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Homework Assignment #4

Prove that if a sequence converges, every subsequence of it converges too.

Answer: Suppose {x,} is a sequence of real numbers with x,, — x and let x,,, be a sub-
sequence. Take any ¢ > 0. Since x, — X, there is a N > 0 with |x,, — x| < ¢ whenever
n > N. Since {xy,, } is a subsequence, there is a K > 0 with n,. > N whenver k > K. Then
[Xn, — x| < € whenever k > K, showing that x,,, — x.

Give an example to show that the interior of a connected set need not be connected.
Answer: There are many possible examples. Here is one. Let S = {(x,y) : [y| < [x|}. Itis
a connected set (in fact, it is star-shaped relative to the origin). Its interior is intS = {(x,y) :
ly| < |x|}, which fails to be connected because the origin is not in int S.

For each of the following subsets of R2, a) sketch the set and b) determine whether or not it

is open, closed, compact, or connected. Give reasons for your negative answers to part b.

{6y :ix=0y20} i){kxy): 1 <x*+y* <2}
i) {(x,y) : | <x <2} ) {(x,y) : x = 0 ory = 0, but not both}.

Answer: We start with the illustrations.

) i) % iii) iv)

i) The set is closed and connected. Any ball around (0, 0) contains points outside the set, so
it is not open. It is not compact because is it not bounded (any point (0,y) fory > Ois in
the set).

ii) The set is closed, compact, and connected. It is not open because no open ball about (1, 0)

is contained in the set.

iii) The set is closed and connected. It is not open because no ball around (1, 0) is contained

in the set. It is not compact because it is not bounded.

iv) The set is not open, closed, compact, or connected. It is not open because it contains no
open ball about the point (1, 0). It is not closed because the limit point (0,0) = lim(l /n, 0)
is not in the set. It is not compact because it is not closed. Finally, it is not connected

because the opensets U = {(x,y) : x +y > 0}and V = {(x, y) : x +y < 0} disconnect it.
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29.13 Show that N(q, .. q,)isanormonR™ where N(q,, .. a,)(X) = H(a:/2x|, ey aTll/an)Hz is the
weighted Euclidean norm on R™.

Answer: Here we assume each a; > 0, as in the book. By definition,

1/2
Niaivoan® = (@ x5y @),
Itfollowsthat N7, (x) > OandthatNZ, — ,(x) = Oifand onlyif (a,"*x, ..., @l *xn) =

1/2

0. The latter happens if and only if each a;” “x; = 0. Since each a; > 0, that is equivalent to

x = 0. This establishes that N is positive definite.

Now

N2 (ox) = Hoc(a:/th... y /)|,

((1|,...,(1n)
1/2
= lod ||(a) 1y - ..y @2

= || N? ().

(ar,..

Xﬂ)Hz

This shows N(2a| ... ,am(x) is absolutely homogeneous of degree one.

Finally,

NL o ao®+ 1Y) = (@0 +yi)y- e a2+ yn))l,
< H(a:/2x|,... ,aT'l/zxn)H2 + H(a:/2y|,... ,aT'l/zyn)H2

= N(2a|,...,an)(x) + N(2a|,...,an)(y)

where we used the ordinary triangle inequality for || - ||. This establishes the triangle inequality.



