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On Riesz Means of Eigenvalues

EVANS M. HARRELL II' AND LOTFI HERMI?

'School of Mathematics, Georgia Institute of Technology,
Atlanta, Georgia, USA

’Department of Mathematics, University of Arizona, Tucson,
Arizona, USA

In this article we prove the equivalence of certain inequalities for Riesz means
of eigenvalues of the Dirichlet Laplacian with a classical inequality of Kac.
Connections are made via integral transforms including those of Laplace, Legendre,
Weyl, and Mellin, and the Riemann—Liouville fractional transform. We also prove
new universal eigenvalue inequalities and monotonicity principles for Dirichlet
Laplacians as well as certain Schrodinger operators. At the heart of these
inequalities are calculations of commutators of operators, sum rules, and monotonic
properties of Riesz means. In the course of developing these inequalities we prove
new bounds for the partition function and the spectral zeta function (cf. Corollaries
3.5-3.7) and conjecture about additional bounds.

Keywords Berezin-Li-Yau inequalities; Eigenvalues; Laplacian; Universal
bounds.

Mathematics Subject Classification 35J10; 58J05.

1. Riesz Means, Counting Functions, and All That

Commutator identities introduced in [26] were used to derive universal inequalities
for eigenvalues of the Dirichlet Laplacian and Schrodinger operators with discrete
spectra. (See related work in [6, 7, 18, 24].) In [25] these ideas were connected
with difference and differential inequalities and used to obtain semiclassically sharp
spectral bounds. In the present article we put those notions together with some
transform techniques in order to connect together inequalities for spectra, which
have been derived by independent methods in the past. The essential point is that
these inequalities are equivalent under the application of integral transforms. Along
the way we obtain some improvements and conjecture about yet more inequalities.

For the most part we shall concentrate on the Dirichlet Laplacian, i.e., on the
fixed membrane problem on a bounded domain 0 C R¥,

Au+iu=0 inQ, (1.1)
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subject to a Dirichlet boundary condition u|,, = 0. The boundedness of ) serves
only to guarantee that the spectrum is purely discrete [14, 15]. With suitable
systematic changes it is sometimes possible to treat the Schrodinger operator,

—Au+ V(x)u=Au in Q, (1.2)

under circumstances where its spectrum is discrete and bounded from below.
Necessary and sufficient conditions for this are discussed in a recent article by
Simon [52].

Eigenvalues are counted with multiplicities and increasingly ordered:

<< <A <. — o0 (1.3)

The eigenvectors, known to form a complete orthonormal family of L*(Q), are
denoted by u, uy, ..., uy, ...
A central object is the Riesz mean of order p > 0. It is defined, for z > 0, by

R,(z) = Z(Z M)l

where (z — A), := max(0, z — 2) is the ramp function.

To avoid confusion, whenever dealing with the eigenvalues of the Schrodinger
operator, the eigenvalues will be listed as 4,(V) < 4,(V) < ..., while the Riesz mean
will be denoted by R,(z, V).

When p — 07, the Riesz mean reduces to the counting function

Nz) =) 1= sup k.

Iy <z Ak=2

Basic facts about Riesz means can be found in [11] and in some works related
to the Lieb-Thirring inequality (e.g., [28, 29, 32, 33]). A key property we will use
in this work, sometimes referred to as Riesz iteration or as the Aizenman-Lieb
procedure [2], is that for p, o > 0,

I(p+d+1)

Ryio(4) = T(p + DHI(5)

/ (= D7'R,($)dt. (1.4)
We observe that Riesz iteration is nothing but a Riemann-Liouville fractional
integral transform, the properties of which are tabulated in [19] and that (1.4) can
be proved with a straightforward application of the Fubini-Tonelli theorem to an
identity for the Euler Gamma and Beta functions [11, 33].

Estimates for these functions of the spectrum have been of interest for almost

a century, since the asymptotic formula of Weyl [5, 8, 33, 35, 36, 47, 55] for the
eigenvalues of the Laplacian,

C,| Q)

M@~ = Gy

=LY, |0z (1.5)

as z — oo. Here

Lil, = C,/@n)’ (1.6)



Downloaded by [University of Arizona] at 21:39 01 June 2015

Riesz Means of Eigenvalues 1523
is called the classical constant and C, is the volume of the d-ball,
C, =n"?/T(1+d)2).
Note that the Riesz iteration of (1.5) immediately gives the statement that
R,(2) ~ L Q2" as z — oo, (1.7)

where the classical constant is given by

e I'(1 + p)
Loa= (4n)2T(1 4+ p + d/2)° (18)

Furthermore, for p > 1, Berezin [9] proved that
R,(2) < L 101", (1.9)

Remark. In [42] (see also [39, 41]) Laptev and Weidl refer to this as the Berezin—Li—
Yau inequality. Indeed, in 1972 Berezin [9] proved a general version of (1.9) from
which a 1983 inequality of Li and Yau [44] follows as a corollary (see also [54]). In
terms of the counting function, the Berezin—Li—Yau inequality,

k d 4n2k1+2/d
> ——— 1.10
L4 2 T (e an (110
reads
d+2 d/2 .
N(z) < <T) Ly, 10z, (1.11)
Berezin’s version [39, 51] reads
Z
N(wydu < L{ 270 (1.12)
/o 1+4

This is just the statement (1.9) for p = 1, recalling that the left side is R,(z) and that
by (1.8),

1
L[ = — 1. 1.13
Ld 14 0.d (1.13)

Since N(z) is a nondecreasing function, for 6 > 0,

(1 + 0)1+d/2
1+ %0

1 ,0+0z 1 pQ+0)z
Niz) < — N(p)duy < — N(p)du <
(Z—Oz/z (”)”—oz/o (Wdp < z

Ly 9]z,

The Berezin-Li-Yau bound (1.11) follows by setting 6 =2/d. In a rather
straightforward way, the method of [39] and [51] for proving (1.11) yields a formula
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that interpolates between (1.11) (p = 0) and (1.9). Indeed, for 0 < p < 1, it follows
immediately that

R,(2) < K, L% ,|Q|27*2, (1.14)

where

1 1+ d/2)+dr Ly
( ) (1 4+ p) T2 - p) Lj,f’.
p.d

K =
T A=) (ot df2yrn

We also note that this inequality (1.14) has been superseded by the recent result
of Frank et al. [22] who, interpolating at the level of the integrands, proved that

R, (2) <K, 4L, |0 275, (1.15)
also for 0 < p < 1, where

,d =
P C(1—p,1+4d/2) Ly,

and
C(p,d)=d™p’(d - p)*"*.

Figure 1 depicts the constants in (1.11), (1.14), and (1.15) for d =3 and 0 <
p < 1. By developing ideas from [7, 26] it was proved in [25] that for p > 2,

2p _
Y= = Y= (1.16)
k k
d=3 -—— LapSaf
0.04 -
Classical
0.03 \\\ Riesz iteration

FLW1

0.02

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. Comparison of the constant in (1.14), (1.15), and the Riesz iteration of (1.11)
with the classical constant L;{ 4 for 0 < p <1 and d = 3. (Color figure available online.)
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thereby extending the “Yang-type inequality” [4, 56] (see also [6, 26, 43] and the
appendix to [12]), viz.,

Y= A)i = %Zik(z—im, (1.17)
k k

corresponding to p = 2. In Section 2.3 we shall show how the inequalities for p > 2
can be directly deduced from (1.17).

Another familiar function of the spectrum is the partition function (= trace of
the heat kernel) Z(r). We recall the asymptotic formula of Kac [36] for Z(¢):

— 2]
Z(1) == Al
(1):=2 e (4rr)dr2°

k=1

(1.18)

and observe that it can be proved with an application of the Laplace transform
L) = [} f(z)e~*dz to (1.5). In [35] Kac also used “the principle of not feeling
the boundary” to derive the inequality

< G (1.19)

nd Q
2=y en =
k=1
In [26] this was improved to the statement that t¥/>Z(t) is a nonincreasing function
that saturates when t — 0+.

The article is organized as follows. We first prove the equivalence of several
old and new inequalities for the spectrum of the Dirichlet Laplacian. Central to
our argument is a monotonicity principle proved in [25], to which we offer a new
path via integral transforms. We then use a sum rule in the style of Bethe [10, 34]
to recover bounds which compete with the Berezin-Li-Yau inequality (1.9), and
also with results recently proved in [25]. While (3.1) is immediate in light of earlier
work (see [21, 30]), (3.17), (3.18), (3.21), (4.2), (4.3), and (4.4) are to our knowledge
new. These inequalities fit the general set-up leading to (3.21) and (4.5) to which
we describe a natural path as well via integral transforms alternative to [16] (see
also [17]). The role of integral transforms is a central point of this article. We also
comment on some possible corrections to the Berezin-Li-Yau inequality and related
inequalities.

2. The Equivalence of Several Inequalities for Spectra

In this section we show that many universal and geometric bounds for spectra of
the Dirichlet Laplacian, which have been proved in the literature by independent
methods, may in fact be derived from one another by the application of the
Laplace transform and some classical inequalities. In particular, for p > 2, it will be
shown that the Kac inequality (1.19) and the Berezin-Li—Yau inequality (1.9) are
equivalent by the Laplace transform. These inequalities are seen to be corollaries of
the Riesz-mean inequalities of [25, 26], which in turn can all be derived from the
case p = 2, originating with Yang.
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Some of the equivalences shown in this section are summarized in the following
diagram:

Yang < Harrell-Stubbe, p > 2

4 a2
Kac <« Berezin-Li-Yau, p > 2.

2.1. Kac from Berezin-Li-Yau

For the pure Laplacian, with no added potential, we start by showing that the Kac
inequality (1.19) can be derived from the Berezin—Li-Yau inequality (1.9). Begin
with the observation that the Laplace transform yields

1 —Ix t
Wiy = D @1)

Applying this to (1.9) immediately leads to

I(p+1)

tp+1

. Tp+1+9)
Z(1) < Ly 4 || —————=,

rans
which upon simplification reads

29 < 19| L, Do +1+9)
Tt Lp+1)

Using the definition of L;l 4 1n (1.8) results in (1.19). Indeed it is only necessary
to have (1.9) for a single value of p.

We observe that the same argument relates the Kac-Ray inequality [35, 36, 48,
53],

1 —tV(x)
Z(l) < W./];{d e "Wy (22)

(also known in the literature as the Golden-Thompson inequality [16]) to the Lieb-
Thirring inequality [40, 41]

Ry() < Lty [ (= V(). 23)

for the Laplace transform of (2.3) yields (2.2). This works for any p for which the
sharp form (2.3) has been established.

2.2. Kac from Yang

Next we show how to obtain Kac’s inequality (1.19) directly from Yang’s inequality
(1.17) and the asymptotic formula (1.18). The link is a result of Harrell and
Stubbe [26]:

Theorem 2.1. The function t*> Z(t) is a nonincreasing function.
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Together with (1.18) in the form

12

i /2 —
A, A = Gy

(2.4)

this immediately implies and slightly improves Kac’s inequality. Here we observe
that Yang’s inequality (1.17) provides an alternative proof of Theorem 2.1: apply
the Laplace transform to both sides of (1.17), written now in the form

o] 4 o0 X X
> (z— ik)i = 7 Doz = )y,
k=1 k=1
and use (2.1) to obtain the differential inequality
2 !’
2(1) < =1 Z'(), (2.5)
or, after combining,

(t7*Z(1)) <O0.

2.3. Riesz-Mean Inequalities for p > 2 from Yang

In this section we show how to prove (1.16) directly from (1.17).

Theorem 2.2 ([26]). For p > 2 and 7 > 0,

R,(z) < HLQZR/FI(Z). (2.6)
2

Noting that (2.6) is equivalent to (1.16), we now provide an alternative proof
of (2.6) beginning with (1.17).

Proof. In order to use Riesz iteration we now rewrite (1.17) for 7 < z as
) 4 )
Ye—A—1] < 7 Doz = A —1),.
k k

Multiply both sides by *~3, and then integrate between 0 and co. There results

4 T(p+ DIQ)

p—1
4 TT) e

k

Y= A)h <
k
With I'(p + 1) = pI'(p), this simplifies to
p 2p p—1
Z(Z — )y = — Zik(z — Ay 2.7)
d
k k

which is the statement of Theorem 2.2. O
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It was shown in [25] that (2.7) is equivalent to the differential inequality

R,(2) < ZR (2), (2.8)

d
2
and hence to a monotonicity principle, viz.,
Theorem 2.3 ([25]). The function

R,(2)
9+

is a nondecreasing function of z, for p > 2.

Remark. In [7], it was proved that if y,,(p) is the unique solution of
2 \P 2p P 2 \p—1
Y (E—A)h= i D lz = )k
k k

for = )”m’ then ;"m+1 = Vm(p) Moreover )‘m+1 = ym(p) = ym(p,) for 2 = P = p,'
Given that the cases p > 2 of (2.6) follow from the case p = 2, it might be thought
that it is not sharp for large p. To the contrary, it was shown in [25] that (2.6) implies

strict bounds with the correct power corresponding to Weyl’s law. Indeed:
Theorem 2.4. The constant in inequality (2.6) for p > 2 cannot be improved.

Proof. The proof proceeds by contradiction. Suppose there exists a constant
C(p, d) < —£; such that

p+ %

Rp(z) S C(p’ d)Z Rpfl(z)' (29)
Dividing both sides by z#*7|€Q], then sending z — oo, leads to

L;l,d < C(p, d)L;l—l,w

However,
P I
de = p—1.d>
2 P +% o1,
and therefore C(p, d) > ﬂfr—’d This contradicts the assumption and proves the
2
claim. O

2.4. Berezin-Li-Yau from Harrell-Stubbe

At this stage we make the simple observation that for p > 2, the Berezin—Li-Yau
inequality (1.9) follows immediately from inequality (1.16) (or (2.6)) by virtue of the
monotonicity principle of Theorem 2.3 and the asymptotic formula (1.7).
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2.5. Riesz-Mean Inequalities for p <2 from Yang
In [25] the difference inequality

Y=k = % Sz =)t (2.10)
k k

for 1 < p <2 was obtained from first principles and used to prove Weyl-type
universal bounds for ratios of averages of eigenvalues. Eq. (2.10) implies a
differential inequality and monotonicity principle similar to Theorem 2.3, but as an
alternative we show how to obtain (2.10) using the “Weighted Reverse Chebyshev
Inequality” (see, for example, p. 43 of [7, 23]):

Lemma 2.5. Let {a;} and {b;} be two real sequences, one of which is nondecreasing
and the other nonincreasing, and let {w;} be a sequence of nonnegative weights. Then,

m

> w Zu)ab <Zw,a,2wb (2.11)

i=1 i=1

Making the choices w; = (z — 4,)%, a; ,and b; = (z — A)2 7" with p, <

(2/)

, < 2, the conditions of the lemma are satlsﬁed and we get

PUCEAUD B CEN N D= A2 25 A,

k k k

which is equivalent to

Zk(z - )°k)/4)—l < Zk(z - ik)‘f
Yz — ;Lk)il_l o B Yz — /Afk)iz_l o

To obtain inequality (2.10), now set p, = p and p, =2 in the above and use
inequality (1.17) to estimate the right side. We observe that inequality (2.10) not
only implies familiar results for p = 1 and p = 0 (the Hile-Protter inequality [31]),
but also hitherto unexplored inequalities for p < 0.

(2.12)

2.6. Berezin-Li-Yau from Kac, for p > 2

We showed above how to obtain Kac’s inequality (1.19) from (1.9). In this
section, we show the reverse, and thus the full equivalence of the two statements.
Throughout this section we assume p > 2.

As a result of the Monotonicity Theorem 2.3, for z > z,,

z p+d/2
R,(2) = Rp(zO)<%) . (2.13)
With = —z,+2z >0,
[tz p+d)2
R,(u+2z) = Rp(zo)( . °> . (2.14)
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The Laplace transform of a shifted function is given by the formula (see p. 3 of [50])
20t “ —1,
stet o) = (200 - [ e ).

We apply the Laplace transform to (2.14), noting that for the left side,

) I 1 (z0—=7)
D+ 20— 4)) = e(zo—ﬁkm(M _ / S e—wdu), (2.15)
0

tﬂ+l

whereas for the right,

tp+1+d/2

I 1+4d/2 Z
ot ) = ot (FELEID - [T emetay). @19
0
We note the appearance of the incomplete Gamma function (see [1, p. 260])

y(a, x) = / e tudu.
0

Putting these facts together, we are led to

P+l o+l

3" ol {F(p +1 e+ 1 (20 = A)it) }

R,(zo) o Np+1+4d/2) y(p+1+4+4d/2,z1)

- Zg+af/2 { tp+1+d/2 tp+1+d/2 } :

We now notice that
Z e(zo_)'k)+r < edo! Z e_;“kt = ¢! Z(t) (217)
k k=1

Therefore, after a little simplification,

I(p+1)
T(p+1+d/2)

t27(1) > R, + %R(1), (2.18)
Z

p+d/2
0

where the remainder term () has the explicit form

142

(1) = €Y e (p 1, (2 = ) )

Tp+1+4d)2) -

td/z R{)(ZO)
Dlp+1+d/2) ™7

v(p+1+d/2, 20 0).

Notice that lim,_, %(f) = 0. Sending + — 0 in (2.18) and again incorporating (2.4)
leads to

T(p+1) Q> R, (20)
@m)PT(p+1+d/2) = g+

(2.19)
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We finish by observing that the constant on the left side of (2.19) is the classical
constant L;{ , from (1.8). Hence Berezin-Li-Yau follows for p > 2, as claimed.
In summary, when p > 2 the Berezin—Li-Yau inequality is equivalent to the Kac
inequality.

2.7. Extension to Schrodinger Spectra

We remark in this section on some extensions to the case of Schrodinger operators.
If the potential function V(x) # 0, then according to [26, Eq. (12)], (1.17) can be
written as

S AW = 5 ST G AW (2.20)
where
Tyi= [ Vi = 2(V) = [ V@l = 40 = Vi 21)

As was remarked in [26], T, is often bounded above by a multiple of
A(V) under general assumptions on V, for example those that guarantee a virial
inequality. Another circumstance in which such a bound is possible is when the
negative part of V is relatively bounded by the Laplacian [15, 37, 49], whether
in the sense of operators or of quadratic forms. As an example, according to
the Gagliardo—Nirenberg inequality (e.g., [3]), there is a dimension-dependent
constant Ky 4, d > 3, such that if V_ := max(0, —V(x)) € LY, then [, V_(x)|u,|* <
KgnallV-ll4» Ty- Under these circumstances,

T < W)+ [ VoWl < 40 + KanalV- ]l T

If, moreover, [|[V_||,» < 1/Ksy 4, then it follows that

: (V).

T, < Ak
1= KonallV-llap2

In [3], the constant K, , is given in the explicit form

o _ -1y
N (d—2)2d’

thus restricting the dimension to d > 3.

Because there are many such circumstances, we simply state here:
Assumption 3. There exists 0 < oo such that 7, < ¢ /,(V) for all k.

The bounds shown above can be systematically reproved for Schrédinger
operators under this assumption with minor changes. We collect here without proof
some of the results:

Theorem 2.6. Assume that H = —A + V(x) is essentially self-adjoint on C.(Q); has
purely discrete spectrum with 1,(V) > —oo; and satisfies Assumption 2. Then
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a) (Riesz means, p > 2) For p > 2 and 7z > 0,

p

R, (z,V) < —zR, (2, V), (2.22)
P+t
and consequently the function
R,(z,
s (2 dV)
7Pt

is a nondecreasing function of z.
b) (Riesz means, p <2) For 1 < p <2 and 7 >0,

R,(z,V) < TR, (2, V), (2.23)
1+
and consequently the function
R,(z, V)
< = dp
Pt

is a nondecreasing function of z.

3. Lower Bounds for Riesz Means, Zeta Functions, and Partition Functions

In this section, we obtain lower bounds on R,(z), which for some parameter values
improve the lower bounds obtained in [25]. As corollaries we get lower bounds on
spectral zeta function

Copec(p) = i

k=1

bl

N
== =

and on the partition function Z(¢).

Theorem 3.1. For p > 1

TA+ )T +d/2)

— _ p+d/2
R,(z) = H; T+ p £ d)2) A (=AY (3.1

Here

_ 2d
j§/2—1,115/2(jd/271,1)

(3.2)

d

is a universal constant which depends on the dimension d, while J,(x) and j, ,
denote, respectively, the Bessel function of order n, and the pth zero of this function
(see [1]). The case p =1 of (3.1) has been proved in [30] using the Rayleigh—
Ritz method, and in [51] Safarov derived similar lower bounds, with a lower
constant (see also [38]). Yet another independent proof and generalization appeared
in [21], in the spirit of [39]. We shall obtain some improvement by use of Riesz
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iteration and Chiti’s isoperimetric lemma [13]. Note that Ineq. (3.1) is valid for both
the eigenvalues of the Dirichlet-Laplacian and the class of Schrodinger operators
treated in [21]. (See also the recent paper [20], where the generalization of this
theorem for the class of operators treated in [21] appears). We emphasize one of the
purposes of this paper is to obtain, via simple transform techniques, results hitherto
obtainable by independent methods, and show how to use them to conjecture new
ones as well as prove very general results similar to those in [16]. The starting point
is the Bethe sum rule [10] as it appears in [43]:

(= 2p)lag O = (&P, (33)

k

where
a (&) = /Q ueue™cdx, (3.4)

and ¢ € R
The Bethe sum rule provides an elementary proof of a lemma of Laptev [39]:

Theorem 3.2 (Laptev [39]).

Z(Z - ’11‘)+ z LT{d l~41_2 (z—4 l++d/2~ (3.5)
J

where it, = ess suplu,| and L{', is given in (1.6).

Remarks. Laptev’s form of the inequality reads

S, 2 g Ll e = i (3.6)
J 2

which is equivalent by dint of (1.13).
Proof. In (3.3), choose j =1, to get

Z(}*k - )~1)|01k(5)|2 = |f|2'

Let z > 4,. One can always find an integer N such that
Iy <2 = Aygas

allowing the sum to be split as Y, = Y0, + Yy, We can replace each term in
i (o) by

(z = )lay ()P

Hence

Sy — i)l + (z - zl)(l -y |a1k<¢)|2) <l (3.7)

k=1
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Here we have exploited the completeness of the orthonormal family {u,} |, noting

that
Z |a1k(€)|2 = |’/‘1eix'5|2 =1
k=1 /9

Therefore

% lan@F =1- LlayOF

k=N+1

These identities reduce (3.7) to

(2= A1)y < IEP 420z = A lan ().
k

(3.8)

(The statement is true by default for z < 4,.) One then integrates over a ball B, C R?

of radius r. To simplify the notation we use
|B,| = volume of B, = C, r’,
and

d
L(B,) = 2dE = ——C,r't.
»(B,) ‘/Br|f| ¢ d12 al
Inequality (3.8) reduces to

IZ(B/‘)
|B, |

Sy la (e

— ) <
G B,

+> (2= 2y
x

By the Plancherel-Parseval identity,

1

i, lan@Pde = [ Pl Pax

< ess sup|u1|2/ u, (x)|*dx
o

= ess sup|u, |*.

Incorporating (3.11) into (3.9) and simplifying the expression leads to

. d
Zk:(z_/,{k)+ > ”12L0{d rd |:(Z _)u1)+ — d—+2r2] .

Optimizing over r results in the statement of the theorem.

(3.9)

(3.10)

(3.11)

(3.12)

O

As an immediate consequence of Theorem 3.2 and Riesz iteration, we have the

following.
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Corollary 3.3. Forp>1

Y= At = LY (2 — ) (3.13)
k

We also have the following universal lower bound.

Corollary 3.4.

2 _
e =) = 5 Hy T @ = ) (3.14)
k

Proof. This corollary is evident using the isoperimetric inequality of Chiti [13, 30],

)q d/4 21-d/2
ess sup|u,| < (—) - - . (3.15)
: n F(d/2)1/2]d/2—l,lJd/2(]d/2—1,1)

With the way H, and L{/, are defined in (3.2) and (1.6), we prefer to put this
inequality in the form

i} < H,Ly 2,7 (3.16)
Substituting (3.16) into (3.6) leads to (3.14). |
As a corollary, we have the following lower bound for Z(¢).
Corollary 3.5. Fort >0

T(1+dj2) e
Z .
Oz =g "

(3.17)

Proof. We reason as in the derivation of Kac’s ineq. (1.19) from Berezin-Li-Yau
(1.9). Apply the Laplace transform to (3.1) to obtain

I'(1 + p)

Z(0) > H 5 1+ p)I'(1+d/2) I(1 + p+d/2) —
11+r - e (1 +p+d/2) tiHo+d/2
Simplifying results in the statement of the corollary. |

An immediate consequence of this corollary is the following universal lower
bound for the zeta function in terms of the fundamental eigenvalue.

Corollary 3.6. For p > d/2

I'l+d/2) T'(p —d/2) i
H, I'(p) ;“Flj-

Copec(P) = (3.18)
Proof. This corollary is evident by applying the Mellin transform

Cs‘pec(p) = ﬁ _/(;oo tp_lz(t)dt
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correction for small p

‘l
2.0 » l —_— natural bound
\

[ \
15+ \
1.0 \\

\,

[ N\
0.5F \'\

+ \HHH

. 4:5 . I I I 5..0 . I I 55 I __:D

Figure 2.  Universal lower bound estimate for 1{ {,,,.(p) from (3.18) as a function of p, for
d = 8. (Color figure available online.)

to the statement (3.17) and observing that the definition of the I" function leads to

1

1 * —At .p—1
— = = e P dt.
A I(p) /0 O

We also note that it is not hard to prove that there exists a threshold value
po > d/2 beyond which the estimate in (3.18) becomes weak (in comparison with
the natural bound obtained by dropping all the terms in the definition of {,..(p)
except for 1/47). This is illustrated in Figure 2.

Inequality (3.17) lends itself to a generalization in the spirit of Dolbeault et al.
[16]. We first adopt its setting. For a nonnegative function f on R, such that

[ o0+ <o
0 t

define
° dt
F(s) == [0 O (3.19)
and let
G(s) = Wy {F(2)}(s), (3.20)
where

BRI = s [ Fo =9 s
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denotes the Weyl transform of order u of the function F(z). From the tables in [19],
one notes that

—st

66 = [ i

t

In fact, in analogy to what is shown in [16], (3.18) is a particular case of the
following.

Corollary 3.7. For F(s) and G(s) as defined above,

I +d/2)

d

G (A). (3.21)

ZF( )=

The proof of (3.21) is immediate: scale (3.17) by f(¢)/¢ then integrate from 0
to oo. The counterpart to this inequality for Schrodinger operators has already been
treated in [16].

Remarks.

(i) When F(s) = s, G(s) = F(l’f(—;)%) s%2=7_ Thus (3.18) is a particular case of (3.21).

(i) The choice f(f) = ad(t —a), for a >0, leads to F(s) = e * and G(s) =
e~%/a??. One can then perceive that (3.17) is a particular case of (3.21) as well.
Thus (3.17) and (3.21) are equivalent.

4. Remarks on the Work of Melas and Some Conjectures
In [45] Melas proved the following inequality.

k 24 142/d
S, = d 4nk M, Q| r
= d+2(Glap¥ 1)

i=1

(4.1)

Here 1(Q) is the “second moment” of (), while M, is a constant that depends on the
dimension d. Melas introduced the inequality as a correction to the Berezin—Li—Yau
inequality (1.10).

Applying the Legendre transform A[f](w) := sup,{wz — f(2)} (see [25, 33, 41,
42]) to (4.1), one immediately obtains

R = L0l (- M) @2)

for p > 1. Applying the Laplace transform to (4.2) leads to the following correction
of Kac’s inequality

S e < (4“3)'0,/2 iy 4.3)
T

i=1
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Finally, applying the Mellin transform to (4.3) leads to the following

1 T(p—4d/2) Q| (M 12 )2 (4.4)

Sreel8) = Gy ) I(@)

Furthermore, reasoning as in Section 3, these inequalities are particular cases of the
following general theorem.

Theorem 4.1. For F(s) and G(s) as defined by (3.19) and (3.20), one has

> 1
> 1) = e 1916 (Mg ) @3)

We conjecture that a further improvement is possible, viz.,

ZF(A)_ an )d/z Q] Gl (4.6)

for the eigenvalues of the Dlrlchlet Laplacian, and that this is sharp. In this case,
- in (4.6) replaces Md 1(0 in (4.5).

Buttressing this conjecture is a related one for the spectral zeta function of the
Dirichlet Laplacian:

\9\2/

Conjecture 4.2. For p > d/2,

I(p —d/2) |QP"
Mp)  (@m)i?

Cpec(p) < 4.7

The conjectured universal constant

1 T(p—d)2)
@72~ T(p)

C(y) =

appearing in this inequality is exactly that of the corresponding Schrodinger case
in [16]. Statements (4.6) and (4.7) would be immediate consequences, using integral
transforms, of the following conjectured improvement to the Kac’s inequality:

d Q]
; (4nt)d/z e 1. (4.8)

We point out that Conjecture 4.2 is consistent with the Rayleigh-Faber—Krahn
inequality

2/d 2
1> C, Jap-1,1
= EE

(as when one combines (3.18) and (4.7)). Furthermore, as a result of (1.10),

d  Ank
ﬂvk 2 AT A~ I IN g0
d+2(C QN
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and therefore

Cvpec(p) = (%) C((427€2/)Lj) (Cd |Q|)2P/d.

If, as in the case of tiling domains, the Pélya conjecture [46]

L
£ 2 omTa
(Calane

1s true, then

_ (o)

— (47‘[2)/) (Cd |Q|)2P/d'

Cspec (,0)

1539

(4.9)

(4.10)

In both expressions above { denotes the usual expression for the Euler zeta

function, i.e.,

{p) = i%

k=1

The bounds resulting from (4.7), (4.9), and (4.10), for |Q|/*( . (p) are
plotted in Figure 3. It is clear that there is a threshold value p, beyond which the
conjectured bound (4.7) cannot improve on Berezin—Li—Yau (4.9). We expect that it

should be possible to prove

(Cp/d) s~ L Tp—d/2) _ (d - 2)p (2p/d)
@n2y

@n2y 1 T @md Tp) T\ d

Already Fig. 3 gives credence to this statement and Conjecture 4.2.

d=2

Figure 3. Upper bound estimate for |Q|=2/4(
function of p, for d = 2. (Color figure available online.)

Polya
Conjecture
Li—Yau
—— ——
- —— — e —
2.5 3.0 35

(p) from (4.7), (4.9), and (4.10), as a



Downloaded by [University of Arizona] at 21:39 01 June 2015

1540 Harrell and Hermi

Acknowledgments

Our collaboration was initiated during the “Low Eigenvalues of Laplace and
Schrodinger Operators” workshop held at the American Institute of Mathematics,
Palo Alto (May 2006). The support of AIM is gratefully acknowledged. The second
author would like to thank the Georgia Tech School of Mathematics for their
hospitality and support during his Fall 2006 visit. We also wish to thank Michael
Loss and Joachim Stubbe for remarks and fruitful discussions, as well as the referee
for some helpful comments.

We would like to thank Rupert L. Frank for pointing out inequality (1.15) from
the manuscript [22] and the lemmas leading to it. This is the best result to date
for Riesz means for 0 < p < 1. We also point out that (3.1) appears in the more
recent manuscript [20] in the more general context of the Laplacian with a magnetic
potential. Our method both generalizes this inequality and provides an independent
proof emphasizing Bethe sum rules (see also the equally recent manuscript [27]
which provides an even more general framework).

References

[1] Abramowitz, M., Stegun, L.A. (1964). Handbook of Mathematical Functions,
National Bureau of Standards Applied Mathematics Series, Vol. 55.
Washington, DC: U.S. Government Printing Office.

[2] Aizenman, M., Lieb, E.H. (1978). On semi-classical bounds for eigenvalues of
Schrodinger operators. Phys. Lett. 66A:427-429.

[3] Allegretto, W. (1979). Lower bounds on the number of points in the lower
spectrum of elliptic operators. Can. J. Math. 31:419-426.

[4] Ashbaugh, M.S. (2002). The universal eigenvalue bounds of Payne-Pdlya-
Weinberger, Hile-Protter, and H. C. Yang. Proc. Indian Acad. Sci. Math. Sci.
112:3-30.

[5] Ashbaugh, M.S., Benguria, R.D. (1994). Isoperimetric inequalities for
eigenvalue ratios. In: Alvino, A., Fabes, E., Talenti, G., eds. Partial Differential
Equations of Elliptic Type, Cortona, 1992. Symposia Mathematica, Vol. 35.
Cambridge: Cambridge University Press, pp. 1-36.

[6] Ashbaugh, M.S., Hermi, L. (2004). A unified approach to universal inequalities
for eigenvalues of elliptic operators. Pacific J. Math. 217:201-220.

[7] Ashbaugh, M.S., Hermi, L. On Harrell-Stubbe type inequalities for the discrete
spectrum of a self-adjoint operator. Submitted.

[8] Baltes, H., Hilf, E.R. (1976). Spectra of Finite Systems. A Review of Weyl’s
Problem: The Eigenvalue Distribution of the Wave Equation for Finite Domains
And Its Applications on the Physics of Small Systems. Mannheim-Vienna-Zurich:
Bibliographisches Institut.

[9] Berezin, F. (1972). Convariant and contravariant symbols of operators. Izv.
Akad. Nauk SSSR 37:1134-1167 (in Russian); English translation in Math. USSR-
Izv. 6:1117-1151.

[10] Bethe, H.A., Jackiw, R.W. (1968). Intermediate Quantum Mechanics. 2nd ed.
New York: W. A. Benjamin.

[11] Chandrasekharan, K., Minakshisundaram, S. (1952). Typical Means. London:
Oxford University Press.

[12] Cheng, Q.M., Yang, H.C. (2007). Bounds on eigenvalues of Dirichlet
Laplacian. Math. Ann. 337:159-175.



Downloaded by [University of Arizona] at 21:39 01 June 2015

Riesz Means of Eigenvalues 1541

[13] Chiti, G. (1982). An isoperimetric inequality for the eigenfunctions of linear
second order elliptic operators. Boll. Un. Mat. Ital. (6) 1-A:145-151.

[14] Davies, E.B. (1989). Heat Kernels and Spectral Theory. Cambridge Tracts in
Mathematics, Vol. 92. Cambridge: Cambridge University Press.

[15] Davies, E.B. (1995). Spectral Theory and Differential Operators. Cambridge
Studies in Advanced Mathematics, Vol. 42. Cambridge: Cambridge University
Press.

[16] Dolbeault, J., Felmer, P., Loss, M., Paturel, E. (2006). Lieb-Thirring type
inequalities and Gagliardo-Nirenberg inequalities for systems. J. Funct. Anal.
238:193-220.

[17] Dolbeault, J., Felmer, P., Mayorga-Zambrano, J. (2008). Compactness
properties for trace-class operators and applications to quantum mechanics.
Monatsh. Math. 155:43-66.

[18] El Soufi, A., Harrell, E.M., Ilias, S. (2009). Universal inequalities for the
eigenvalues of Laplace and Schrodinger operators on submanifolds. Trans.
Amer. Math. Soc. 361:2237-2350.

[19] Erdélyi, A. (1954). Tables of Integral Transforms. Vol. 2. New York: McGraw-
Hill.

[20] Frank, R. (2009). Remarks on eigenvalue estimates and semigroup domination.
Preprint 2009.

[21] Frank, R., Laptev, A., Molchanov, S. (2008). Some eigenvalue inequalities
for Schrodinger operators with positive potentials. Proc. Amer. Math. Soc.
136:4245-4255.

[22] Frank, R., Laptev, A., Weidl, T. (2009). Pélya’s conjecture in the presence of a
constant magnetic field. J. Eur. Math. Soc. 11:1365-1383.

[23] Hardy, G.H., Littlewood, J.E., Pdlya, G. (1952). Inequalities. 2nd ed.
Cambridge: Cambridge University Press.

[24] Harrell, E.M. (2007). Commutators, eigenvalue gaps, and mean curvature in
the theory of Schrodinger operators. Comm. Part. Diff. Egs. 32:401-413.

[25] Harrell, E.M., Hermi, L. (2008). Differential inequalities for Riesz means and
Weyl-type bounds for eigenvalues. J. Funct. Anal. 254:3173-3191.

[26] Harrell, E.M., Stubbe, J. (1997). On trace identities and universal eigenvalue
estimates for some partial differential operators. Trans. Amer. Math. Soc.
349:1797-1809.

[27] Harrell, E.M., Stubbe, J. Trace identities for commutators, with applications to
the distribution of eigenvalues. To appear in Trans. Amer. Math. Soc.

[28] Helffer, B., Robert, D. (1990). Riesz means of bound states and semiclassical
limit connected with a Lieb-Thirring’s conjecture. Asymptotic Anal. 3:91-103.

[29] Helffer, B., Robert, D. (1990). Riesz means of bounded states and semi-classical
limit connected with a Lieb-Thirring conjecture, I1. Ann. Inst. H. Poincaré Phys.
Théor. 53:139-147.

[30] Hermi, L. (2008). Two new Weyl-type bounds for the Dirichlet Laplacian.
Trans. Amer. Math. Soc. 360:1539-1558.

[31] Hile, G.N., Protter, M.H. (1980). Inequalities for eigenvalues of the Laplacian.
Indiana Univ. Math. J. 29:523-538.

[32] Hundertmark, D. (2002). On the number of bound states for Schrédinger
operators with operator-valued potentials. Arkiv for Matematik 40:73-87.

[33] Hundertmark, D. (2007). Some bound state problems in Quantum Mechanics.
In: Gesztesy, F., ed. Spectral Theory and Mathematical Physics: A Festschrift



Downloaded by [University of Arizona] at 21:39 01 June 2015

1542 Harrell and Hermi

in Honor of Barry Simon’s 60th Birthday. Proceedings of Symposia in Pure
Mathematics, Vol. 76, Part 1. Providence, RI: American Mathematical Society,
pp- 463-496.

[34] Jackiw, R. (1967). Quantum mechanical sum rules. Phys. Rev. 157:1220-1225.

[35] Kac, M. (1951). On some connections between probability theory and
differential and integral equations. In: Neyman, J., ed. Proceedings of the Second
Berkeley Symposium on Mathematical Statistics and Probability, 1950. Berkeley
and Los Angeles: University of California Press, pp. 189-215.

[36] Kac, M. (1966). Can one hear the shape of a drum? Amer. Math. Monthly
73:1-23.

[37] Kato, T. (1966). Perturbation Theory for Linear Operators. Grundlehren der
Mathematischen Wissenchaften. Vol. 132. New York: Springer-Verlag.

[38] Kroger, P. (1992). Upper bounds for the Neumann eigenvalues on a bounded
domain in Euclidean space. J. Funct. Anal. 106:353-357.

[39] Laptev, A. (1997). Dirichlet and Neumann eigenvalue problems on domains in
Euclidean spaces. J. Funct. Anal. 151:531-545.

[40] Laptev, A. (1999). On the Lieb-Thirring conjecture for a class of potentials.
In: Rossmann, J., Taka¢, P., Wildenhain, G., eds. The Maz'ya Anniversary
Collection, Vol. 2 (Rostock, 1998). Operator Theory and Advances and
Applications, Vol. 110. Basel: Birkhéuser, pp. 227-234.

[41] Laptev, A., Weidl, T. (2000). Sharp Lieb-Thirring inequalities in high
dimensions. Acta Math. 184:87-111.

[42] Laptev, A., Weidl, T. (2000). Recent results on Lieb-Thirring inequalities.
Journées “Equations aux Dérivées Partielles” (La Chapelle sur Erdre, 2000), Exp.
No. XX. Nantes, France: University of Nantes.

[43] Levitin, M., Parnovski, L. (2002). Commutators, spectral trace identities, and
universal estimates for eigenvalues. J. Funct. Anal. 192:425-445.

[44] Li, P., Yau, S.-T. (1983). On the Schrodinger equation and the eigenvalue
problem. Comm. Math. Phys. 88:309-318.

[45] Melas, A.D. (2003). A lower bound for sums of eigenvalues of the Laplacian.
Proc. Amer. Math. Soc. 131:631-636.

[46] Pélya, G. (1961). On the eigenvalues of vibrating membranes. Proc. London
Math. Soc. 11:419-433.

[47] Protter, M.H. (1987). Can one hear the shape of a drum? revisited. SIAM Rev.
29:185-197.

[48] Ray, D. (1954). On spectra of second-order differential operators. Trans. Amer.
Math. Soc. 77:299-321.

[49] Reed, M., Simon, B. (1975). Methods of Modern Mathematical Physics, Il. Fourier
Analysis, Self-Adjointness. New York: Academic Press.

[50] Roberts, G.E., Kaufman, H. (1966). Table of Laplace Transforms. Philadelphia:
W. B. Saunders Company.

[51] Safarov, Y. (1999). Lower bounds for the generalized counting function.
In: Rossmann, J., Takal, P., Wildenhain, G., eds. The Maz’ya Anniversary
Collection, Vol. 2 (Rostock, 1998). Operator Theory and Advances and
Applications, Vol. 110. Basel: Birkhiduser, pp. 275-293.

[52] Simon, B. (2009). Schréodinger operators with purely discrete spectrum. Methods
Funct. Anal. Topology 15:61-66.

[53] Van den Berg, M. (1981). Bounds on Green’s functions of second-order
differential equations. J. Math. Phys. 22:2452-2455.



Downloaded by [University of Arizona] at 21:39 01 June 2015

Riesz Means of Eigenvalues 1543

[54] Weidl, T. Improved Berezin—Li-Yau inequalities with a remainder term.
In: Spectral Theory of Differential Operators, American Mathematical Society
Translations, Series 2, Vol. 225. Providence, RI: AMS, pp. 253-263.

[55] Weyl, H. (1911). Das asymptotische Verteilungsgesetz der Eigenwerte linearer
partieller Differentialgleichungen [The asymptotic distribution law of the
eigenvalues of linear partial differential equations]. Math. Ann. 71:441-479.

[56] Yang, H.C. (1995). Estimates of the difference between consecutive eigenvalues.
(Revision of International Centre for Theoretical Physics preprint 1C/91/60,
Trieste, Italy, April 1991).



