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1. Introduction

An almost Hermitian structureon an oriented manifoldM2n is a triple(g, J, ω) of a Rie-
mannian metricg, an almost complex structureJ, compatible with the orientation, and a
non-degenerate 2-formω, related by

ω(X,Y) = g(X, JY),

for any tangent vectorsX,Y ∈ T M. If the almost complex structureJ is integrable, the triple
(g, J, ω) is a Hermitian structure. If the form ω is closed, i.e., symplectic, then the triple
(g, J, ω) is called analmost K̈ahler structure. Quite rarely, the two conditions,J integrable
andω closed, hold simultaneously, and in this case the triple(g, J, ω) defines aKähler structure
on the manifold. A metric will be called K¨ahler, Hermitian, or almost K¨ahler, if it admits a
compatible corresponding structure. It is possible, and we show that this happens quite often,
that a given metric is Hermitian and almost K¨ahler, but it is not a K¨ahler metric. One of our
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goals is to understand the relationship between the space of Hermitian metrics and the space
of almost Kähler metrics on compact complex surfaces.

The subject of our paper could also fit into the wider context of the following problem: Given
a closed, oriented manifoldM , and a Riemannian metricg on M , determine if the metricg
is Kähler, Hermitian, or almost K¨ahler, and also find how many structures of each type are
compatible with the given metric. The answer to this problem is clear only in real dimension 2
where the notions of (almost) K¨ahler and Hermitian structures coincide. The dimension 4 is
the next step to consider. It is well known that the holonomy group determines if a given metric
is Kähler, in any dimension. In dimension 4, it is also understood fairly well when a given
Riemannian metric admits (locally defined) compatible Hermitian structures, in the framework
of so calledRiemannian Goldberg–Sachs theory[3]. The number of such compatible structures
is encoded in the structure of the self-dual part of the Weyl curvature [24,3]. Riemannian
metrics on 4-manifolds that admit a pair of distinct, compatible complex structures have been
recently studied in [16,23,4]; it follows that “generically” on acompactoriented Riemannian
4-manifold, there is at most one globally defined positive orthogonal complex structure.

It seems more difficult to determine whether or not a given metric admits compatible almost
Kähler structures, even in dimension 4. Recently, a strategy to do this has been outlined in [5] and
this strategy has been used to show that certain Riemannian metrics cannot admit compatible
almost Kähler structures (see also [22]). The number of compatible almost K¨ahler structures for a
given metric is also not known. We treat these questions for the Riemannian metrics, compatible
with the complex structure on a compact complex surface. As applications, we obtain some
alternative proofs for results of LeBrun on the Yamabe constants of Hermitian conformal classes
and give some answers to a question of Blair about the isometries of almost K¨ahler metrics.

The authors would like to express their gratitude to David Blair for his interest in this work
and for many helpful suggestions.

2. Statement of the main result

Let (M, g) be an oriented, Riemannian 4-manifold. The Hodge operator satisfies∗2 = id
acting on the bundle of 2-forms and, therefore, we have the splitting

32M = 3+M ⊕3−M,

into self-dual 2-forms and anti-self-dual 2-forms, corresponding to the+1 and−1-eigenspaces
of ∗. The well known correspondence between the (oriented)g-orthogonal almost complex
structures and the self-dual forms for a Riemannian 4-manifold(M, g) imply that any self-
dual, harmonic 2-formω, of pointwise constant length

√
2, induces an almost K¨ahler structure

(g, J, ω). Because of this equivalent definition, when the metric is fixed, we will very often
just refer to the form when thinking at the almost K¨ahler structure.

Given a symplectic formω on M , thespace of associated metrics toω, defined by

AM ω = {g | (i) ω ∈ 3+M, (ii) |ω|g =
√

2},
is an infinite-dimensional, contractible space. Each metric fromAM ω defines an almost K¨ahler
structure with fundamental formω. Because of condition (ii), there are no two elements inAM ω
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in the same conformal class of metrics. We define thespace of conformal associated metrics to
ω by

CAM ω = {g | ω ∈ 3+M}.
Indeed, to justify the name, it is easily seen that

CAM ω = C∞+ (M) · AM ω,

whereC∞+ (M) denotes the space of smooth, positive functions onM .
If Sdenotes the set of all symplectic forms onM , then the space of all almost K¨ahler metrics

and the space of all conformal almost K¨ahler metrics are, respectively:

AK =
⋃
ω∈S

AM ω, CAK =
⋃
ω∈S

CAM ω.

The following easy proposition motivates the questions we are addressing in this paper.

Proposition 1. Let M be a closed, oriented4-manifold, admitting symplectic structures.
(a) If ω and ω′ are distinct, but cohomologous symplectic forms on M, then CAM ω ∩

CAM ω′ = ∅.
(b) Let g be a Riemannian metric on M. There exists a finite-dimensional vector subspace

V ofC∞(M), such that for any f∈ C∞+ (M) with f 2 /∈ V , the metric g′ = f g is not an almost
Kähler metric.

Proof. (a) Assume there exists a metricg ∈ CAM ω∩CAM ω′ . Let us recall that in dimension 4,
harmonic 2-forms are invariant to conformal changes of metric, as also invariant is the splitting
into self-dual and anti-self-dual forms. Thenω andω′ are both harmonic with respect tog.
But by the Hodge decomposition theorem there is a unique harmonic representative in a given
cohomology class. This contradicts the assumptionω 6= ω′.

(b) Given the metricg, assume that the metricg′ = f g is an almost K¨ahler metric. This is
equivalent to the existence of a self-dual, harmonic 2-formω′ with

1

f 2 |ω′|2g = |ω′|2g′ = 2.

Let α1, . . . , αk form an orthogonal basis for the space of self-dual, harmonic 2-forms with
respect to the global inner product induced by the metricg. Then,ω′ = a1α1+ · · · + akαk, for
some constantsa1, . . . ,ak. It follows that

2 f 2 =
∑

ai aj fi j ,

where fi j are the smooth functions given by the pointwiseg-scalar product ofαi andα j ,
fi j = (αi , α j )g. TakingV to be the space generated by thefi j ’s, the conclusion follows. ¤

A short way of rephrasing part (b) of Proposition 1 is that in a given conformal class most
of the metrics are not almost K¨ahler. As for part (a), it leads to some questions. First, one may
ask under what conditions two symplectic forms share a same associated metric. As we saw,
this is not possible if the forms are cohomologous.
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Question 1. On a closed4-manifold M, when can we find a Riemannian metric g admitting
two different almost K̈ahler structures(g, J1, ω1), (g, J2, ω2) with ω1 6= ±ω2 ? How many
different almost K̈ahler structures could a given metric admit?

It is well known that ifM is a K3 surface or a torus andg is a hyper-Kähler metric, theng
admits exactly anS2-family of compatible almost K¨ahler (in fact, Kähler) structures. We would
like to investigate other situations.

From a symplectic formω, many others can be obtained by deforming the given one with
“small” closed 2-forms. As symplectic forms in the same cohomology class have all disjoint sets
of conformal associated metrics, it looks that many conformal classes contain almost K¨ahler
metrics.

Question 2. Find conformal classes which do not admit almost Kähler metrics.

We consider Questions 1 and 2 for Hermitian metrics on compact complex surfaces. It makes
sense to work only with compact, complex surfaces which also admit symplectic structures. Note
that any closed complex surface with the first Betti numberb1 even admits K¨ahler structures,
hence, in particular, symplectic structures. Ifb1 is odd, the situation is more delicate and has
been settled only recently (see [7,14]).

Proposition 2. (O. Biquard [7])The only compact complex surfaces with b1 odd which admit
symplectic structures are primary Kodaira surfaces and blow-ups of these.

Let (M, J) be a compact complex surface admitting symplectic forms. Denote byH the
space of all Hermitian metrics compatible with the complex structureJ. Here is our main result
of this note.

Theorem 1. Let (M, J) be a compact complex surface which admits symplectic structures.
(a) If b1 is even thenH ⊂ CAK . Moreover:

(a1) Assume that g is a K̈ahler, non-hyper-K̈ahler metric on M, with Kähler formω. Then
ω and−ω are the only almost K̈ahler structures compatible to g;

(a2) Assume that g is a non-Kähler, conformally-K̈ahler metric on M.
If c1 6= 0, one of the following two situations occurs: g has exactly two S1 families of
associated almost K̈ahler structures, or g is not an almost K̈ahler metric.
If c1 = 0,one of the following three situations occurs: g has exactly two S1 families of
associated almost K̈ahler structures, g has exactly one S1 family of associated almost
Kähler structures, or g is not an almost K̈ahler metric.

(b) If b1 is odd, there are two cases:
(b1) If (M, J) is minimal thenH ⊂ CAK . In this case, each metric g∈ H∩AK has exactly

one S1 family of almost K̈ahler structures associated.
(b2) If (M, J) is not minimal thenH ∩ CAK = ∅.

The relation between the spacesH andCAK is a consequence of a result of P. Gauduchon
([13, Lemme II.3]; see also Proposition 3 in the next section). The main novelty of the the-
orem consists in the estimations on the number of almost K¨ahler structures compatible with
a given metric. Regarding Question 1, we see that K¨ahler, non-hyper-K¨ahler metrics have an
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essentially unique compatible almost K¨ahler structure. However, as we see in (a2), there are
examples of Hermitian, non-K¨ahler metrics, havingS1 families of compatible almost K¨ahler
structures. These examples are strictly almost K¨ahler structures (i.e., non-K¨ahler), as it follows
from (a1).

As an immediate consequence of (b2), we get an answer to Question 2.

Corollary 1. On blow-ups of primary Kodaira surfaces, Hermitian conformal classes do not
contain almost K̈ahler metrics.

3. Proof of the main result

The proof relies on a series of propositions which we give below. Recall that theLee form
θ of an almost Hermitian 4-manifold(M, g, J) is defined byd F = θ ∧ F , or equivalently
θ = JδF , whereF denotes the K¨ahler form of(g, J), δ is the co-differential operator defined
by g, andJ acts by duality on 1-forms. (In this section and subsequently, we prefer to useF
for the fundamental form of a non-K¨ahler, almost Hermitian or Hermitian structure, leavingω
to denote harmonic, self-dual forms.) It easily seen thatdθ is a conformal invariant, that is, it
depends on the conformal class ofg and not on the metric itself. It is also known that Hermitian
metrics withdθ = 0 correspond to locally conformal K¨ahler metrics and the Hermitian metrics
with θ = 0 are, in fact, Kähler metrics.

A Hermitian metric such that the Lie form is co-closed, i.e.,δθ = 0, is called by Gauduchon
a standard Hermitian metric. He proves in [11] the existence of standard metrics in each
Hermitian conformal class (in any dimension) and its uniqueness modulo a homothety. In
some sense, the standard Hermitian metric is the “closest” to a K¨ahler metric in its conformal
class.

The first result we need is due to Gauduchon. For completeness, we give a proof, slightly
different than the original argument in [13].

Proposition 3. (Gauduchon [13])On a compact complex surface M, endowed with a standard
Hermitian metric g, the trace of a harmonic, self-dual form is a constant.

Proof. Let (M, g, J, F) be the standard Hermitian structure onM . Any self-dual formα ∈
3+M can be uniquely written as:

α = aF + β + β, (1)

with a ∈ C∞(M) andβ ∈ 32,0M . We have to prove that ifα is also (co)closed thena is a
constant. Taking the divergence of both sides of (1), it follows

0= Jda+ a Jθ + δ(β + β).
Applying J to the above relation, we get:

da= −aθ + Jδ(β + β).
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Taking inner product of both sides withda and integrating over the manifold implies∫
M
|da|2dµ = −

∫
M

1

2
(θ,d(a2))dµ+

∫
M
(Jδ(β + β),da)dµ

= −
∫

M

1

2
(δθ,a2)dµ−

∫
M
((β + β),d Jda)dµ = 0,

sinceδθ = 0 andd Jda∈ 31,1M . Thereforeda= 0, soa is a constant. ¤

Corollary 2. Let (M, g, J, F) be a Hermitian surface. Then any harmonic, self-dual formω
is either the real part of a holomorphic(2,0) form or is non-degenerate everywhere on M.

This result already gives the relations between the spacesH andCAK stated in Theorem 1
at (a), (b1) and (b2). The next propositions deal with the number of compatible almost K¨ahler
structures that various Hermitian metrics can have.

Lemma 1. Let(M, J) be a complex manifold with c1 6= 0,equipped with a standard Hermitian
metric g (which may be K̈ahler), and let F be the fundamental form. Supposeα1, α2 are two
harmonic self-dual2-forms which satisfyα2

1 = α2
2. Then the traces of these forms(which are

necessarily constants) are equal up to sign:

(α1, F) = ±(α2, F).

Proof. By the known decomposition of 2-forms,α1, α2 can be written uniquely as:

α1 = a1F + β1+ β1,

α2 = a2F + β2+ β2,

whereβ1, β2 are(2,0) forms anda1,a2 are constants. Nowα2
1 = α2

2 is equivalent to

(a2
1 − a2

2)F
2 = 2(β2 ∧ β2− β1 ∧ β1) = Re

(
(β2− β1) ∧ (β2+ β1)

)
.

By the assumptionc1 6= 0, it follows that the formβ2 − β1 must vanish at some point onM .
From the above equality, asF2 is a volume form onM anda1,a2 are constants, it follows
a2

1 − a2
2 = 0. ¤

Proposition 4. Let g be a standard Hermitian metric on a complex surface(M, J)with c1 6= 0,
and let F be the fundamental form. Denote byω the unique self-dual, harmonic form which
has trace equal to1 and is orthogonal to the space of holomorphic(2,0) forms with respect to
the cup product. Supposeα is a harmonic, self-dual form such thatα2 = ω2 everywhere on M.
Thenα = ±ω.

Proof. By Lemma 1, traceα = ± traceω = ±1. Assume traceα = traceω = 1. In this case
α can be written as

α = ω + Re(β),

whereβ is a holomorphic(2,0) form. Fromα2 = ω2, it follows the relation

2ω ∧ Re(β)+ Re(β)2 = 0,
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everywhere onM . Integrating this relation onM , the first term vanishes because of the choice
of ω. Therefore we get Re(β) = 0, but asβ is a(2,0) form this impliesβ = 0. Therefore we
provedα = ω. Similarly, if traceα = −traceω = −1, it follows thatα = −ω. ¤

Proposition 5. Let g be a K̈ahler metric on M with K̈ahler formω. Then either g is a hyper-
Kähler metric, or ±ω are the only almost K̈ahler structures compatible to g.

Proof. If c1 6= 0 the conclusion follows immediately from the Proposition 4. Our argument
below covers all cases.

Assume there exists another harmonic, self-dual formω′ 6= ±ω, inducing same volume form
asω. Thenω′ is uniquely written as

ω′ = aω + η,
wherea is a constant andη is a smooth section of the canonical bundle. Fromω′2 = ω2 we
deduce

a2+ 1
2|η|2 = 1,

hence|a| 6 1. If |a| = 1, thenη = 0, thereforeω′ = ±ω. If |a| < 1, we show that the metric
g is in fact hyper-Kähler. Indeed,ω1 = (1− a2)−

1
2η is a self-dual harmonic 2-form of length√

2, pointwise orthogonal toω, so it induces another almost K¨ahler structure onM , (g, J1, ω1),
with J andJ1 anti-commuting. SinceJ is parallel with respect to the Levi-Civita connection of
g, it follows that(g, J2 = J ◦ J1) is another almost K¨ahler structure, withJ2 anti-commuting
with both J and J1. Now, using an observation of Hitchin ([15], Lemma 6.8) that any triple
of anti-commuting almost K¨ahler structures(g, J, J1, J2) defines a hyper-K¨ahler structure, we
complete the proof. ¤

Proposition 6. Assume that g is a non-Kähler, conformally-K̈ahler metric on a compact com-
plex surface(M, J).

If c1 6= 0, one of the following two situations occurs: g has exactly two S1 families of
associated almost K̈ahler structures, or g is not an almost K̈ahler metric.

If c1 = 0, one of the following three situations occurs: g has exactly two S1 families of
associated almost K̈ahler structures, g has exactly one S1 family of associated almost Kähler
structures, or g is not an almost K̈ahler metric.

Proof. First we will consider the casec1 6= 0. Letg = f g′, where f ∈ C∞+ andg′ is a Kähler
metric on(M, J) with Kähler formF . Let us assume also that(g, J, ω) is an almost K¨ahler
structure. Thenω is ag-harmonic, self-dual form, ofg-length

√
2 at every point onM . As g′ is

a conformal metric tog, the formω is harmonic and self-dual with respect tog′ as well. Hence
there exists a constanta 6= 0 and a holomorphic(2,0) form β such that

ω = aF + Re(β).

But in this case, note that the forms

ω+t = aF + cos(2π t)Re(β)+ sin(2π t) Im(β),

ω−t = −aF + cos(2π t)Re(β)+ sin(2π t) Im(β),
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are also harmonic, self-dual and of length
√

2 with respect to the metricg, for anyt ∈ [0,1].
Thereforeg has at least twoS1-families of almost Kähler structures compatible tog.

Suppose now that(g, J ′, ω′) is some almost K¨ahler structure compatible tog and we would
like to show that it must be one of the almost K¨ahler structures described by the the two
S1-families above. With the same reasoning as above

ω′ = a′F + Re(β ′),

wherea′ is a non-zero constant andβ ′ is a holomorphic(2,0) form. Sinceω2 = ω′2, by Lemma
1 we geta′ = ±a. Let us assumea′ = a, the argument being similar in the other case. Now
ω2 = ω′2 implies Re(β)2 = Re(β ′)2, which is equivalent to

Re(β − β ′) ∧ Re(β + β ′) = 0.

This means that at every point onM , the form Re(β + β ′) is collinear to Im(β − β ′). As both
Re(β + β ′) and Im(β − β ′) are closed, we must have

Re(β + β ′) = λ Im(β − β ′),
for λ a constant onM . The above relation implies

β ′ = λ2− 1

λ2+ 1
β − 2λ

λ2+ 1
iβ,

or, further,

Re(β ′) = λ2− 1

λ2+ 1
Re(β)+ 2λ

λ2+ 1
Im(β).

It is easy to see now thatω′ is in fact one of the forms in the familyω+t .
Next, let us consider the casec1 = 0. By Kodaira’s classification theorem we distinguish

two sub-cases.
(i) (M, J) is a hyperelliptic surface or an Enriques surface. For these the dimension of

the space of the harmonic self-dual 2-forms of any Riemannian metric isb+ = 1, hence, by
Proposition 1, there are no non-K¨ahler, globally conformal K¨ahler almost K¨ahler metrics.

(ii) (M, J) is a complex torus or a K3 surface. For theseb+ = 3 and they have hyper-K¨ahler
metrics. Let us first remark that ifg′ is such a metric, then all self-dual, harmonic forms with
respect tog′ have constant length. Therefore there is no non-K¨ahler, almost K¨ahler metric
which is conformal to a hyper-K¨ahler metric. However, a complex torus or a K3 surface do
have Kähler metrics other than the hyper-K¨ahler ones. Choose one such metric and denote it
again byg′, the corresponding K¨ahler form beingω′. Suppose thatg = f g′ is a non-Kähler,
conformally Kähler metric which has an almost K¨ahler structureω. Then we have

ω = aω′ + Re(β),

wherea is a real constant andβ is a holomorphic(2,0) form. In fact,β is everywhere non-
degenerate, so it is a holomorphic symplectic form onM .

Now we have two possibilities: ifa = 0, then the metricg has oneS1 family of almost
Kähler structures given by

ωt = cos(2π t)Re(β)+ sin(2π t) Im(β);
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if a 6= 0, then the metricg has twoS1 families of almost Kähler structures given by

ω±t = ±aω′ + cos(2π t)Re(β)+ sin(2π t) Im(β).

In either case, ifg had other almost K¨ahler structures, it would follow thatβ has constant length
with respect tog′, which is a contradiction to the fact thatg′ is not hyper-Kähler. ¤

We finally put together the above results to prove Theorem 1.

Proof of Theorem 1. Let us denote bypg the geometric genus of the complex surface(M, J),
i.e., the complex dimension of the space of holomorphic(2,0) forms. It is well known that
b+ = 2pg whenb1 is odd andb+ = 2pg + 1 whenb1 is even.

Let us consider first the caseb1 odd. By Proposition 2 of O. Biquard, the only compact
complex surfaces that also admit symplectic structures are primary Kodaira surfaces (case of
(b1)) and blow-ups of these (case of (b2)). For the primary Kodaira surfaces it is also known
that they do admit holomorphic symplectic structures, that is, there exists a nowhere vanishing
holomorphic(2,0) form. Denote such a formβ and consider now a Hermitian metricg. The
real formω = Re(β) is the real part of a holomorphic(2,0) form onM hence it is a harmonic,
self-dual form for the metricg. Asω is also non-degenerate, there is a conformal metric tog such
thatω and the new metric define an almost K¨ahler structure. We hence provedH ⊂ CAK for
primary Kodaira surfaces. Note also that ifg is Hermitian, then any almost K¨ahler structure, say
ω, has to be the real part of a holomorphic(2,0) form sinceb+ = 2pg. Henceω = Re(β), but
then

ωt = cos(2π t)Re(β)+ sin(2π t) Im(β)

is a wholeS1 family of almost Kähler structures compatible to the metricg. Finally, since for
a primary Kodaira surfaceb+ = 2, it follows from Proposition 1 that each Hermitian, almost
Kähler metric has exactly oneS1 family of compatible almost K¨ahler forms.

To prove (b2) note first that if(M, J) is a blow-up of a primary Kodaira surface, thenc1 6= 0
in this case. Letg be a Hermitian metric and letω be a real, self-dual, harmonic form with
respect tog. As above, sinceb+ = 2pg, it follows thatω = Re(β), whereβ is a holomorphic
(2,0) form. Sincec1 6= 0,β must vanish at some point onM and so doesω. Therefore, for any
Hermitian metric there are no harmonic, self-dual, everywhere non-degenerate forms.

Let us now consider the caseb1 even. In this caseb+ = 2pg + 1, so for any Hermitian
metricg, the space of real parts of holomorphic(2,0) forms is strictly contained in the space
of all self-dual, harmonic forms. Letω denote the (unique) self-dual, harmonic form which has
trace equal to 1 and is orthogonal, with respect to the cup product, to the space of real parts
of holomorphic(2,0) forms. This form is non-degenerate everywhere onM and hence for a
conformal metric tog this form will define an almost K¨ahler structure. The statements from
(a1) and (a2) follow from Propositions 5 and 6, respectively.¤

Remark 1. It would be nice to complete part (a) in Theorem 1 with a statement about the
possible number of almost K¨ahler structures compatible to an arbitrary Hermitian metric (non-
Kähler and not conformally K¨ahler). Proposition 4 shows that there are some Hermitian, non-
Kähler metrics with a unique, up to sign, almost K¨ahler structure. However, we do not know a
complete answer to this problem yet.



10 V. Apostolov, T. Drăghici

4. Yamabe and fundamental constants of Hermitian surfaces

TheYamabe constant, Y(c), of the conformal classc on a compact 4-manifoldM is defined
to be

Y(c) = inf
g∈c


∫

M sg dVg√∫
M dµg

 ,
wheresg is the scalar curvature of the Riemannian metricg anddµg denotes it volume form.
It was proved by R. Shoen [25] that each conformal classc contains metrics of constant scalar
curvature which realize the infimum in the above definition and, for this reason, these metrics are
also referred asYamabe metrics. We shall say that(M, c) is of positive (resp. zero or negative)
typeif Y(c) is positive (resp. zero or negative).

It is a remarkable fact that the existence of metrics with positive scalar curvature on a compact
4-manifold leads to important information about the differentiable structure of the manifold. In
particular, all Seiberg–Witten invariants must vanish. This was successfully used by C. LeBrun
to prove that on a compact complex surface(M, J) with even first Betti number the existence
of conformal classes (not necessarily compatible withJ) of positive type forces(M, J) to
have negative Kodaira dimension, i.e., to be either a rational surface, or a blow up of a ruled
surface [17]. Considering only the conformal classes of Hermitian metrics, LeBrun’s result was
previously observed by several other authors [28,27,2]. The main idea dealing with Hermitian
conformal classes is to use the Gauduchon’s vanishing theorem, as it is explained below.

Let (M, J) be a compact complex surface and letc be a conformal class of Hermitian metrics
on M . For any metricg ∈ c we denote byug theHermitian scalar curvatureof (g, J), which
is defined to be the trace of the Ricci form of the Chern connection∇c [13], i.e., we have

ug = 2〈Rc(F), F〉g,
whereRc is the curvature of∇c andF , as usually, is the K¨ahler form of(g, J). Using the relation
between the Chern connection∇c and the Riemannian connection∇, given by (cf. [13,27])

∇c
XY = ∇XY − 1

2θ(Y)X − 1
2θ(J X)JY+ 1

2g(X,Y)θ,

one can easily see (cf.[13]) thatug andsg are related by

ug = sg − δθ + 1
2|θ |2g. (2)

The eccentricity functionf0(g) of a metricg in c is the positive function determined by the
propertyg = g0/ f0(g), whereg0 is the standard metric of Gauduchon onc giving M a total
volume 1 (different normalization than [6]). Note that a metricg is standard if and only if the
corresponding functionf0 is a positive constant.

The fundamental constant C(M, J, g) of a compact Hermitian surface we will define to be
(compare with [6]):

C(M, J, g) =
∫

M
f0(g)ug dµg.
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Note thatC(M, J, g) does not depend on the choice ofg ∈ c and is a conformal invariant of
c equal toC(M, J, g0) =

∫
M ug0 dµg0, so we can denote it just asC(M, J, c). It follows from

(2) that
∫

M sg0 dµg0 6 C(M, J, c) which gives the estimate

Y(c) 6 C(M, J, c), (3)

with equality in (3) if and only ifg0 is a Yamabe–K¨ahler metric:
The fundamental constantC(M, J, c) is closely related to the complex geometry of(M, J)

in view of the following vanishing theorems of Gauduchon [12]:
Denote byPm (resp.Qm) the dimension of the space of holomorphic sections ofK⊗m (resp.

of K−⊗m). Then we have:
(a)C(M, J, c) > 0H⇒ Pm = 0,∀m> 0;
(b) C(M, J, c) < 0H⇒ Qm = 0,∀m> 0;
(c) C(M, J, c) = 0H⇒ Pm = Qm andPm ∈ 1,0,∀m> 0.
In particular, for any positive conformal classc, the estimate (3) givesC(M, J, c) > 0,

hence such a surface has to be of negative Kodaira dimension.
It is clear that except for the case whenPm = Qm = 0,∀m > 0 (some surfaces of negative

Kodaira dimension), the sign ofC(M, J, c) is independent ofc (see [6]). We also note that
the existence of a Hermitian conformal classc with C(M, J, c) = 0 does imply the existence
of a metricg ∈ c of vanishing Hermitian scalar curvatureug [6, Corollary 1.9], hence the
Ricci form Rc(F) (which represents up to multiplication with 1/2π the first real Chern class of
(M, J)) is anti-self-dual. In particular, we havec2

1 6 0 with equality if and only ifc1 = 0. So,
on any complex surface(M, J) with Euler numberχ and signatureσ satisfying 2χ + 3σ > 0
(or 2χ + 3σ = 0 andc1 6= 0), the sign ofC(M, J, c) is also independent on the Hermitian
conformal classc.

On the other hand, for a compact almost K¨ahler manifold(M, g, J, ω) we have another
estimate for the Yamabe constant, coming from the basic inequality∫

M
sg dµg 6 4πc1 · [ω], (4)

with equality if and only if the structure is K¨ahler. It follows from (4) that

Y(c) 6 4
√

2π
c1 · [ω]√
[ω] · [ω]

, (5)

with equality if and only ifg is a Yamabe–K¨ahler metric.
To prove (4) one can consider thefirst canonical connection∇0, defined by Lichnerowicz

in [20] to be

∇0
XY = ∇XY − 1

2 J(∇X J)(Y).

Since∇0 preservesJ, its Ricci formγ 0 represents 2πc1, so using the above relation we obtain
in the almost Kählerian case that〈γ 0, ω〉 = 1

2s+ 1
8|∇ J|2 (cf. [9]) which proves (4).

Now we shall use Theorem 1 to compare (3) and (5) on some Hermitian surfaces. We start
with the following proposition, due to LeBrun in a more general setting [18]:
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Proposition 7. Let(M, g, J, F) be a Hermitian surface with b1 even and letω be a harmonic,
self-dual form on M of non-negative trace. Then the following inequality holds:∫

s
|ω|√

2
dµ 6 4πc1 · [ω],

where s is the scalar curvature, dµ is the volume form and| · | is the pointwise norm determined
by the metric g.

Proof. According to Corollary 2, we have two cases to consider.
Case 1: The formω is non-degenerate everywhere onM . Denote byu the (strictly) positive

function given byω2 = u4F2, or, equivalently
√

2u2 = |ω|. The metricg′ = u2g is an
associated metric for the symplectic formω. The almost complex structure induced byg′ and
ω is homotopic toJ, hence it has the same real first Chern class asJ. Using (4), we get:∫

sg′ dµg′ 6 4πc1 · [ω]. (6)

Standard formulas for a conformal change of metricg′ = u2g give

sg′ = u−2sg + 6u−31gu,

dµg′ = u4 dµg.

From these we obtain∫
sg′ dµg′ =

∫
sg
|ω|g√

2
dµg + 6

∫
|du|2g dµg >

∫
sg
|ω|g√

2
dµg, (7)

and the proof is finished for the Case 1.
Case 2: The formω is the real part of a holomorphic(2,0) form. In this case we have

c1 · [ω] = 0, since on a complex surfacec1 can be represented by a(1,1) form (the Ricci form
of a Hermitian connection). Considerω0 a harmonic, self-dual form, nowhere degenerate on
M and denote

ωt = ω0+ tω,

for t > 0. Thenωt are non-degenerate, harmonic self-dual forms for anyt , so we can apply
Case 1 to them. It follows∫

s
|ωt |√

2
dµ 6 4πc1 · [ωt ].

Taking into account thatc1 · [ω] = 0, this becomes∫
s
|ω0+ tω|√

2
dµ 6 4πc1 · [ω0],

and, after dividing byt ,∫
s√
2

( |ω0|2
t2 +

2〈ω,ω0〉
t

+ |ω|2
)1

2dµg 6
4π

t
c1 · [ω0].

Taking the limitt −→∞, we obtain the conclusion in this case too.¤
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Remark 2. A more careful application of relation (7) implies the inequality∫
sg|ω|g dµg + 6

∫ ∣∣d(|ω|1/2)∣∣2g dµg 6 4π
√

2c1 · [ω],

for any Hermitian metricg and any harmonic, self-dual formω of non-negative trace. As a
consequence, we see that on a scalar-flat Hermitian surface withb1 even, all holomorphic(2,0)
forms have constant length.

Corollary 3. Let (M, g, J, F) be a Hermitian surface with b1 even and non-positive funda-
mental constant. The following inequality holds:∫

s2 dµ > 32π2(c+1 )
2,

where c+1 denotes the harmonic, self-dual part of c1.

Proof. Apply Proposition 7 to the harmonic, self-dual formω which satisfiesω = −c+1 . The
fact thatω has non-negative trace holds because of the sign assumption on the fundamental
constant. We get

4
√

2π(c+1 )
2 6

∫
−s|ω|dµ 6

∫
|s||ω|dµ.

Schwarz inequality implies

4
√

2π(c+1 )
2 6

( ∫
s2 dµ

)1
2
( ∫
|ω|2 dµ

)1
2
.

Sinceω is the harmonic representative of the classc+1 , we have∫
|ω|2dµ = (c+1 )2,

and the conclusion follows. ¤

As already mentioned, on a rational surface(M, J) with c2
1 > 0, the sign ofC(M, J, c)

does not depend on the Hermitian conformal classc. Therefore it is always positive, since any
rational surface admits a K¨ahler metric of positive total scalar curvature (cf. [28,10]). With this
observation and Proposition 7 in hand, we prove the following

Proposition 8. Let(M, J)be a rational surface with c21 > 0. Then for any Hermitian conformal
class c on M we have

Y(c) 6 4π
√

2(c+1 )2 6 C(M, J, c), (8)

where c+1 denotes the harmonic self-dual part of c1. Moreover, equality in the right-hand side
holds if and only if c contains a K̈ahler metric, while equality in the left-hand side holds if and
only if c contains a Yamabe–Kähler metric.
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Proof. Let g ∈ c be an almost K¨ahler metric, with fundamental 2-formω given byω =
F+Re(α), whereF denotes the fundamental 2-form of the standard metricg0 andα is a(2,0)
form. The almost complex structure given byg andω is homotopic to the complex structureJ
and hence they induce the same first Chern class,c1. Denoting byγ = Rc(F) the(1,1)-Ricci
form of (J, g0), we have

c1 · [ω]√
[ω] · [ω]

= 1

2π

∫
M γ ∧ ω√∫

M ω ∧ ω
= (9)

= 1

4
√

2π

∫
M ug0 dµg0√∫

M dµgo + 1
2

∫
M |Re(α)|2 dµg0

6 1

4
√

2π
C(M, J, c)

with equality if and only if Re(α) vanishes, i.e.,g0 is a Kähler metric. On the other hand, since
b+(M) = 1 andc1 · [ω] > 0 ([26,21]), we have that(c1)

+ = λω, for some positive real
constantλ. Hence

c1.[ω]√
[ω].[ω]

= λ
√

[ω].[ω] =
√
(c+1 )2,

which after a substitution in (9) completes the proof of the right-hand side inequality of 8. The
other inequality is a consequence of Proposition 7 and the above observation.¤

Corollary 4. Let (M, J) be as in Proposition8. Then for any Hermitian conformal class c,
the fundamental constant C(M, J, c) satisfies

C(M, J, c) > 4π
√

2c2
1

with equality if and only if c contains a K̈ahler metric and the first Chern class has a self-dual
representative with respect to c.

Corollary 5. For any Hermitian conformal class c onCP2 the Yamabe constant Y(c) and the
fundamental constant C(M, J, c) satisfy

Y(c) 6 12
√

2π 6 C(M, J, g),

with equality in the right-hand side if and only if c contains a Kähler metric and with equality
in the left-hand side if and only if c is conformally equivalent to the class of the Fubini-Study
metric.

Proof. Since forCP2 the negative second Betti numberb− vanishes we have that 4π
√

2(c+1 )2 =
4π
√

2c2
1 = 12

√
2π . The case of equality in the left hand side of the inequality follows from the

observation that the only K¨ahler metric of constant scalar curvature onCP2 is the Fubini–Study
metric. ¤
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Remark 3. The inequalityY(g) 6 12
√

2π was proved by LeBrun in [18] for an arbitrary
conformal class onCP2, investigating the “size” of the zero set of a self-dual form. As was
noted there ([18, Corollary 3]), this estimate can be used to give an alternative proof of a result
of Poon on the uniqueness of the self-dual structure of positive type onCP2. Our Corollary 5,
the fact that any Hermitian self-dual structure onCP2 is of positive type (see [2]) and LeBrun’s
arguments give a simple proof in the framework of Hermitian geometry of the following:

Corollary 6. [2] Any self-dual Hermitian conformal structure onCP2 is equivalent to the
standard one.

5. Conformal transformations of almost Kähler metrics on 4-manifolds

D. Blair asked in [8] the following question:given a compact almost K̈ahler manifold
(M2n, g, J, ω) andφ an isometry of the almost K̈ahler metric, is φ necessarily a symplecto-
morphism(or anti-symplectomorphism)?

This is a particular case of our Question 1 and we use the results proven so far to give some
answers in dimension 4. In fact, in our resultsφ will be a conformal transformation of the
almost Kähler metric, i.e., the pull-back metricφ∗g is conformal tog. We first remark that
Blair’s question has an affirmative answer for compact 4-manifolds withb+ = 1, as an easy
consequence of Proposition 1. From the same Proposition 1, our next partial positive result also
follows easily.

Proposition 9. Let(M4, g, J, ω)be a compact almost K̈ahler manifold and letφ be a conformal
transformation of g, homotopic to the identity inside the group of diffeomorphisms of M. Then
φ is an automorphism of the almost Kähler structure(g, J, ω).

Proof. By assumptions,φ∗ω is cohomologous toω andφ∗g is conformal tog. Sinceφ∗g is an
almost Kähler metric for the symplectic formφ∗ω, it follows thatg ∈ CAM ω ∩ CAM φ∗ω. By
Proposition 1 (a), this may hold only ifφ∗ω = ω, soφ is a symplectomorphism. To conclude
thatφ is also an isometry just note that a symplectic form cannot have two distinct, conformal
associated metrics.¤

Remark 4. Note that the above result is true in any dimensions if we assumeφ to be an
isometry in the identity component of the diffeomorphism group. It can be considered as a
slight generalization of the well-known results of Lichnerowicz [19] about the connected group
of isometries of a compact K¨ahler manifold.

The next result appears as a consequence of Theorem 1.

Theorem 2. Let (M4, g, J, ω) be a compact K̈ahler, non-hyper-K̈ahler surface. Ifφ is a
conformal transformation of the K̈ahler metric thenφ is a symplectomorphism or an anti-
symplectomorphism.

Proof. Let φ be a positive conformal isometry. Suppose thatφ is not an isometry. Thenφ∗g
is an almost K¨ahler metric in the conformal class ofg. Now, according to Theorem 1, (a2), we
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have that there is a wholeS1 family of almost Kähler structures with respect to the metricφ∗g.
Usingφ−1, we can induce aS1-family of almost Kähler structures with respect tog, which
contradicts with Theorem 1, (a1). So,φ must be an isometry. We use now Theorem 1, (a1) one
more time to complete the proof. ¤

Remark 5. The above result is closely related to [23, Theorem 5.3].

Now we will give examples when Blair’s question has a negative answer. However, all such
examples that we know so far are very special (all havec1 = 0, for instance). It might be
possible that in most instances isometries of almost K¨ahler metrics do indeed preserve (up to
sign) the symplectic form.

Remark 6. The conclusion of Theorem 2 is no longer true forT4 = (S1)4. Take the standard
metric and consider the K¨ahler formω = dθ1∧ dθ2+ dθ3∧ dθ4. Letφ be the diffeomorphism
which acts as identity on the first and third components and switches the second and the fourth.
This is an isometry of the metric, but is clearly not an±-symplectomorphism. Hence Blair’s
question has a negative answer forT4. Fore some special K3 surfaces such isometries (with
respect to a hyper-K¨ahler metric) have been shown to exist by Alekseevsky and Graev [1]. Non-
Kähler examples of this type can be given onT4 (see [4]) and on primary Kodaira surfaces,
which areT2-bundles overT2.

Remark 7. It may really happen that an isometry of an almost K¨ahler metric is an anti-
symplectomorphism, as the following example shows:

Let M4 = S2 × S2 with the standard product metric. This metric is K¨ahler with respect to
the formω = ω1− ω2, the diffeomorphism taking one factor into the other is an isometry, but
it is an anti-symplectomorphism of the formω.
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