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Abstract In this paper we study the null-controllability of a beam equa-
tion with hinged ends and structural damping, the damping depending on a
positive parameter. We prove that this system is exactly null controllable in
arbitrarily small time. This result is proven using a combination of Ingham-
type inequalities, adapted for complex frequencies, and exponential decay on
various frequency bands. We then let the damping parameter tend to zero
and we recover an earlier null-controllability result for the undamped beam
equation.

1 Introduction and statement of main results

Let T > 0, and let w be an open subset of (0,1). Let p > 0. Consider the
controllability problem: given

u(z,0) = uo(x) € H*(0,1) N H(0,1), u(z,0) = uy(x) € L*(0,1),

can we find a control function f € L?*(w x (0,7T)) such that the solution u of
the structurally damped beam equation

Uyt + Ugggr — PUzat = wa in (07 1) X <0a T)
w(0,t) = u(1,t) = gy (0, 1) = uge(1,¢6) =0 in (0,7)
u(z,0) = ug(x), u(z,0) =uy(x), in (0,1), (0)
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satisfies
w(z,T) = u(z,T) =0, a.ex € (0,1)? (1)

The system (0) with f = 0 is the one-dimensional version of the mathe-
matical model for linear elastic systems with structural damping introduced
by Chen and Russell in [2]. Null-controllability in time for arbitrarily small T
for the undamped case (p = 0)was proven in [14]. Various results for bound-
ary control in the undamped case can be found in Zuazua’s survey in [8]. For
a study of optimal boundary controllability of the damped plate equation,
see [12]. Recently Lasiecka and Triggiani [6] studied the null-controllability
of the abstract equation:

wy + Sw + pSwy = u, w(0) = wp, w(0) = wy,p >0, € [1/2,1].

Here S is a strictly positive, self-adjoint unbounded operator with compact
resolvent, and the control u is assumed to be distributed throughout (0, 1).
Although the operator S is more general than operator A? appearing in our
case, the authors did not assume that the control u is confined to a proper
subset w C (0,1) as we do here; this makes our problem harder because we
cannot use Bessel’s inequality as they do. Also, their controllability is not
uniform in p. Hansen [3] proved an estimate on functions biorthogonal to a
certain family of exponential functions on [0, 7]. As an application, he stud-
ied the null-controllability of a damped vibrating rectangular plate equation
subject to boundary control on one side, with p < 2, but his methods will
also apply to the vibrating beam equation with internal damping to prove
boundary null-controllability in time T" for any p < 2. However, his proof,
which uses a compactness argument, will not yield estimates on the control
that are uniform in p. The main purpose of this paper is to prove null-
controllability of the system in Eq.(0) uniformly with respect to p for small
p. This permits us to show that as p—0, we recover existing controllability
results for the undamped beam equation with hinged ends [14]. We are now
in a position to state our main results.

Theorem 1 Fix T > 0,p > 0. Assume p # 2. For any pair of initial
conditions (ug,uy), there exists a function f, € L*(w x (0,T)) such that
u(z,T) = w(z,T) = 0. Also,

T
| [ 1odedt < ol + ).
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with C independent of ug, uy. Furthermore, for p < 2, the constant C' can be
chosen independent of p.

We remark that the restriction p # 2 is probably an artifact of the framework
of [6] that we adopt here.
The following theorem follows from Theorem 1 by a standard argument.

Theorem 2 Fiz T > 0 and fix initial conditions ug,u1. Let f, € L*(w X
(0,T")) be the control function associated with Eq.0. Then f, converges in
L*(w x (0,T)) to fo, where fq is a control function for the unperturbed beam
equation.

Convergence results analogous to Theorem 2 have been proven in various
physical settings [10],[11], and [9].

We now give a brief outline of the proof of Theorem 1. For p bounded away
from zero, we use a generalization of Bessel’s inequality due to Lebeau-Zuazua
[7] together with exponential decay. For p close to zero, the exponential decay
is not uniform as p—0, and therefore we need a more complicated argument
to achieve a bound on || f,|| which is uniform in p. For high frequencies,
we still use the Lebeau-Zuazua estimate together with exponential decay,
while for low frequencies we use Ingham-type inequalities. Our adaptation of
Ingham’s argument to complex frequencies is, to the best of our knowledge,
new, and might be of independent interest. For related lower bounds on
trigonometric polynomials, see [13],[5] and references therein.

The remainder of this paper is organized as follows. In the next section,
we will recast the problem in the notation of [6]. In Section 3, we will prove
Theorem 1 for p > 2. In Section 4, we will prove the theorem for 0 < p < 2.
Theorem 2 then follows from an essentially well known argument which is
given in the appendix for the reader’s convenience.

2 Preliminaries
In what follows we use the framework of [6], which applies for all p # 2.. Thus

let H = L?(0,1)x L?(0,1), with Hilbert space norm ||y||%, = f |y1|>+|y2|*dz.
Solving Eq.(0) is equivalent to solving the system

S}t = 1215; + Xwéfa 5}<O) =Yo, (2)



with

~ 1 —T9 —1 —AU
y_7"1—7”2 1 1 Uy ’
i 7"1A 0 Tx TilA 0
() (R )

(1, ~1)7, B* (g1, 3)7) = —

To —T1 r —To

T2 = (pE/p? —4)/2. (3)

The exact null-controllability of Eq.(0) in the original dynamics is equivalent
to the exact null-controllability in H within the class of L*((0,T), L*(w))
controls of Eq. 2 (see [LT], p.46-48), provided p # 2. The associated adjoint
equation is:

(y2 — 1),

and

—w, = A*w, w(T) = wr. (4)

Also set ||[v]|2 = [, |v]?dz. Note that the spectrum of the matrix A is given
by {—m*n?r}, {—m*n?r}, n=1,2,....

We now cite a well known result on the equivalence of null-controllability
and observability.

Lemma 1 The following assertions are equivalent:
i) for every w € H,

T - ~ ~
| 1B eap(tAyw|2dt > Clleap(T A w3, (5)

ii) for every yo € H and every T > 0, system( 2) is null-controllable in
time T, with control f satisfying

r 2 1 2
| 1zde < ol (6)

The proof of this result will appear in the appendix.
We note that Eq. 5 is equivalent to

T - ~ ~
/t 1B exp(T' — 1) A")wl|Gdt > Cllexp(TA ) w3, ¥w € H. (7)

=0



3 Proof of Theorem 1 for p > 2.

Note that the assumption p > 2 implies that the “spectrum” of the problem
is real, with
T > To.

In what follows we prove a sequence of observability results, formulated
as in Lemma 1.
Fix initial conditions

271 291
wi = (Y aysin(nrz), Y b, sin(nr))’.
27-1 21—1
Clearly
1 271

- e —tm2n?r —tm2n?r :
Brexp(tA")w; = > (age L —bpe 2)sin(mnx).

ro—T 2i—1

We apply a generalized Bessel’s inequality proven in [7]: there exists C' in-
dependent of j, such that

271 271
H Z (aneftﬁn?rl_bneftw%?rg)Sin(ﬂnw)ui > 67023' Z ‘aneftw%%l_bneftw%%z‘2'

n=2i-1 n=2i—1
(8)

Next, we apply an inequality found in ([6], Steps. 5-6). For each j, let T} be
a positive constant to be specified later. Then

27 -1

e—CQJ /Tj Z |an€—t7r2n2r1 . bne—tw2n2r2 |2dt
0 =it
201 1 1
> T (o (1 e e (20 - (1 2R ()
n=27-1

Here a = 7°n?ry, b = 7°n?ry, and k = 1/p. Let § = 122k Let K be the
minimal positive number such that 2b7; > K implies

(1 —2k) — (1 +2k)e %] /2 > 6.

5



Set
KC,

Ty= 0
T 22,20l
with Cy > 1 to be chosen later. Then n € [2771,27 — 1] implies 20T; > K

and hence the RHS of Eq. 9 is greater than or equal to (letting C' be various
constants independent of j)

(10)

< oy A an)? |b,|? = .
e~ e ;
) n:ZQJ:—l mnPry o wniry T wirg(29)? n:%j:_l |an|” + [bn]
N ; 271
> 0e7Y Y Janf ()% (11)
n=27—1
On the other hand,
201 9 1
” eXp(T’jA*Wj)H%{ = H Z ane_Tjn2n2r1 sin(nm:)H%z(oa) + ” Z bne—Tj”Q”ZW Sin(ﬂﬂm)“%gm,l)
2i-1 =
271
= Z |an€_Tj7r2”27"1|2 + |bn6_ j7T27l27’2|2
271
. 271
< BTN a4 Jb? (12)
271

Combining Eqs. 12, 11, 9, and 8 we get for any j

SIS F* 2 0 —C242T;72 (29~ 1) 2ry || T; A* 2
f) 1B e AL 2 e T " w5
] e (13)
where .
b= —7—=
4p(p +2)
is bounded away from zero for p € (2, N) for any N > 2.
Now by Eq. 10

—C2 4 2T;m2(297 )2y = 29(CoK /2 — C).



We choose Cj such that ng —C =a > 0. Thus by Eq. 13,
T = it 2 27 i 2 .
B (A w e > 66 | esp(T Ay, Vi (14)

We choose P > 0 such that j > P implies
KCy

1= a1 <

In what follows it will be convenient to define an orthogonal projection
Y : H—H as follows:

H%(i Cp sin(nmex), i dysin(nmz))’ = (Y eysin(nrz), Y d,sin(nrz))’.
= n=1 n=N n=N (15>

Suppose now that the initial conditions are y(0) = (35° ¢, sin(n7x), >° d,, sin(nwz))T.
We define a sequence of controls as follows. First we apply a standard com-
pactness argument to argue that there exists Cp > 0 such that

T - ~ ~
| 1B eap(tArwol[2dt = Crl| exp(TA) wol

for wog = (X2 'a,sin(nrz), S "' b, sin(naz))T, for arbitrary {(an,bn)}.
It then follows that there exists a control fy € L*(0,T, L?(w)) such that the

system in Eq. 2 with initial conditions H%P_ly(O) can be brought to rest in
time 7.
For 7 > P, we consider the initial conditions

2J+1_1 2i+1_1

( > cpsin(nrz), Y dysin(nrz))’.

2J 27

Applying Eq. 14, there exists a control f; that will bring these initial condi-
tions to rest in time 7T; < T'. Note that by Lemma 1 along with Eq. 14,

T; 1
LI < se I ()l

a6t
< ey (0)1%-

S| = S



Thus we obtain a sequence of controls fp, fpi1,.... We extend each of these
controls to (0,1) x (0,7") by setting f;(z,t) = 0 for t > T;. Define f by
f=fo+rX¥fjon[0,T], f=0fort>T. Then f will bring the system
given by Eq. 2 to rest in time 7', with

—a20i+1)

T oo
([ IR0 < ol + (3 ———
0 g
< Cly(0) -

Remark In the case p = 2, we have r; = ry = p/2, and hence Lasiecka-
Trigianni’s vector framework no longer applies (see, for instance, the formula
for B). However, the uniform exponential decay still applies for p = 2, and
this together with the Lebeau-Zuazua estimate should be adaptable to the
scalar framework (ie. Eq.0) to prove appropriate observability inequalities,
thus yielding null-controllability for any 7" > 0, and any pair of initial con-
ditions (ug, uq).

Remark Note that 0—0 as p—oo, so the controllability is not uniform
for in p for p >> 0. This reflects the fact that ro—0 as p—o0, so that the
exponential decay is not uniform.

Iy (0)117)*/2

4 Proof of Theorem 1 for p € (0,2)

We first note that for p < 2, the spectrum of the matrix A is complex and is

given by {—7m?n?ri }, {—m?n’ry}, with r1o = (p £ ivV4 — p?)/2.
Let

Po € (07 2)
be a number to be chosen below. We will employ different arguments de-
pending on whether p < pg or p € [po, 2).

4.1 Proof for p > p

Since p > pg, then the exponential decay of the homogeneous system is
uniform, and the argument of the previous section can easily be adapted. In
place of Eq. 9, we use ([6]-Lemma 2.5): for all j,

T 27 -1 - - 99 _1 1
/ Z |an6—t7r nery bne—tﬂ n 1"2|2dt Z Z (((1 — 2h> — (]. + 2h)6_2aTj>)
0

n=27i—1 n=27—1 2a



X (Jan|? + [ba]*)) -

Here a = m*n?p/2 and h = p/4. The rest of the argument from the previous
section now carries over word for word, except that & = (1 — 2h)/4 and
d = 1/8(2+p). Inspection of this argument makes it clear that for p € [po, 2),
all observability estimates are uniform with respect to p.

4.2 Strategy for proving uniform control for p < pg

We wish to prove null-controllability that is uniform in p; this uniformity is
necessary in the proof of Theorem 2. The method used in Sections 3 and
4.1 to prove null-controllability for p > py may also be applied in the present
case. However, for p close to zero, the exponential decay of the system in
Eq.(0) is no longer uniform in p, and hence the resulting estimates on f
would not be uniform in p.

This section will be organized as follows. We will give different arguments
to prove controllability results for different ”frequency bands”. Fix initial
condition . .

= (>_ ¢psin(nmz), Y d,sin(nrz)),
n=1 n=1
with ¢,,d, € 2. We will determine constants @, V, P, each independent of
p, such that null-controllability, uniform in p, can be proven for each of the
following initial conditions:
a)(XnLq/p) CnSIN(NTT), 3207 o/, dnsin(nmz)), to be proven in 4.3,

)(ZS_Q LV/f)Hl) Cp sin(nmex), EgLL:Q(/Ll\);/_\/l%J+1) d, sin(nmx)), to be proven in

4.4,

c) (Z,Ll‘;/l‘ﬂ Cp sin(nmx), ZL Vivela, sin(nmz)), to be proven in 4.5.

More precisely, for p < pg and for each of the initial conditions listed in
a,b,c above, the system is null-controllable in time 7', with the corresponding
controls f,, fp, f. satistying

T
| [ 152 < Cly©)l3, i = abe

and with constant C' independent of p. By superposition, we obtain null-
controllability for y(0) with control f = f, satisfying [, [ |f|> < C|ly(0)|/%,

(16)



with C independent of p. From this follows the uniform observability in-
equality: for p < po,

T~ ~ 1
| 1B eap(—tA)wi2dt = w3, w € 1. (17)
t=0

Theorem 2 is an easy corollary of this inequality. For completeness, the proof
that Eq. 17 implies Theorem 2 is included in the appendix.

4.3 Controllability of high frequencies

Proposition 1 There exists a constant Q), with Q) depending only on w and
T, such that if
Q

1%

then for any initial conditions of the form
y = (O eusin(nrz), d, sin(nmz))” € H,
N N

the system in Eq. 2 is null-controllable in time T with [, [{ |f> < C|ly(0)|
for some constant C' independent of p.

Proof: We mimic the arguments of the Sections 3 and 4.1. As in that section,

B _ 1 21 -1
Brexp(tA")w; = o 3 (e ™™™ — be ™72 gin(mna),
271
and
21 2,2 2,2 i 2,2 2,2
|| Z (ane—tﬁ n 7‘1_bn€—t7r n 7’2) sm(wnx)”fj Z 6_02] Z |an€—t7r n rl_bne—tﬂ n r2|2'
n=2i—1 n=27—1

(19)
Next, we apply the argument of [[6]-Lemma 2.5]. For all j,
i (T 2-1 2,2 2,2 2l 1
6—6’27 / Z |ane—t7r nery bne—tw n r2|2dt Z 6—021 Z <((1 . Qh) . (1 + 2h)€_2aTj)>
0

n—2i—1 g1 \2a

(Jan]® + [ba]*)) - (20)

X

10



Here a = 7°n%p/2 and h = p/4. Set 6 = 152, Let K be the minimal positive
number such that 2a7; > K implies

(1 —2h) — (1 + 2h)e~2T5) > 6.

Set
KCy
iT 201"
with Cy > 1 to be chosen later. Then n € [297!, 27 — 1] implies 2aT; > K
and hence the RHS of Eq. 20 is greater than or equal to (letting C' be various
constants independent of j and p)

(21)

29—1 |6Ln|2 |bn|2 .02 271

be=C” DI anf? + |ba?
n:%;l R OTE > lan]” + bl

n=27—1

56—021 27 -1

m2nlp  wn2p

> S lal b2 (22)
p n=27-1
On the other hand,
~ 21 2,2 21 2,2
leap(TiA" W)l = || D ane™ ™" sin(naa)l[ia + [ D2 bae™™ " "2 sin(nr) 120
n=27-1 2i—1
2j_1 T 2,2 2 T 2,2 2
— Z‘anei JTI'TLT1’ _'_‘bnef jﬂnr‘2|
27-1
< ~T;n?(29-1)2p = 2 b |2
< e > lan]® + [bal (23)
271

Combining Eqs. 23, 22, 16, and 19 and using p < 1, we get for any j

T % A * 2 0 —C294Tym2(20~1)2p—Inp|| T, A* 2
f) 1B eapA L > e T 75 w; I

> e T DA (24)
with & = 8/|r; — 7|2 bounded away from zero independently of p. Now by

Eq. 21 | | |
—C2 + Ty (2992 p = 29(CoK /2 — C).

11



We choose Cj such that ng — C =a > 0. Thus by Eq. 24,

T N ; N
[ NBeap(tA w2t = 0e° | exp(T A7) will; (25)
=0
We choose P > 0 such that p2” > £&. Then for j > P + 1,
KCy
I = w2 p2i—1
< T.

The proof of the proposition now follows by mimicking the argument appear-

ing in the Section 3 for p > 2, setting @ = [£¢] and N = 2”.

4.4 Ingham-type argument for intermediate frequen-
cies

In this section we treat the case

v Q

STL<*,

VP p

with V' a constant to be determined below. We begin with a technical lemma:

Lemma 2 Let

2 m2

L4 TP =)+ (1420

Then, assuming np < @, there exists a constant Py such that if m,n > P,
with m # n, then there exists a constant v > 0 such that

gn(m) >4+ 1. (26)

Proof: Noting that
4—p? 2 2 m? .,
gn(m) = pe (n+m)*(n—m)”+ (1+ ﬁ) :

we have that
4(4—p*) 4 4(4 — p%) 4
/ _ 3
gp(m) =m (sz + ﬁ) - m(W - ﬁ)-



It is thus easy to verify that on the positive reals, g/, < 0 on (0,n/1 — p?/2)

and g/, > 0 on (ny/1 — p?/2,00). Since pn < @, there exists P; such that
n > P implies that ny/1 — p?/2 € (n — 1,n). We conclude that when m is
an integer,m # n , then g, will be minimized at m = n £+ 1. One calculates
4(4 — p? 1 8 1
(’0)(1—)—”+O(

W(n+1) >4
gn(nE£1) >4+ e "

)- (27)

Since np < @, it follows that we can choose P, and v € (0,4(4 — p?)/Q?)
such that n > P, implies

n2

(1-2) =24 0() >

The proof is completed by setting Py = max(P;, Ps).
The main result of this section is then:

Proposition 2 Let () be as in Proposition 1, and Py as in Lemma 2. Then
there exist positive constants py and V', with V independent of p, such that

if p < p1, and
v

N = L?J —1, P =max(P, |

then for initial conditions

y(0) = (EP: Cpsin(nmex), zp: d, sin(nmz))?,

we have null-controllability in time T with [, [T |f]> < C|ly(0)||> for some
constant C' independent of p.

The first step in the proof of this proposition is the following Ingham-type
inequality:

Lemma 3 Let d € RT. Assume N satisﬁes N < Q/p. Then there exist
0 >0, p1 > 0 and positive integers R and P such that if p < py, if

P
pdm?

P > max(P,

),

13



and if

N
_ 2,2 _ 2,2
f(t) — Z ane tdn=m<rq +bn€ tdn=m 7"2’
n=P
then

m2dpn?

1 N e
2 2 2
[r0Pa 255 s ol + bl
Here 6, R, P are independent of f,d, p.
Proof: We define C,Cs € R by

dr’ry = dn’p/2 +idn?\/4 — p*/2
= O +iCy, (28)

and hence

d7T27’2 = 01 — 7/02

Thus, since f(t) = 3 a,e " (C14iC2) 4 p e~t*(C1-iC2) e have

O = D> > an@mexp(=Ci(n® +m?)t + Co(m® — n?)it)

m=P n=P

N N
+ Y Y b exp(—Ci(n® + m®)t + Co(—m® + n?)it)
m=P n=P

N N
+ 2R( Z Z b exp(—C1(n* + m*)t + Cy(—m?* — n?)it))
m=P n=P

I(t) + II(t) + ITI(t). (29)

Set ~
K(u) = / k(t)e iy,

—00
The idea of the proof is to choose k so that K (u) has certain desirable growth
properties as u—o0 along various sectors in the complex plane.
Let R be an even positive integer whose exact value will be determined
later. Define k(t) to be a polynomial on [0, 1] satisfying;:

ED(1) = 0,j=0,...,R
k() = 1,
E9D0) = 0,0<j <R, jodd. (30)

14



Proving that k exists is an amusing exercise in linear algebra. Let M be the
order of k. .
We then extend k to the real line as follows:

0, [t] > 1
k(t) = { k(—t), te[-1,0]

k(t), tel0,1].

Thus k € CT(—00,00), with the support being the interval [—1,1]. Fur-
thermore, ||k]| = k(0) = 1.
Thus, using integration by parts and Eq. 30,

K(u) / e~k (1) dt

= 2/ cos tu

d
- Z w U (¢ d— SN 8)| s—tu ]

— ( S ou W (jjsms)|

j=R+1
M
— Z (_1)j+1u2jk(2jl)(0)> ]
j=R/2+1
It follows that, for u,v € R and u >> 0,
|k(R+1)(1)‘€u

|K(v—iu)| = p——

+ O(Jv — iu|~3e). (31)

We begin by analysing

/RI(t)k(t)dt — Z Zanam —iC1(n® +m?) + Co(n* —m?))

m=P n=P
N
= Z |an P K(=2iCin%) + > ap@mK(—iCi(n* + m®) + Co(n® — m?)).
= m,n;m#n
Let € > 0. We choose P1 Pl(R ¢) sufficiently large that the following holds
for 20 n? = n2dpn® > P,
|/{;(R+1) (1) ’6201712

K(—2iCin?) > (1—e¢) Q0T

15



and hence, setting P; = “/w%ﬂ’

N |an|26201n2

> lanPIE(=2iCin)| 2 (1 = WD) 3 CA s,

n=P; n=Pr;

(32)
Next, by Eq. 28
|Cy(n® —m?) +iCi(n* +m?)|> = C3(n®> —m?)? + Ci(n* +m?)?

= Cn? (4 — (1+ @)2(71 —m)*+ (1+ m2)2>

p>n? n n?
= - gn\m),
C?nt 33
with g,(m) as in Lemma 2. )
Hence, there exists P, = P(¢, R) such that for for m2dpm?, n2dpn? > P,
we have by Eq. 31
|k(R+1)(1>|6C1(n2+m2)

K 2 2 : 2 2 < (1
] (Cg(n m)+zC1(n —I—m))’ > ( +6)]02(n2—m2)—|—iC’1(n2+m2)’R+2

Py
w2dp

Hence, setting Py = | | and using Eq. 33,

N
Z |an@m K (Co(n? — m?) +iCi(n* +m?))|
m,n=Py,m#n
1 N LR+ (1 ay 26201712 + la,, 26201m2
<lov (1+e)‘ (D[ ([an] ' |am| )
2 |Ca(n? — m?) + iCy(n? + m?)|F+2

m,n>Py,m#n
< 3 peet 3o FEDW)|(+ o)
= " |Cy(n2 —m2) +iCy (n? + m?)|R+2

n=Pr; m=Py,m#n
(R+1) al |an|2€20m2 o 1
< (L+o[RTV)] Y0 (Cyn2)ie Y. —wm (34)

n=Pr; m=Pa,m#n (gn(m)) 2

Set P = max(Fy, P1, P,).We analyze

N N N
_Rt2 _R+2 _Rt2
Y. ga(m) T < Yo gmm) T+ Y galm)T2 . (35)
m=Pm#n 1<Im—n|<Q?+1 |m—n|>Q%+2

16



It follows from Lemma 2 that for R = R(Q, ) sufficiently large,

Z gn(m)f(RJrQ)/Q < Z <4+,}/)7(R+2)/2
[m—n|<Q?+1 [m—n|<Q?+1
< (2Q° +2)(d+ ) D2
1
< 74—(R+2)/2
- 4
= i2<R+2>. (36)

Fixing R as above, we then estimate

4—p? _n
ST galm) ERE < S (ST n? ()
Im—n|>Q2+2 Im—n|>Q2+2 P

Assume for the moment that n — Q* > P and that n + Q? < N. Then

o n—Q?2 00 4 — 2 n
> ()T I em? T < </ , +/m_Qz+n>< )7 )|~ .

_ 204
m—n|>Q2+2 m= prn

4 —p?
p2nd

We estimate the first of these terms. Recalling that np < @,

/”_Q2 4—02)*1‘;2 (n? —m?)"ERgm < ( pin’ )(B+2)/2 /"_Q2 1/(2n) 4 1/(2”))R+2

m=pP — nip? 4 — p? m=P n—m n+m
( n*p? )(R+2)/2 /nQ2< 1 n 1 )R+2
4(4 — p?) m=P N—m n+m
( n?p? )(R2)/2 "_QQ( 1 ye2
4 — p? m=P N—m
< n2p? i Q2R~2 _ (n — p)~R+l
- 4 —p? R+1
< (;)(RHW . ﬁ
- 4 —p? R+1
1
< Q. oRt2’ (37)

provided Q > 2 and R > 1. The other integral, and the cases where n—Q? <
P or n+ Q%> N, can be easily shown to satisfy the same estimate. Thus,
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combining Eqs. 37, 36, 35 and 34, we see that

= 2 9y, 2, 2 1+e€ R+1 |la,|%e 2C1n?
> Janan K (Co(n®*—m?)+iCh(n’4+m?))| < 7|]<; 1)| Z m
m,n=Py,m#n 2 204N )

Comparing this with Eq. 32, we get (assuming € is sufficiently small)

620171,2

N
> P —
Jo Tk 20 3 Jonl? G

for some § > 0.

Similarly,
2C1n?

N
> L —
Jo HHOROE 265 10 G

It remains to estimate the term [ I1I(t)k(t)dt. Arguing as we did for
[ 1(t)k(t)dt, we have, for some € > 0,

N
|/IH Wdt] = 2| S anbnK(—iCi(n® +m?) + Ca(m? + n2))|
mn=P

|an|2€20m2 + ’bm|2€201m2

N
R+1
< (WM 3 o ey 1 ey

m,n=P
(38)
Consider the term involving |a,|?. We have
N |an|26201"2 N |2 201 n? N 1
m%;P (C2 + C3)B+2)/2(2 4 2 (B+D) - ; d27r4 (R¥2)/2 2= (2 4 n2)(R+2)
N 2 20171
< Z an|®e N -—-P
= d7r2 (R+2) (2R+4)
N 2 20102 , R+2
< Z la,|“e PN
= L (2C1n2)(R+2)
R+1 N |an|2 20112
< Z 20 n2 (R+2) "
(39)
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A similar estimate holds for the terms involving b, so the lemma follows if
we choose p; to satisfy (1 4+ €)Qpi™ = 6/2.

Remark. The most common choice for k£ in Ingham type arguments has
been the cut off cosine function found in [4]. But this choice, which implicitly
sets R = 2, is not sufficient to give Eq. 36.

Remark. Our choice for k do not seem to improve on the original Ingham
inequality appearing in [4].

Remark. It is of interest to try to extend this lemma to the case N = oo.
However, because g, (ny/1 — p?/2) = 4—p? < 4, it follows that the hypothesis
pn < @ for some @ is necessary in the proof of Eq. 26. Thus we cannot extend
this lemma to N = oo, at least with the current methods.

Corollary 1 Assume T >0 andlet p < py. Setd=T/2. Let N < Q/p,

P > max( P,), with P as in previous lemma. Then if

2 pd?
N 2.2 2.2
— Z ane—tn Try + bne—tn s 7“2’
n=P
then

r |an]® + [bn|?
2 n
/0 f (&) Pdt > CTZ oIy

where C'= C(R) is a positive constant independent of p,{an}{b,},T.

Proof: We have, using the substitution s = 2¢/T" — 1 and then the previous
lemma (with d = T'/2),
g 2 T - —n272rT/2\ ,—sdn’nry —n2m2roT/2\ —sdn?n2ry |2
Llrora = 5 [ 1Y (ae )e T 4 (b Jem T s
1 n=p

ep7r2n2T/2

(pm2n2T [2)F+2

N
T(S Z _p7'r2n2T/4|2 _|_ |bne—pﬂ-2n2T/4|2)

v

|an|? + 164
Tc Z anT R+2 7

A%
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Proposition 3 Let p, N, T, R be as above. There exists V such that if P >
max(Py, V//p), then, given initial conditions (Y3 ¢, sin(nrz), Yp dy, sin(nmz)),
there exists a control f bringing the system in Eq. 2 to rest in time T'. Fur-
thermore f satisfies

T 5 N
[ L= Y jel + 1o
w n=P

where C'is independent of p.
Proof: Tt suffices to prove the observability inequality

T
[ IBespeA wlzdt > Sl exp(TA)wE (40
for w = (X% a, sin(nrx), 28 b, sin(nmz)) and for C some constant indepen-
dent of p.
Recall
N
Brexp(tA")w = z:(ane’“%%1 — bpe 72 sin(mna).
To—T1"p

Hence, applying Cor. 1, there exists C' such that,

T ~ ~ 1 T N 2,2 2,2
B exp(tAYwl|? = 7// e T — b e T2 gin(rng) |Pdtdx
1B exple Ayl e X )sin(na)
(lan* +151*) 7 .
Z TCXP: W /w | Sln(nﬂ'ﬂf)’Q dx
|an|* + bl
> TCk ; (pn2T)B+2

with k = k(w) a positive constant which is independent of N, P, p.
On the other hand, by Eq. 4

N N
lexp(TAW|% = [ ane ™™™ sin(nrz), Y bue 7™ "2 sin(nma))||%
P P

N
— Z |an67T7r2n2r1 ’2 + ‘bnefTWQnQTQ ’2

N
= Y (agf* + Jbaf?) (41)
P
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Choose W such that 72pn? > W implies
€—T7r2n2p S (TnQP)_(R+2)

Then, setting

2P VW
Tn? 7
Eq. 40 clearly follows by setting 1/C' = TCk.

It follows from Eq. 40 and Lemma 1 that there exists a control f which
will bring the system to rest in time 7', with

),

V' = max(

T 5 N
| [ 15Pdwdt < C 5 fanl + b
0 w n=P

Proposition 2 is proven.

4.5 Low frequencies
In this section we prove the following:

Proposition 4 Let V, p; be as in the previous subsection. There exists py <

p1 such that if N < V/\/p, then for initial conditions (Y7 ¢, sin(nwz), 1 d, sin(nwz)),
the system in Fq. 2 is null-controllable in time T with a control f satisfying

I fOT |f|? < C for some constant C' independent of p.

Remark Note that for frequencies considered in this section, we that
R(m2nr;) < 2V for i = 1,2, ie. the real parts of the frequencies are bounded
with bound independent of p. The Ingham-type inequalities proven in this
section can be compared with those surveyed in Young’s book [13] (also see
[1]), where (when their language is adapted to the framework of this paper)
complex frequencies with an upper bound on the real parts are also consid-
ered. The hypotheses in [13] are stronger than those found here, though, and
the resulting family of exponential functions actually forms a Riesz basis on
some interval.

To prove Prop. 4, we will need to prove observability estimates on three
different frequency bands whose union makes up {n2r172},[§;/1‘/m. The first
two of these observability estimates, proven in Lemmas 4 and 5, are again
proven using Ingham type inequalities, each one adapted to the frequency
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band in question. Why these two lemmas cannot be combined among them-

selves or with Lemma 3 will be pointed out during the proofs. The third

observability estimate in this section, Lemma 6, will correspond to a set of

frequencies {n*ry2}5_;, with P a constant independent of p. Here a standard

compactness argument yields an observability estimate that is uniform in p.
In what follows we set

po = min(py,1/10,1/V?).
Lemma 4 Let d € RT. Assume p < pg, and that N, P satisfy:

2

P > max(16,[1/d], =dp

)
VZIn(P)/P < 1/17
N < V/{p.
There exists 0 > 0 such that if
N 2 2 2 2
f(t) — Z aneftn dmery 4 bneftn dm 7"2,
n=P
then
- 2d 5 N 67r3dpn2 ) ; )
t)|"dt > ——(|an nl”).
L OPd 283 Goalonl” + )
Here § is independent of N, P, f.d, p.

Proof: Using the notation of the proof of Lemma 3, we have

N
/ IWk@)dt = > |aPK(=2iCin*) + Y. apa@mK(—iCi(n® + m?) + Cy(n® — m?)).
R n=P m,n;m#n

(42)

For this lemma we use a test function used by Ingham in [4]:

k(t) = { Cos(g,/ 2 ||tt|| o (43)

Remark Although we could choose our test function to be as in Lemma
3, our choice here has the advantage of giving a simpler formula for K. In
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fact, here K (u) = 41“1522; ). On the other hand, Ingham’s test function could

not be used in Lemma 3, where it is vital for the denominator of K to be of
order R >> 0 in the argument leading to Eq. 36.

Note that the hypothesis P > /2/(7%pd) implies that if n > P, then
Cin? > 1. Hence for n > P,

4 cosh(2mCyn?)
1+ 1602n*
2627r01n2

> —.
— 17C#n?

K(=2iCin*) =
(44)

Also, there exists v > 0 such that

cos(m(—iCy(n® + m?) + Cy(n? — m?))) |
1 — 4(—iCy(n? + m?) + Cy(m? — n?))?
ewng(n27m2)+7r01(n2+m2) + 6771'7:02(1127m2)7ﬂ'01(n2+m2)
[ T oA Cr ey Surg A e s T
1 ewCl(n2+m2)
2 — 27 C3(n? —m?)? + C}(n? + m?)?

|K(—iCy(n? +m?) + Cy(n® —m?))| = 4

(45)

This last inequality was derived as follows. Assume first that n > m. Note
that p < 1/10 implies Cy > 3dn?/2. Also, the hypothesis P > 1/d implies
n* —m? > 2/d. Hence Cy(n* —m?) — 1 > (1 —)Ca(n? — m?) with v = 1/3,
and hence

1= 4(Co{n? ) +iC(n? +m?)P| = 45— Coln® —m?) —iCy(n? + i)
15+ Coln® = m?) - iCh(n? + )
> 4= (1= 7)Co(n? — m?) — iCy(n? + m?)]
15+ Caln® = m?) Gy (n? + m?)
> 41— )| - Cofn® — m?) — iCy(n + )|
|; + Cy(n? — m?) +iCy(n® + m?))
> 41 =7)(C3(n* —m?)* + CY(n* + m*)?).
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The proof for m > n is similar. Hence, for any P, N satisfying the hypotheses
of the lemma,

N
Z |an@K(—iC'1(n2 + m2) + C’g(m2 — ng))|

mn=Pm#n

1/2 N 2 27C1n? 2 27C1m?
< / Z |2an|26 2 2Jr |a7;| 62 2)2
2— 2,}/ m,n>Pm#n OQ(n -m ) + Cl(n +m )
= a,|°e )
2=272p m=Pm#n C3(n? —m?)? 4+ C}(n? + m?)?
We analyze the term
m=Pm#n C3(n? —m?)2 + C¥(n2 +m?)?  C}+C3 m—Pomtn n* + 20n2m? + m*’
(47)
with —
_ U1 =6y 2
= ——=—1 2.
=g =t

One easily verifies that

n* +26n*m? +m* = (m + nz)(m — nz)(m + ny)(m — ny)

with z = \/—6—2\/1 — 0% y= \/—ﬁ—i—z\/l — (%, and that

1 1 1 1 1 1 1

nd 4 26n2m2 +m*  —dindz/1 — ﬁQ(m —nz m+ nx)+4m3y\/1 - ﬁQ(m —ny m+ ny>'

Suppose, for the moment, that n = P. Thus, sincex =7 ~ 1 and P—Px ~ 0,

N 1 N 1
m%;n#n n* + 26n2m?2 + m* - mzzp:ﬂ n + 26n2m?2 + m#

N dm
~ /m:P+1 n* + 26n2m?2 + m*
1 (N — Pz)(P+ 1+ Px)
| — 4in3z/1 — 32| n| (P+1— Px)(N + Px)

IN
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n 1 n|(N—Py)(P+1—|—Py)|
| — din3y/1 — 32| (P+1— Py)(N + Py)
< In(N)
- nd1-72
In(N)(C? + C3)
2n3C’102 (48)

It is easy to verify that the same estimate holds for n > P. Thus, using
Cy > 3m%d/2, along with Eqs. 46, 47, 48 and the hypotheses pN? < V2
V2In(N)/N < 1/17,

S e K(—iCi(n? + m) + Ca(n? — )] < —_ 3~ 1)
Ay Gy w1n m 2{n m - 2—-2y 2n3C1Cy

mn=Pm#n n=P

‘ an | 2 627r01 n?

N
<> é@; 2270 (49)
It follows from Eqs. 42, 44 and 49 that
N ) e2mCin?
f IOk 2 3 lanP s (50)
A similar argument yields
N e2mC1n?
J Ok = 3 P (51)

Finally, we consider [ I1I(t)kdt. We have, using the arguments leading
to Eq. 45, that there exists v > 0 such that

/H](t)k(t)dt = 2 i | @b | K (—iCy (n* + m?) + Co(m? + n?))|

m,n=P

_ i\f: 0] 4 cos(—imCy(n* + m?) + Com(m? 4+ n?))
- GOmlT 4 (iC (2 + m2) + Co(—m2 — n2))?

m,n=P

N PR
< 2 ) anbn|

m,n=P

801 m(n24+m?)

(2 =)(CF + C3)(m? +n?)?
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N L 2¢7C1 (n?4+m?)
< ’I’me
= Z | @by | (2 — 7) w2 (m? + n2)?2

m,n=P

- % |an|262ﬂ'01n2 + |bm|2€27r01m2
— (2 _ 7>7-‘-4d2(m2 + n2)2

m,n=P

(52)

Consider the term involving |a,|?. We have, using Eq. 28, the hypotheses on
P, and the hypotheses p < 1/V? and P > 17:

2
N ‘2627rC'1n

‘Gn |an‘2 27r01n N 1
> = Z L Z
mop (2= 7)mid?(m? + n?)? —NCE zp (M? +n?)?
|CL |2 27r01n
< - "
- Z 2(2 — v)Czn?’
|an|2€27r01n p n

-y

n=~P ( - )C2n4

- Z |CL ‘2 2rC1n? pv2/N
- — v)Cin?
N 2 2rCin?
< Z |an| €
7, 34(2 — v)Cin?
|(Z ‘2 2rC1n?
< ) 53
nZ;D 34C%nA (53)
provided v is small enough. The same argument shows that
iV: |bm|2627r01m2 Z |b |2 2rCim?2 (54>
moep 2 =) (m? +n2)? T =, 340Tm?

The lemma is completed by using Eqs. 54, 53, 51, 50.
The lemma follows. We now state the corresponding result for integrals
over the interval [0, 7.

Corollary 2 Set d = % Assume the hypotheses of the previous lemma. If

N
—tn2x2 2.2
:Zane tnﬂr1+bne tnﬂ'?“g’
n=P
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then
T N
| 1@ Pd = O3 fanl? + b
P
where C'is a positive constant independent of p, {a,}, {bn}.

Proof: We have, using the substitution s = ¢/d — 7 and then the previous
lemma (with d = T/27),

[ uwpa = [
T N

= 7/ | Z(ane_n27r2r1T/2)e—sn27r2r1d+ (bne_nQﬂ—QrQT/z)6_5n27r2r2d|2d5
21 S n=P

N
—tn272 422
Z |an€ tn7r1"1+bne tn7rr2|2dt
n=P
T

T N w2n2pT/2

687 n=P

e

—n2x2pT /412 —n?72pT /4|2
(e ™ 4 fbne™ ™)

>

N
> O anl* + |ba]*.

n=P

Next, we prove observability for n < /2/(m2pd).

Lemma 5 Let T,V,d be as in the previous corollary, and assume p < pg.
Assume w2dpN? < 2 Then there exists a positive constant 6, independent of
p, such that if P > max([1/d],16, Py) and V In(P)/P < 1/17, then

N
f(t) — Z ane—tn2dﬂ'2r1 + bne—tn2dﬂ'2r2
n=P

satisfies the inequality

- N
[ @R =6 Y (anf? + bf?)
- n=P

Proof: The proof follows along the lines of the proof of the previous lemma,
whose notation we use. As in the previous lemma, K (u) = 4cos(ru)

- 4u2). Consider
first the term

/Rl(t)k(t)dt: ;3\@”\21((—22’01712)4— > @y K (—iCi(n*+m?)+Co(n”—m?)).

m,n;m#En
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Note that

4 cosh(2rCn?)
1+ 16C%n*
1+ (2rCyn?)?/2
- 1+ 16C%n*
> 4. (55)

K(—2iCin*) =

Also, m2dpN? < 2 implies that for n < N, n?C; < 1.
Remark Since n?C] is not bounded below in this case, Eq. 44 no longer
holds. Hence, the proof of Lemma 4 no longer applies. Instead, we have

emiC2(n?—m?)+7C1(n?+m?) + e~ miC2(n*~m?) =7 C1(n®+m?)
1 — 4(Cy(n? — m?) +iCy(n? + m2))? |
2(e*™ + e72m)
4C3(n? —m2)2 — 17

|K(—iCy(n? +m?) + Cy(n®* —m?)| = 2|

(56)

Note that p < 1/10 implies Cy > (.99)d7?, and hence 622732;6/:;” <3 -9,

for some 6 > 0. Also, since n,m > P, we have by hypothesis n? — m? >
(n —m)(2/d). Hence

N N
1
. 2 —27
m_%;#n |K(—iCy(n® +m?) + Cy(n® —m?))| < 2(e* +e )m_%;n#n 13— 2 17
2w —2m N
< < 0‘262 ) Z 12 17d2
2 2/d m=Pm#n 4(” - m) - 4022
al 1
< (3-9)
m:%;n#n 4(n—m)? -1
> 1/2 1/2
< — -2 _
< 8-9) ;27‘—1 2r+1
< 3—29. (57)
Similarly,
N
> |K(=iCi(n* 4+ m?) + Cy(n* —m?))| < 3 — 20. (58)
n=Pm+#n
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Thus, by Egs. 57, 58 and 55, and the inequality |am,a,| < (|am[*+|an]?)/2,

N N 2 2
[R[(t)k(t)dt > Y dlg,P— 3 anl” +laml® e i (n2 4 m2) + Co(n? — m2)
n=P

m,n>P;m#n 2

N ) 1 N ) 1 N )
> YAl 530 Y JanP ~ 530 Y Ja]
n=P m=P n=P

N

> (1406) Y lan]?

n=P
Similarly,

/R]I(t)k(t)dt > (1+4) ivj b, [2.

n=P
To complete the proof, it suffices to show that

| [ 1@k < > laal? + o (59)

In fact, by Eq. 52, we have, for some v > 0,

]/[U(t)k(t)dﬂ < %

m,n=P

|a/n|2627rC’1n2 + |bm|2€27r01m2
2 — )t (m? + n?)?
(2-7)

Consider the term involving |a,|?. We have

N ’2627rC1n2 N
n

la |an
Z (2 — ) d2(m?2 + n2)? < Z L2 = ) Z (m2 + n2)?

m,n=P n=P m=P

‘2627r N 1

- i\f: 2|an|2627r
T T APt (2 — y)nd
N 2|an’2627r

< P S

S 2 e
N

< > aal
n=P

because P > 16 implies % < 1 provided 7 is small enough. The same

argument then shows that

N |bm|2627r01m2

N
< binl?.
2 50w e = 2

m,n=P
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The lemma now follows.
Corollary 3 Assume the hypotheses of the previous lemma. If

N
f(t) — Z ane—tn27r2r1 + bne—tn27r2r2
n=P

then there exists C' > 0 such that

T N
| 1@ Pd = O fanf + b

n=P

Proof: As in the proof of the previous corollary,

. N
/T [ft)Pdt = 2T/ | S (ane™ TRttt nd  (p, gmiminal/2) pmtn®ntrad 2 gy
0 TS =p

N
> 205 (lane TP b )
2 n=P
Toe ™2 X
> al? + 10,2
> — E;MI+|I

Finally, by a standard compactness argument, we have

Lemma 6 Let T, P be as in the previous lemma. If

P
f(t) — Z aneftn27r2r1 + bneftn27r2r2

n=1

then there exists C > 0 such that

T P
|1 OFd = C Sl + bl
n=1

5 Appendix

5.1 Proof of Lemma 1
Assume Eq. 7. Define

ﬂmozlliimmwwﬁw+%éﬁwyamm.
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Since J is coercive and strictly convex and continuous, there exists a unique
.. . _ * . . .
minimum zz. Setting z(t) = eT=94" 21 the associated Euler equation is :

0= 6, J(27) = /w /:0 R(Brw(t) B =(t))dtdr + R /0 0(0) - 5(0) dz. (60)

We now set f = B*z. Then by Eq. 2,

T rl T r1 _ ~ ~
/ /gjt~@:/ /Ag-w+owB*z-w
0 0 0 0

Integrating by parts, we get

1 T . —
/ G(T) - w(T) — §(0) - w(0) dx = // B 2Brw dt da.
0 w JO
Taking the real part of this equation and using Eq. 60, we get
1
afe/ G(T) - w(T) de = 0, Yu(T) € H.
0

It follows that §(T") = 0. Thus f = B*z is the control that sends 7(t) to rest.
Next, we estimate the norm of the control. By Egs. 60 and 7

/OT/Ol|B*z(t)|2dxdt — —?R/OIZ(O)-Q(O)dx
12(0) 1115(0)
(& [ [ 1B =) Pded) 2 0)

IN

IN

and hence S
VO([ [ 1B (0 Pded) ' < [150)]lu:
this is just a phrasing for Eq. 6

We now prove the converse. To this end, dot Eq. 2 by w, and integrate
by parts in ¢ and x to obtain

[a0-w) = - [ [ xBrow

L[
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Thanks to Eq. 6, we conclude

[ 50)- wl)| < //T|f5’*w!
< o[ 1B P0)n. ) €

Setting ¢(0) = w(0), Eq. 7 follows. This completes the proof of the lemma.

5.2 Proof of Theorem 2

We now prove that Eq. 17 implies Theorem 2.

The proof follows the argument appearing in [11], except that in their case
the limit problem remains parabolic, whereas in our case the limit problem
is hyperbolic.

In what follows, we will highlight the p-dependence of various objects
using the notation f,, fl;, etc.

Step 1 By Theorem, there exists C' > 0 independent of p such that

T
| InlRde < ¢, vp>o.
0

It follows that there exists a subsequence, which we again label f,, such that
fo—fo weakly in L*(w x (0,7)). The Euler equation implies that for any
fixed wr € H,

0= /w/:o R(Biw,(t) B2, (t) )dtda + 3%/01 w0, (0) - 5(0) dz.  (61)

Here w, solves Eq. 4. Now it is easy to verify, by studying the Fourier
coefficients, that for any fixed wr € L?*(0,1), B*wp—>B wo in L*((0,1) x
(0,7)) and w,(z,0)—w(x,0) in H. Here wy is a weak solution to (wy); +
Afwy = 0, wo(T) = wy in the sense that

//wo (—(0)i + Ap) =0,

Vo € (L2((0,7), H*(0,1) N Hy(0,1)) 0 H'((0,T), L*(0,1)))

x (L*((0,T), H*(0,1) M Hy (0, 1)) N H'((0,T), L*(0,1))),

32



such that ¢(0) = ¢(T") = 0. (62)
Thus, letting p—0 in Eq. 61,

0= / / R(Bgwo(t) fo)dtdz + §R wo ) - 9(0) du. (63)
=0

It follows that the limit function fy is a null control for the unperturbed
(p = 0) beam equation. To complete the proof of the Corollary, it suffices to
prove the following:

a) the limit fy is uniquely determined, ie. independent of choice of sub-
sequence,

b) the convergence f,— fy is strong.

Step 2 We begin by proving a convergence result for z, on (0,1) x (0,7).
Note that uniform observability inequality holds for any 7" > 0. In fact,
examination of the argument in Section 4 shows that for any 7 < T', we have
that for ¢ < 7 and for p < po(7),

T
leap((r — A, w4 < C(T )/ / |Breap(—tA," yw|?dzdt, Yw € H,
o (64
with C(T — 7)—o0 and pp—0 as 7—7. Fixing 7 for the moment, we
deduce that for t < 7, ||z,(¢)[|3 < C(T — 7) and hence the two compo-
nents of z, are each bounded in L*((0,7),L*(0,1)). Thus, passing to sub-
sequences, there exists ¢ such that z,—¢ weakly in L>((0,7), L*(0,1)) X
L>=((0,7),L*(0,1)). Since 7 < T is arbitrary, it follows that ¢ can be defined
to be in L2.((0,T), L*(0,1)) x L2.((0,T), L*(0,1)). Furthermore, ¢ satisfies

loc loc

/ / ¢ (Ao(@) — by)dtdz = 0,
Vo € (L*((0,7), H*(0,1) N Hy(0,1)) N H'((0,7), L*(0,1)))
x (L*((0,7), H*(0,1) N Hy(0,1)) N H'((0,7), L*(0,1))) ,

such that ¢(0) = ¢(7) = 0. (65)

It follows that ¢ = exp(—tA%)¢(0) for some ¢(0) € H. Since exp(—tA¥) is
unitary, it follows that ¢ € L*((0,7T), L*(0,1)). It then follows that ¢ =
exp((T — t)A%)¢p for some ¢p € H. Also, note that B*z, converges weakly
to B*(, hence

B*l|uxor) = fo- (66)
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Thus Eq. 63 can be rewritten

0= //t . <Bow0 OC) dtdm—I—?R/ wo(0) - (0) dz. (67)

Step 3
Define the functional J, : H—R by

o(wr) // 2| Biuw( |dtd:c+§re/

with w a weak solution to the adjoint equation as in Eq. 62,
We now recall the well known observability inequality for the unperturbed
beam equation:

@z
—~
()
N—
QL
R

~ T ~ ~
| exp(T Al < C [ [ 1B exp(T =) Ay ldedt,

with C a positive constant independent of w. It follows that .J, achieves a
unique minimum w = 1 which is characterized by the Euler Equation

0_// (%w BmdeMx+%Aﬁmngmwm, (68)

this holding for all w solution of Eq. 62. Comparing with Eq. 67, it follows
that ¢ = (. It now follows that the limit functions ( and f;, are independent
of the choice of subsequence.

Step 3 It remains to show that the convergence of f, to fy is strong. For
this, first we show that z,(x,0) converges weakly in H to ((z,0). To this
end, note first that by Eq. 7, z,(z,0) is bounded in H. Hence there exists
p(z) € H such that z,(x,0)—p weakly in H. Now let 7 € (0,T) and let
¢ € C((0,1) x (0,7)) x C*((0,1) x (0,7)) vanish on {x = 0}, {z = 1},
and {t = 7}. Dotting the equation (z,); + A;Zp =0 by ¢ and integrating by
parts, we obtain

/ / 2y - A,0) dxdt+/ 2,(x,0)p(z, 0)dz = 0.

Letting p—0, we obtain

//g %¢m&+/ o(z, 0)dz = 0. (69)
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Also, replacing ¢ and ( by their Fourier expansions and then integrating by
parts shows that

/ / ¢ (6 — Agd) dmdt+/ 2,0)0(z, 0)dz = 0. (70)

Comparing Eqgs. 69 and 70, we get that p(z) = ((z,0).
Step 4 Finally, by Eq. 63, we have

0— /w/:o £, Ptd + m/olzp(o) L §(0) da.

Thus we have

1
i (ol ey = R [ ) §(0)de
1
= R [ ((2,0) §(0)dx (71)
0
Also, by Egs. 67, 66, we have
T 1
[ [ foPdtdz = =% [ C(2,0) - 5(0) da (72)
w Jt=0 0
It follows immediately from Egs. 71, 72 that lim,—o || f, 172 x 0.7y = Hf0”%2(wx(0,T))~

Since f,— fo weakly in L*(w x (0,7)), this implies that f,— fo strongly in
the same topology.
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