Solutions to Test #3

la) False. An inflection point occurs where f” changes sign which it cannot do at z = 5 if

1"(5) # 0.

1b) True. The function is strictly increasing, so it does not have an absolute maximum on
(—00, 00).

1c) False. Consider [1-1dx = [1dz =z + C while

(/1 dz)(/l dx)z(x+0)(a:+D):x2+E:c+F.

1d) True. Any continuous function on a closed, finite interval has an absolute minimum on
that interval (the extreme value theorem).

le) False. You need, in addition, that the function f be differentiable on (0,4) to apply
Rolle’s Theorem (or MVT).

1f) True because y = 3 is a horizontal asymptote.

2a)

/ <3 cos x + \/11_7> dx = 3sin(z) + arcsin(x) + C

2b)

/.’132 — 6 d{L‘ _ /x3/2 _ 61,'_1/2 dx — 2.%'5/2 o 6(2)1'1/2 + C
VT 5

2¢) Make the substitution u = tan(z) so du = sec?(z) dx and the integral becomes

1 1
/tan(a;) sec?(x) dr = /u du = §u2 +C = 3 tan®(z) + C
2d) Make the substitution u = —3z% do du = —6z dz or —(1/6) du = = dx and the integral

becomes
1 1 1

/xe‘3r2 dx = /66“ du = —66“ +C = —66_39”2 +C
2e) Make the substitution u = x? so du = 2x dz or (1/2) du = z dr and the integral
becomes:

1 1 1 1
/374'1;{[ d$ = \/2’11/24»1 du = 5 arctan(u) + C = 5 arctan(xQ) + C



3) We compute f/'(x) = 322 — 6x + 1. Hence f(z) is differentiable on all of [~2,3] and
critical points for f(z) only occur where 0 = f/(z) = 322 — 62 = 3x(x — 2), i.e. at x = 0,2.
We compare the value of f(x) at these critical points and at the end points:

f(=2) = (=2 =3(-2)2 +1= -8 - 12+ 1= —19,
F0)=0%—3(02+1=1,
f2)=2-32)%+1=8-12+1=-3,
f(3)=3-3@3)°+1=1.
Hearice the absolute minimum is f(—2) = —19 while the absolute maximum is f(0) =
f(3)=1.

4a) Because
1 1

I = 3 T Goa@ 1)
we see that f(x) has vertical asymptotes at = 1 and = 3. By the garbage rule,
1

so f(x) has a horizontal asymptote at y = 0.

4b) We compute:
, —(2z —4) —(2z —4)

fla) = (22 —dx+3)2  ((x—3)2(x—1)2
Because (x — 3)%(z — 1)2 > 0, we see that the sign of f/(x) is the same as that of —(2z — 4)
which is positive on (—o0,2) and negative on (2,00). Noting that f/(x) is not defined at
x =1 and at © = 3, we can then say that f'(z) > 0 for z € (—o0, 1) and for = € (1,2) while
f(x) <0 for x € (2,3) and = € (3,00). Hence f(x) is increasing on (—oo, 1) and on (1,2)
while f(x) is decreasing on 2,3) and on (3, 00).

4c) Sketch the graph.
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5a) There are no vertical asymptotes as f(z) is defined for all x € (—o0, 00) and lim, 4o In(1+
x?) = oo so there are no horizontal asymptotes.

5b) We compute:
2z
/ —_

Because 1+ 22 > 0 for all z, the sign of f/(x) equals that of 2. Hence, f(z) is decreasing
on (—o0,0) and increasing on (0, 00).

5¢) We compute

v 2(142?) —2x2z)  2-227  2(1-=z)(1+x)
Fe=""07ar  ~ 022 1+

Because (1 + 22)2 > 0 for all z, the sign of f” equals that of 2(1 — x)(1 + x). Hence,
/" (x) <0 for x € (—o0,1) and for z € (1,00) while f”(x) > 0 for z € (—1,1). Thus f(x) is
concave down on (—oo,1) and on (1,00) while it is concave up on (—oo,1). Observe that
there are inflection points at x = £1.

5d) Sketch the graph.

6a) Using L’Hopital’s rule, we compute

- . . X
fig L08R 1y, 250C0) G Sn@0) g, 2eosZe) 2
z—0 x z—0 2z z—0 x z—0 1 1

6b) We rewrite the limit as:
z 2
lim (1 + 5x) * = lim exp < In(1+ 5m)> .
z—0 z—0 X

We compute

2
21In(1 —= -5 1
g 20 +52) Lmo Tsr O o 10
z—0 €T 2—0 1 z—0 1 + 5(0)

= 10.
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Hence, the limit equals,

z—0

2 2
lim exp (x In(1+ 5:E)> = exp (limx_mx In(1+ 5x)> = el

7) Let ¢,w be the length and width of the top and bottom of the box and let h be the
height. We want to find the maximum value for the volume,

V = twh.
We are told ¢ = 2w. The surface area of the box is
1500 = 20w + 2¢h + 2wh.
Substituting in £ = 2w, this gives us the relation between w and h,
1500 = 4w? + 4wh + 2wh = 4w?* + 6wh.
We solve this for h in terms of w and get

1500 — 4w?
6w ’

h =

Then, we can write the volume as a function of w by:

,1500 — dw? 1
w2200 = dw”

V = lwh = 2w’h =2 = 5 (1500w — duw’) .

6w

The constraints w > 0 and h = (1500 — 4w?)/(6w) > 0 imply that 1500 > 4w? or w <
\/1500/4 = /375 = 5v/15. Hence, we are trying to find the absolute maximum of V(w) on
the interval (0,5+v/15). We compute:

1
V'(w) = 3 (1500 — 12w?) = 500 — 4w?”.

Thus V’/(w) = 0 implies 500 = 4w? or w = +125 = 4+5v/5. Since V" (w) = —8w < 0, the
function V (w) is always concave down, so the critical point w = 5v/5 must be an absolute
maximum. Hence, the desired dimensions are:

1500 — 4w? 1500 — 4(12 1
w=5v5, £ =2w=10v5, h— 1000 4w’ _ 1500 — 4(125) _ 1000

6w 305 30v/5

8a) Because a = v/(t), we have
o(t) :/a dt = at + Cy.

We use the initial condition vg = v(0) to compute vy = a(0) + C; and get C; = vg. Thus
v(t) = at + vp.

Because at + vy = §'(t), we have

1
s(t) = /at+v0 dt = iatQ + vot + Co.
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We use the initial condition so = s(0) to compute sg = s(0) = (1/2)a(0)? + vo(0) + C3 and
get Cg = 50. Thus,

1
s(t) = §at2 + vot + So.

8b) Because acceleration is constant, we have a = —32 and by (8a), we can write
s(t) = =16t + vot + so.

We set so = s(0)

= 0 because the arrow is initially on the ground. Using the given
information that s(3) =

120, we solve for vg:
120 = s(3) = —16(3)2 + vo(3),
and get 3vg = 120 + 16(9) = 264 so vy = 264/3 = 88 (in feet per second).



