads to the solution v of the
form

-\ o~ (k27 /L?) ZT
v(r,t)—;cje ki /L tJm(i)

6. HELMHOLTZ EQUATION IN THE DISK

The Helmholtz equation in the disk is the following two-dimensional eigenvalue
problem: Find A and nontrivial functions u(r,6) defined in the disk of radius L
such that:

(12) Au(r,0) + Au(r,0) =0 O<r<L, 0<6<2m,
w(L,0) =0 0<6<2r.
The solutions with separated variables u(r,8) = R(r)©(0) leads to the following
one-dimensional eigenvalue problems
0"(t) +a?0(t) =0
O and ©’ 27 — periodic
and
r2R'(r)+rR'(r) + (M\r? —a®)R(r) =0
R(L)=0.
The eigenvalues and eigenfunctions of the ©-problem are
o2, =m?, O (0) =cos(mb) and ©2 (0) =sin(md) m=0, 1, 2,---

For each m, the R-problem is an order m Bessel type eigenvalues problem with
eigenvalues and eigenfunctions

Njm = (ZJL’”)2 Rjom(r) = I (220 .

where z; ,,, is the j-th positive roots of the equation J,,(z) = 0.
The eigenvalues and eigenfunctions of the Helmholtz equation are

ZjmT
o Zm ub . (r,0) :cos(mo)Jm( L )
pmeL uim(r, 0) = sin(m#)J,,, (%) ,

Eigenfunctions expansion for a nonhomogeneous problem. The eigenfunc-
tions u;m, uim can can be used to solve nonhomogeneous problems such as the
following
(13) Au(r,0) + au(r,0) = F(r,0) O0<r<L, 0<6<2m,

u(L,0) =0 0<6<2r.
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where @ is a constant. We expand F' and u into these eigenfunctions (Fourier-Bessel
series). We seek then a solution u of the form

oo o0
u(r,0) = 3" [Apn, cos(mb) + By, s sin(m8)] J, (%)
m=0 j=1
By using Aul?. = -\, ju-? we deduce that
m,J m,J ¥ m,j°

(14)  Autau= 3" 3 (a = Any) [An cos(mb) + By jsin(mo)] Jon (200 )

m=0 j=1

The Fourier-Bessel series of F' is

(15) F(r,6) =Y [Fy cos(mf) + Fy, ;sin(mb)] Jy, (ZJ"L*’”T)

m=0 j=1

where the coefficients F512] are given by
(16)

Fl . 1 2k Zm, ;T cos(m®)
5l = F(r,0)rd, m.J d . dg .
Fm} wum(zm,jr/mz/o [P o)rdn (27) { sin(mé)

By identifying the coefficients in the series (14) and (15), we get

Fl F2 .
m, m,
Ap = — ™ and B = —
a— )\m,j a— )\m,j

provided that a # A, ; for every m, j (nonresonant case).

Example. Consider the problem

Au(r,0) — u(r,0) = 1+ r? sin(20) 0<r<3, 0<60<2m,
u(3,0) =0 0<6<2r.

In this problem, we have F;fj = 0, for every m except when m = 0 and m = 2.
Furthermore, F211 = 0 for every j. For the remainder of the coefficients, we have

1 3
Fl. :—/ rdo(zo.i7/3)dr
0 TaCeg AT fy "7
2J
= - tJo(t)dt
25 iJ1(20,4)% Jo 0
- 2
20,5J1(%0,5)
and
2 1 ® 3
F; r°Jo (20, 57/3)dr

J ||J2§?§,5;”/3)\|3 Jo
2,7
S Sl 3 Jo(t)dt
25 jJ3(22,5)? /0 ot
162

22,5 J3(22,5)
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The corresponding coefficients of the solutions are

Al _ FOl] 18
037 —1— (Zo 9 2000+ 23 ) J1(z0,)
5, 1458

7 —-1- (Z2 3/9) Z2,j(9 + Z%,j)JS(ZZj)

The solution of the problem is

Jo(20,57/3) N Jo(22,7/3) sin(26)
=-1 —14
U 82 201 E)sz:1 29 9+z2j)J3(2’2,3)

7. EXERCISES

In Exercises 1 to 9, find the J,-Bessel series of the given function f(z) over the
given interval and with respect to the given endpoint condition.

Exercise 1. f(z) =100 over [0, 5], and Jo(z) =
Exercise 2. f(z) =z over [0, 7], and J;(z) = 0.
Exercise 3. f(x) = —5 over [0, 1], and J3(z) =

1 ifo<z<1
0 ifl<z<2

Exercise 5. f(x) =z over [0, 3], and J{(z) =0
Exercise 6. f(z) =1 over [0, 3], and Jo(z) + zJ5(2) =

Exercise 4. f(z) = { over [0, 2], and Jy(z) =0

Exercise 7. f(z) = 22 over [0, 3], and Jo(2) = 0 (1eave the coefficients in an

integral form).

Exercise 8. f(z) = 22 over [0, 3], and J3(2) = 0 (leave the coefficients in an
integral form).

Exercise 9. f(x) = \/z over [0, 7], and .J;/5(2) = 0 (use the explicit expression of
J1/2 and relate to Fourier series).

In exercises 11 to 14, solve the indicated boundary value problem that deal with
heat flow in a circular domain.
Exercise 11. v
ut:2(um+l) 0<r<2, t>0,
r
u(2,t) =0 t>0,
u(r,0) =5 0<r<2.

Exercise 12. u
ut:2(urr+—r) O<r<2,t>0,
r

ur(2,t) =0 t>0,

u(r,0) =5 0<r<2.
Exercise 13. v

ut:2(u”+7r) 0<r<2, t>0,

2u(2,t) —ur(2,t) =0 t>0,

u(r,0) =5 0<r<2.
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Exercise 13. Find a solution u of the form u(r, 0, t) = v(r,t) sin(20) of the problem.

Up U
ut:2(urr+—+g

r r
u(2,60,t) =0

u(r,6,0) = 5r? sin(26)

Exercise 14.

ur  u
Uy = (Urr + Y
r r
u(l,t) =
u(r,0) =73

In exercises 15 to 18, solve the indicated boundary value problem that deal with

wave propagation in a circular domain.
Exercise 15.

0<r<2, 0<60<2m t>0,

0<h<2m t>0,
0<r<2 0<6<2m, .

> O0<r<l1,t>0,

t>0,
O<r<l1.

utt:2(urr+%) O0<r<3, t>0,
u(3,t) =0 t>0,
u(r,0) =9 —r? 0<r<s,
ut(r,0) =0 0<r<3.
Exercise 16. u
utt:<uw+7r) 0<r<l1, t>0,
u(1,t) =0 t>0,
u(r,0) = 0<r<l,
ug(r,0) = g(r) 0<r<l.
where
(r) = 1 if0<r<1/2,
=0 /2 <r<l.

Exercise 17. Find a solution u of the form u(r, 6,t) = v(r,t) cos

uttf<urr Yr %) 0<r<1,t>0,
u(l,t) =0 t>0,
u(r,0) =0 0<r<l,
u(r,0) = g(r) cos 0 0<r<l
where
r it0o<r<1/2,

0

if (1/2) <r<1.

Exercise 18. Find a solution u of the form u(r,0,t) = v(r,t) cos 6

Up w
Ut = (urr+7+g
rooor
u(1,t) =0
u(r,0) = Jy(z1,17) sinf

u(r,0) = g(r) cos

)

O<r<l1,t>0,

t >0,
0<r<li,
O<r<l1.

where z; ; is the first positive zero of J; and where

r
0

s ={

ito<r<1/2,
if (1/2) <r<1.
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In exercises 19 to 21, solve the Helmholtz equation in the disk with radius L
Exercise 19. L =2
Au—u=2, u(2,0)=0

Exercise 20. L =1
Au=rsing, u(l1,0)=0
Exercise 21. L =3
Au+2u = —1+5rcos(30), u(3,0) =0
Exercise 22. Solve the following Dirichlet problem in the cylinder with radius 10
and height 20
urr—l—%—i—uzzz() 0<r<10, 0<z< 20,

u(10,2) =0 0 <z <20,
u(r,0) =0 0 < r <10,
u(r,20) =1 0 <r < 10.



