Solutions to Exam #2

la) True. This follows from the power law and the differentiation rules (cf) = ¢f’ and
(f+of =F+d.

1b) False. You can’t evaluate the function (i.e. substitute in 2 for z) before differentiating.
1c) True. We have y' = cos(z) and 3y’ = —sin(z) = —y.

1d) False. We compute (cos(g(z)))" by using the chain rule, not the product rule. The
correct expression would be h/(z) = —sin(g(z))g'(x).

le) True. Just apply the chain rule.

1f) True. We compute ' = 1/z so the slope of the tangent line at (a,ln(a)) is 1/a and
lim,_,g+ 1/a = oco.

2a) i (32° — 2/ +107) = 3(5)a" — 250~ +1n(10)10”

2V
2b)
d (arcsinz) 11_962 (9U2 + 4) — 2z arcsin(z)
de \ »2+4 ) (22 + 4)2
2¢)
d cosT cos() i cos(z) 2
I (e tanz) = e (—sin(x)) tan(x) + e sec”(x).
2d)
sec(arctan(z)) tan(arctan(z)) ——s
4 (In(sec(arctanz))) = ( (z)) tan( (@) 10
dx sec(arctan(z))
= tan(arctan(x))m
x

14 a2
2e) Take the logarithm of each side and simplify:

In(y) = In ((1 + x2)1/m) - %111(1 +2?)
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We then differentiate both sides:
d d (1 9

/
Yy 1 9 1 2z
AN In(1 =

y x2> n( +x>+<x>1+x2

(e (2)2)

= (142 <‘ln(1 r) >

x2 1+ 22

Hence,

3) Let y be the altitude of the rocket above the launch pad (in kilometers). Let z be the
distance from the rocket to the radar station. You should make a picture and mark these
variables on your picture. Note that both y and z vary with time, whereas the horizontal
distance between the launch pad and radar station is a constant (30 km). From Pythagorean
theorem, 22 = 32 + (30)2. Differentiate both sides of this equality with respect to ¢:
dz dy
22— = 2y—.
ot~ Yt
When z = 50, We have (50)2 = y2 + (30)2 so y = 40. Thus, if z = 50 and dz/dt = 60, we
have p
2(50)(60) = 2(40)6771,

SO % = 2(2((28?0) = % = 75 kilometers per minute.

4a) We compute f'(z) = 2273/4 Then f(zo) = f(1) = (1)V/* = 1 and f'(z9) = f/(1) =

%(1)’3/ 4= %. Hence, the linear approximation is

1
tt x 1+Z(ac— 1).

4b) Using the formula

1
att x 1+1($_1)’

we see that ) 08
(92)Y* ~ 1+ 1(0.92=1) =14 —==098.

5) We differentiate implicitly:
4(z® + %) 2z + 2yy) = 25(2z — 2yy/).



Now substitute in x = 3 and y = 1 into the preceding equation and get:
43 +12)(2(3) +2(1)y) = 25(2(3) — 2(1)y)
4(10)(6 + 2y") = 25(6 — 2y")
240 + 80y' = 150 — 50y
130y’ = 150 — 240 = —90
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Thus, the slope of the line tangent to the curve at (3,1) is —9/13 so the equation of the
line is:
9
y—lz—ﬁ(x—?)).

6a) We compute:
cos(x + h) — cos(z)

dx h—0 A

~ i cos(x) cos(h) — sin(z) sin(h) — cos(z)
h—0 h

iy SO8(@) cos(h) —cos(@) sin(h)
— }111_% 2 — }111_% sin(z) N
= cos(z) ’1&}% S(};l) ~ sin(z) hi)n mfgh)
= cos(z)(0) — sin(x)(1)
= —sin(x).

6b) We differentiate both sides of the identity cos(arccos(x)) = = and get

d
o (cos(arccos(z))) = o
- sin(arccos(x))% arccos(z) =1
Thus,
— arccos(x) = SR S
e = sin(arccos(z)) "

We simplify sin(arccos(z)) by drawing a right triangle containing the angle 6 = arccos(x).
If the side adjacent to the angle 6 has length x, then the hypotenuse must have length 1.
The side opposite the angle 6 must then have length v/1 — z2. Hence, sin(arccos(z)) =

sin(f) = V1 — 22/1 and we have

() ! !
— alCCoOS|\XT ) — =
dx

sin(arccos(z)) | V1-—22




7) The chain rule tells us that

We differentiate again and get:

W) = L (f'(g(x))g (@)

dx
< ) z) + f'(g(x ))dig’(a:) by the product rule
= ["(9(2))g'(z)g'(z) + f'(9())g" ().



