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In this article we prove the existence, uniqueness, and simplicity of a negative
eigenvalue for a class of integral operators whose kernel is of the form |z — y|?,
0< p<1,=z,y€ [—a,a]. We also provide two different ways of producing recursive
formulas for the Rayleigh functions (i.e., recursion formulas for power sums) of the
eigenvalues of this integral operator when p = 1, providing means of approximating
this negative eigenvalue. These methods offer recursive procedures for dealing with
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emerged in recent work by one of the authors [48]. We also discuss extensions in
higher dimensions and links with distance matrices.
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1. Introduction

There has been renewed interest, motivated by applications in statistics, machine learning, and mathe-
matical physics, in the spectral properties of integral operators [5,7-9,12,13,16,25,48]. These operators are
usually defined in terms of symmetric distance-like kernels where the focus has recently shifted to questions
about spectral embedding, and on establishing connections between empirical operators and their continuous
counterparts [47], specifically in the context of manifold learning, with recent activities [6,8,9,13] reviving
the theories developed by Schoenberg in the 1930s [49-51], or borrowing techniques from the discrete setting
to approximate eigenvalues and eigenfunctions for the continuous counterpart [7,13,46]. As a prototype of
such integral operators, we consider

Hpad @)= C, [ lo = ) dy (1)
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where a > 0 and

_ L'(=p) _ -1
C=7 (52) r(3%2)  20(1+ p)sin 3f <0 @)

for0 < p<1,Cy =lim,,; C, =—-1/2.
The constant C), is motivated by the decomposition of |z —y|?, due to Pdlya—Szegé [42], who proved that
for -1 <z,y<1,-1<p<l,withz#y, p#0,

e DEATA=8) (20 pig) 0 p(-4)
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(see Eq. (14) of [42], and the comments on p. 29 just before Eq. (18), beginning “Die Entwicklung (14)
...”"). They also established the identity
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Here PT(LV)(I‘) denotes the ultraspherical (or Gegenbauer) polynomials. In this article we use the classical
notation for Gegenbauer polynomials rather than the more modern C,(LV)(JU) found in e.g., [1, Chap. 22| and
[40, Chap. 18]. We also note that the basic properties of the Euler I' function were used to convert the
leading constant in (3) into that in (2). Our choice of C), is tightly connected with (4). For later purposes,
we let
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for0 < p<1.

In this article we give a direct proof of the existence of a negative eigenvalue for the operator (1), then
prove recursion formulas for power sums for its eigenvalues when p = 1. These power sums provide a means
of approximating this unique negative eigenvalue. This problem has arisen in recent work by one of us [48]
who developed the theory and applications of an integral operator commuting with the Laplacian defined on
a general domain Q C R?, d > 1, satisfying rather interesting non-local boundary condition. In particular,
for d = 1, as Section 4 reviews this case in detail, the integral operator .7 1/, defined in (1) was shown
to commute with the second order differential operator f% with non-local boundary condition. In this
article, we focus on the analysis of the spectra of 7, , for 0 < p < 1 despite the fact that JZ, , with p # 1
does not commute with such a simple 2nd order differential operator and that (3) is also valid for —1 < p < 0
(see Remark 2.5). The problem is certainly classical, but the results are new. We also show that techniques
for the continuous case can be borrowed to provide new proofs for the discrete setting of distance matrices
described in [8,9].

We let L?[—a, a] be the space of square integrable functions on the interval [—a, a]. We are interested in
the following eigenvalue problem

Hp.af (x) = p f(x). (6)
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That %, , has a discrete spectrum {u;, }72  is clear from the symmetry of the kernel and a simple compact-
ness argument; viz. by the Cauchy—Schwarz inequality

a 1/2

|ty f (@) < |Cy| sup / w—yPedy | Ifl (7)

z€[—a,al
—a

" 1/2 -
where || f]|2 = (f_a 2 (x) dx) . We are specifically interested in closed form formulas for >~  pu?, p € N.

These are sometimes called Rayleigh functions corresponding to the eigenvalue problem (6). It is well-known
that

P= | Kp(z,z)dx 8
> / (z,2) (®)

where K, (x,y) denotes the p-th iterated integral of K (z,y) := Cp|z —y|” defined recursively by Ki(z,y) =

Ky (2,) = / Ky, 2) K(zy)dz p=1,2,....
—a

The first couple of terms of (8) can be directly inferred from the iteration process. For instance

and,

iﬂi _ /KQ(IE,I’) dz = (C,)° (2a)20+0) 10)
n=0 “a (

1+2p) (1+p)

We will show the existence of a unique negative eigenvalue g < 0 (the rest of the spectrum is positive and
accumulating at zero). In fact, combining (10), (19), and (24) below, with A\g := 1/ug, this article shows
that

(1+p)(1+2p)
(2a)'*0 C,

(1+p)(2+p)

A
2@a)itrc, ~0°

(11)
When p =1 and a = 1/2, this gives the explicit two-sided bound

—6 < Ao < —V24 ~ —4.898979.

In fact, one can use ideas that date back to Waring (1776), Dandelin (1826), Lobatschevsky (1834), in
addition to Euler, Rayleigh, Graeffe, and Watson (see [60, Sec. 15.5]) to improve these bounds to

—5.75691539 < A\g < —5.75691534
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by exploiting explicit recursion formulas for A, := Y">° / u2. By virtue of (9), it is clear that A; = 0. This
paper develops the explicit recursive formula

p—1
2 1 (—1)rtip
2 :7 k o _ _
s kzl( Y ((2k)! (2k-—1)!>A”‘k+1 @pr1n P L2,....

Such power sums can be used to derive the claimed improvable upper and lower bounds for the fundamental
eigenvalue pg (or Ag); see Theorem 7.1 and Remark 7.3.

Our recursion formulas emulate those developed by various authors for Rayleigh functions, or power
sums, involving roots of various transcendental equations. It was Fuler who first found the first few closed
expressions for what later came to be known as the Rayleigh function [18] (see also [60, Sec. 15.5], [15]):

oo

1
o) = —-, (=12, (12)

ne1 Jvin

where j,,, denotes the n-th positive root of z7%.J,(z), and J,(z) is the Bessel function of the first kind
of order v [1, Chap. 9], [40, Chap. 10]. Euler’s method was further developed by Lord Rayleigh [44] and
Carlitz [11]. Both Euler and Rayleigh analyzed eigenvalues of oscillations of physical systems (a hanging
chain for Euler and a circular membrane for Rayleigh), which aroused their interest in computing zeros of
the Bessel functions. By exploiting a differential equation of Riccati-type satisfied by the function 27" J,(2),
Kishore [30-32] developed recursion formulas for o90(v), starting with the known expression, due to Euler
and Rayleigh

21 1
(V)= 5=
e Av+1)

1 1
““OZE:E;:1MV+n%V+m' (13)

n=1

In his famous book [45], Lord Rayleigh was further led, in the context of treating the transverse vibrations
of a clamped beam, to finding summation formulas for the reciprocal 4th and 8th powers of the positive
roots of the equation

coszcoshx £1=0. (14)

If these roots are denoted {my}72 ,, Lord Rayleigh found (see p. 279 of [45]):

> mit =13

k=1

S mgt = 33
k 5040

k=1

The early history of the techniques of proving these power sum formulas can be found in Watson’s book
[60, Sec. 15.5] as well as [4,14,59]. The more recent articles [23,24,29] offer modern views, survey recent
results, and apply the techniques to various transcendental functions.

Properly speaking, the technique of resolution of many of these problems goes back to Euler and his
famous resolution of the “Basel” problem, named after the native Swiss city of Euler and the Bernoulli
brothers. Euler successfully solved the problem first posed by Pietro Mengoli in 1644 [14,59] and found a

> L Tt is now folklore that the sum is %2. Heuristically, Euler’s argument

closed form for the expression ) =, —.
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of 1740 [17] (see also [14,59]) amounted to writing 2% in two different ways: as a Maclaurin series and as

the infinite product
0 2
H (1 - ;E 2) ’
n?mw
n=1

since the roots of the transcendental equation sinz/x = 0 are given by = £nmr, for n = 1,2, ... Expanding
the product, and equating the coefficients of 22 gives the above formula. For rigorous justifications of these
formulas one should consult [33, Chap. 1]. Euler’s technique is exactly what Rayleigh employed in the case
of equation (14). Many nice examples illustrating this technique appear in the excellent paper of Speigel
[52] where generalizations of Newton’s known formulas for the symmetric sums of the roots of a polynomial
can be found (see also the comments in [24]).

Radoux [43], Liron [36-38], and more recently Gupta—Muldoon [23] and Ismail-Muldoon [24] employed
similar techniques to generate various recursion formulas in the same spirit. In the case of Radoux and
Liron, one finds explicit and recursive formulas for sums of even powers of reciprocals for the roots of the
equation tan x = z, and cot x = z. To illustrate the case of the equation, tanx = x, with 1, 2, ... denoting
the strictly positive roots of the equation, they derived the sums of even powers of xj’s, i.e., Zzozl 1:,;2(3,
{=1,2,.... For example, the cases { = 1,2 lead to

20 "
2 zd 7 3507

E
I

1

All of these are manifestations of convolution formulas relating the trace of the compact operator defined
by the Green’s function, and power sums of the eigenvalues as detailed in [21] and the classical book of
Mikhlin [39]. The recent survey paper of Grieser [22] offers a view that relates these formulas to what is
known for matrices. As in [22], our work here also illustrates parallels between the continuous and discrete
settings.

Radoux [43] attributes the method of finding sums of reciprocals of powers of eigenvalues of certain
operators to Sérge Nicaisse, but as detailed in [21,22,39] this is truly classical.

The paper provides fine links between Spectral Analysis, the algebra of distance matrices, and Probability
Theory. It is organized as follows. In Section 2 we prove the existence, uniqueness, and simplicity of a
negative eigenvalue for J7, , directly. In Section 3 we provide the means of proving the existence of this
eigenvalue when dealing with distance matrices. In Sections 4-7 we focus on the p = 1 case, provide a series
of standard reductions to simpler eigenvalue problems, and offer two different proofs of a recursive scheme to
obtain explicit values of Rayleigh functions for (6) with p = 1. Our main contribution in these sections are
Theorems 5.1, 6.1, and 7.1. For these sections, the proofs of the first two theorems are demonstrated directly
using the properties of the eigenvalues of the non-local BVP without using the trace formulas unlike the
way Goodwin proved for the regular BVPs [21]. The proof of Theorem 7.1 uses the generating functions as
Radoux [43] and Liron [36] did for different BVPs (see also Ismail and Muldoon [24]). Finally in Section 8,
we discuss higher dimensional considerations focusing on the centrality of the Polya—Szegé expansion (3).

2. Unique simple negative eigenvalue
We will offer direct analytical proofs of both the existence and uniqueness of a negative eigenvalue for

problem (6). A probabilistic proof is offered in [57]. We also note similar considerations in [27,28,53,54].
Analytical proofs for the case of the logarithmic potential in 2-dimensions are offered in [10,58].
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The fundamental eigenvalue of (6) is characterized by the Rayleigh-Ritz principle

L o S @) ) ey
HO erbam ? [° f2(x) de '

Proposition 2.1. (Fzistence) The eigenvalue problem (6) admits at least one negative eigenvalue.

Proof. The proof of this proposition is inspired by [12]. By choosing a test function f(x) appropriately,
we will show that g < 0. Let f(x) = X[0,5] — X[p,q) Where x denotes the characteristic function of the
appropriate interval and 0 < b < a. We will show that b can be chosen to make the Dirichlet integral satisfy

vlabp)=C, [ [ o=yl i@ (o) dedy <o (16)
This expression reduces to
a b a
Y(a,b,p) = C, / o(y) f(y)dy = Cp/¢(y)f(y) dy — Cp/ o(y) f(y) dy (17)
—a 0 b
where
60 = =2 (@ = xoa®) &2+ [ =9 (o) = X (2)) do-

Simplifying further gives the expression

a—y)Ptl )Pl a pt1
_ [ 2 s for y & [0, ]
P(y) = _ (a—y)Pt? (=b+y)?*' | (aty)*?

p+1 —2 s pu s |

for y € [b, al.
Performing the integrals in (17), the expression in (16) reduces to

—(2a)P*2 + 4(a — b)P*2 + 2(a + b)PT2 + 26PT2 — 20P12

vla,bp) = C, T (13)
This is a continuous expression in a and b. We note that since C, < 0 for 0 < p <1,
dar+2(1 — 2 2q)+2
¥(a,0,p) = Cpm >0 and ¥(a,a,p)= pr(l))w < 0.
Furthermore,
aft?
¥(a,ca,p) = Cpm £(c)
where £(c) := —2°12 +4(1 — ¢)P*t2 4+ 2(1 4 ¢)P*+2 + 2¢P+2 — 2. This function £(c) is monotonically increasing

for % < ¢ < 1 whereas 9(a, ca, p) is monotonically decreasing on the same interval, since
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(c) = (p+2) (20140 +207 — 41— )*) >0,

viz. 1+ ¢ > ¢ > 1 — ¢ Since £(1/2) < 0, and £(1) > 0, the equation £(c) = 0 has a unique solution
co € (1/2,1). Choose then b such that

coa<b<a

to complete the proof. O

Remark 2.2. The test function f = 1 would also prove the statement of Proposition 2.1. Our choice above
is motivated by higher dimensional considerations in the works for which the kernel is not of one sign (as is
the case here).

Remark 2.3. We note a couple of basic facts which will be useful for what follows.

(i) The eigenvalue problem (6) can be reduced to the interval [—1,1] by simple rescaling. If u(p,a) and
f(z; p,a) denote an eigenvalue and the corresponding eigenfunction for 0 < p <1 and a > 0, then

p(p,a) = a”u(p,1) and  f(x;p,a) = f(z/a;p,1), x € [—a,al. (19)

(ii) The eigenvalue problem at the origin of the investigation [48] was motivated by the kernel defined in
(1) with p = 1 on the interval [0, 1] as we shall discuss it in more detail in Section 4. Let 79 be the
translation operator in R where 6 € R defined as 79 f(z) := f(x — 6). Then, the integral operator, the
eigenvalues, and the eigenfunctions of this problem, denoted by %, fi and f, can be expressed by those
of %p,aa /_L(p, a’)v and f(ma Ps a) as

_ 1 5
H =T 1K 1T1; f=p (1, %) = Zu(l,l); and f(x)=71f (gc;l, %) .
2 b2 3
Proposition 2.4. (Uniqueness) The eigenvalue problem (6) admits at most one negative eigenvalue.
Proof. The proof is inspired by Kac [27]. By virtue of Remark 2.3 we will reduce the problem to the a =1
. . . 1

case. We will denote the inner product of two L?*[—1,1] functions, f,g by (f,g) := [_, f(2)g(z) dz.

We will prove the result by contradiction. Suppose p and i/ are negative eigenvalues of (6) (not necessarily

different). Let u and v be the corresponding eigenfunctions such that (u,v) = 0. Choose «, § # 0 such that
(au + pv,1) = 0. Let w = au + fv. Note that Péfp/z) (x) = 1. We have

o2y + B2/ = / / K (2, y)w(z)w(y) de dy
1-1

which is a contradiction. O
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Remark 2.5.

(i) It is instructive to compare with the case of negative powers in the kernel K(z,y) (see [26]). In this
case, there are no negative eigenvalues since for 0 < p < 1, we have

e

leading to a positive quadratic form.

2

() dudy = - (;p)(l()l 8> (1 - 27”) /Pé”/”(a:)f(w) dr| >0

|z — yl”
—1

(ii) This is also the case for the 1D logarithmic potential [7,46] where all the eigenvalues are negative since
the quadratic form is negative definite by virtue of the expansion

2

[ [rogle =sls@ sy deay = <tog2 | [ @)@ | =32 | [ 1)@ as
S1 4 1 n=1 1
<0.

This follows from the well-known expansion
o 2
log |{£ - y| = —log2— Z ﬁTn(x)Tn(y) (20)

where T, (x) is the Chebyshev polynomial of the first kind of order n.

(iii) Formula (20) is a central tool in a series of works by Ledoux, Popescu, and Garoufalidis [20,34,35]
treating the one-dimensional free problem, and proving, among other results, the Poincaré inequality
in this setting. In these works, it is referred to as Haagerup’s Lemma (see Lemma 1, p. 4817 of [35]).
It is a key formula in Reade’s work [46] (see also [7]).

Proposition 2.6. The operator %, q is non-singular.

Proof. The proof is inspired by [53] (see also [28]). We will again reduce the problem to a = 1. We will show
that © = 0 is not an eigenvalue. Suppose so, then %, ; u = 0 for some u # 0, normalized so that (u,u) = 1.
If (u,1) = 0, then as in the proof of Proposition 2.4,

2

(Hpau,u) = B, Z (1 - —) /1P,§—P/2>(a:)u(x) dz | >o0.

(Note that (7, u,u) = 0 means (u, Pé—p/2)> =0forn=0,1,.... Thus v = 0, which contradicts the fact
that w is an eigenfunction.) Hence we must have (u,1) # 0. Let u < 0 be the unique negative eigenvalue,
with J#, 1v = pv, and (v,v) =

Let «, 8 # 0 such that {(au + fv,1) = 0. Again by the same argument in the proof of Proposition 2.4,
for w = au + Bv, B%p = (w,#, w) > 0 which contradicts the fact that u < 0. Hence, 1 = 0 is not an
eigenvalue of 7, 1. O

As a result of Proposition 2.6, &7, , := (1/,,7&)71 exists. Moreover, the equation
Ay av=1 (21)

has a unique solution.
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Let

1
Rolp.a) = /v(x) dz = (v, 1).

—a

Ry is the one-dimensional equivalent of the Robin constant defined in [28]. Its sign is tightly associated with
the existence of a negative eigenvalue. This fact is exploited in [10,28,57] where it is demonstrated that the
underlying operator has a negative eigenvalue is equivalent to Ry < 0. We note also that v has the explicit
expression

a

v(z)=2,,1=0C, / |l — y|” dy (22)

—a

Again we focus on the a = 1 case. As before let pg, i1, . .. denote the eigenvalues of (6), and let ug, u, .. .
denote the associated normalized eigenfunctions. It follows at once that

1 2

1 oo
Rop ) nzzoun(p, 1) /un(x) da 3

—1

(to obtain this statement, simply expand the function v w.r.t. {u,}, then integrate). An explicit calculation
leads to

(1+p)(2+p)

R()(ﬂ,l) = 23+p0
P

<0

(simply integrate (22)). This calculation and (23) lead to a lower bound estimate for 1(p, 1) which follows

2
from dropping the positive terms in the series and applying the Cauchy—Schwarz inequality to ( f_ll uo) ,
namely

po(p,1) < ( 270G, (24)

T+t "

Remark 2.7. Troutman proved in [58] a similar bound for the negative eigenvalue of the logarithmic potential

in terms of the transfinite diameter of the underlying domain (see also [57]). In Fig. 1 we plot Ag(p) := ﬁ

as a function of 0 < p < 1.

Remark 2.8. When p = 1, the Green’s function for the Dirichlet eigenvalue problem on [0, 1] is given by
Go(e,y) = min(e,y) — 2y = 3 (e +y) — 2y — Sl — ]
which clearly indicates that our kernel is a finite-rank perturbation of the Dirichlet kernel. Indeed,
H =%9p + Tp
where ¢¥p denotes the integral operator corresponding to the Dirichlet kernel, and

Ip : L*[0,1] — L?[0,1]
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p

Fig. 1. Reciprocal negative eigenvalues, Ao(p) = 1/u(p,1), 0 < p < 1.

is defined by

Ip f(z j(y——xﬂ/)) f(y) dy.
0

One can in fact calculate the eigenvalues of this perturbation. We proceed as in [2, pp. 271-276], [3,
pp. 215-216]. Let ui(x) = x, and wug(x) = 1. Then, as in [3|, Ip = zi(f)ur + z5(f)ue with z7(f) =
f01 (y — %) fy)dy, z5(f) = fol (f%y) f(y) dy. The nonzero eigenvalues of this finite rank operator are given
by the nonzero eigenvalues of the matrix

1 1 1 1
Jo W =39)ydy Jy (v—3) dy
11
sy~ [y dudy

(112 o0

S\ -1/6 —1/4 )"
ie, \j = —1/4, A} = 1/12, with corresponding eigenvectors v (z) = —1, v5 = —(z — 1/2). Ip is a rank
2 correction of # with one positive eigenvalue, and one negative eigenvalue, zero being an eigenvalue of

infinite multiplicity. Our operator is nothing but a rank 1 perturbation of a positive operator. The same
arguments of [41] can be applied to prove the uniqueness of a negative eigenvalue for JZ".

Remark 2.9. As in Remark 2.8, the same can be said about the Green’s function for the Neumann eigenvalue
problem on [0, 1], and our kernel. Since the Neumann kernel is given by

1 1 1 1 1 1
Gn(z,y) = —max(x,y)+§ (:v2+y2) +§ :—§|x—y| - §(m+y)+§ (552‘*‘1/2) +§,
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we conclude that
H =Gy + Iy
where ¢y denotes the integral operator corresponding to the Neumann kernel, and
I+ L?[0,1] — L]0, 1]

is defined by

In f(z j( (z+y) —%(w +y?) — 3) fy) dy.
0

We now calculate the eigenvalues of this perturbation.

Let ui(z) = (2 — 2?), and up(z) = 1. Then, as in [3],

In =i (f)ur + 25 (f)us

with 3 (f fo y)dy, x3(f fo ( y— sy — —) f(y)dy. The nonzero eigenvalues of this finite rank
operator are given by the nonzero eigenvalues of the matrix

fo Ci+sy—3v") 5(—v) dy [y (=5 +3y—3v°) dy
(112
S\ -7/360 —1/4 )7

e, \] = _5&;/% ~ —0.17462, \; = %a/% ~ 0.00795. Fy is also a rank 2 correction of .# with one

positive eigenvalue, and one negative eigenvalue, zero being an eigenvalue of infinite multiplicity, and the

same arguments of Remark 2.8 hold.
3. Distance matrices and matrices of negative-type

Much of the work of Section 2 can be emulated for the discrete case. We illustrate this in the one-
dimensional case, and relegate discussion in the higher dimensional setting for an upcoming paper.

For -1 <z < -+ <z, < 1, the matrix D = (|z; — ;|?) is called a distance matriz. These matrices
are the subject of renewed interest in recent treatments [5,8,9,16,25] where D is identified as a matrix of
negative-type. Such matrices have the property of exhibiting a unique simple positive eigenvalue. (Multiplying
by the negative coefficient C), corresponds to the results of Section 2.) A matrix N = (Nyj),, ., is said to
be of negative-type whenever the associated quadratic form

Z N;;6& <0

i,j=1

for all choices &;,i=1,...,m, such that ;" & = 0.
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We have traced the earliest works on these matrices to mid-1930s, in particular the papers of Schoenberg
[49-51] and Szegb [56] where the existence and uniqueness of this positive eigenvalue is proved directly
via various techniques. Schoenberg introduced his transformation technique to allow for higher dimensional
considerations while Szeg6 relates the problem to Toeplitz forms. We also note that the existence and
uniqueness of the positive eigenvalue follows from Perron—Frobenius theory; see in particular [19]. Much of
this is reviewed and updated in the recent series of papers [8,9,25]. One can adapt the above propositions
to the finite dimensional setting, also exploiting (3). We will illustrate this connection by showing that D
is of negative-type, and thus by virtue of [9], it possesses only one positive simple eigenvalue. We note that
for0<p<1

i r(Eeyr(1-2 >
Z | — 24]P€ &5 = & e 2) Zfz‘ & Z (1 - 2—“) PP/ (2,) PSP ()
i,j=1 (5 ij n=0 p
() (-

) i (1 - 2”) D P ()6 P (3¢
,J

n=0 p

+p -2 = n ’
:F( 2 F(F 1-%) Z(l—%> (Zpé_p/Q)(xi)§i> : (25)

n=0

Thus, when >_1", & =0, Zznjzl |z;—x;|P& & < 0. The matrix D is then of negative-type, and the existence
and simplicity of a positive eigenvalue follows immediately from [9]. One can even adapt the above arguments
of Section 2 without recourse to [9] or to Perron—Frobenius theory [19, Chap. XIII].

4. A non-local boundary value problem

In this section, we note that problem (6) reduces, when p = 1, with the appropriate shifts required when
working on the interval [0, 1] as described in Remark 2.3, to the problem described in Corollary 6 from the
article [48], which we recall:

Corollary 4.1. The eigenfunctions of the integral operator & with the kernel K (z,y) = —|z — y|/2 for the
unit interval Q = (0,1) satisfy the following Laplacian eigenvalue problem:

—¢"=Xp, x€(0,1);
$(0) + ¢(1) = —=¢'(0) = ¢'(1), (26)

which can be solved explicitly as follows.

e Ao & —5.756915 is the smallest (and the only negative) eigenvalue and is the solution of the following
secular equation:

coth = . (27)

The corresponding eigenfunction is:
1
¢o(x) = ¢ocosh\/—Ag (:U — 2) ,

inh =g\ /2
where ¢y = /2 (1 + “n_ﬁ) ~ 0.7812598 is a normalization constant to have ||¢o| r2(0) = 1.
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e dam_1=(2m —1)272, m = 1,2,..., and the corresponding eigenfunction is:
Pam—1(x) = V2cos(2m — 1)mz.

These are canonical cosines with odd modes.
o Xom, m=1,2, ..., is the solution of the secular equation:

\% A2m V )\2m

t =— 28
ot ¥ £ (28)

and the corresponding eigenfunction is:

Gam () = Cam cos /Ao, <:r - 1) ,

2
) ~1/2
where com = /2 {1 + MT 2’\2} is a normalization constant.

Remark 4.2. We refer the reader to [48] for the motivation of considering such an integral operator %, the
description of the higher dimensional versions, and a variety of applications. Here, however, we would like
to point out our new interpretation of the above eigenvalue problem that was not explicitly stated in [48].
The above problem turns out to be equivalent to the following problem defined for the whole real axis and
then restricting the solutions to the unit interval 2.

o = A for x € Q)
o forzeR\Q,

with the continuity conditions at the boundary points: ¢(0—) = ¥(0+), ¥'(0—) = ¢'(0+4), ¥ (1—) = P (1+),
Y'(1=) = ¢’ (14). Then, ¢(z) in Corollary 4.1 is xq(x)y(z).

Remark 4.3. The three cases of the eigenvalues in Corollary 4.1, i.e., Ag; {A\am—1}; and {Xa;, } can also be
derived from a single equation:

/2 —a/2
a/2 | a2 (2T Al
(e te ) ((20‘/260‘/2 2 =0,

2

where A = —a?, and a € C. Searching zeros of the first factor for a € iR leads to Agy_1 = (2m — 1)272

whereas doing so in the second factor for @ € R leads to (27) and for « € iR leads to (28).

Remark 4.4. Both Radoux [43] and Liron [36] dealt with the secular equation tan § = . They explicitly
mention that this equation came from the one-dimensional Laplacian eigenvalue problem by setting A = —a?,

a =1, B € R with the following Robin boundary condition:

Note that ¢’(0) = ¢(0), ¢(1) =0 lead to tan g = —f.

On the other hand, Radoux also dealt with the other secular equation cot = [ whereas Liron
treated the case involving cot 5 = —f. Neither of them explained why they wanted to treat these sec-
ular equations and neither of them explicitly listed the corresponding boundary condition unlike the case
of tan 8 = B. In fact, simple computations similar to those in [55, Sec. 4.3] suggest that cot = f§ is
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associated with the Robin boundary conditions (¢/(0),¢'(1)) = (¢(0),0) or (0, —¢(1)) and cot 8 = —f is
associated with (¢/(0),¢'(1)) = (0,#(1)) or (—¢(0),0). But one also needs to consider the hyperbolic ver-
sions, i.e., cotha = «, in order to fully solve the eigenvalue problems with the Robin boundary conditions
(¢'(0),¢'(1)) = (0,¢(1)) or (—¢(0),0). Note that these Robin boundary conditions are all decoupled, i.e.,
local. To the best of our knowledge, [48] is the first to explicitly describe the unusual non-local boundary
condition (26).

Remark 4.5. One can exploit the well-known trace formula [21,22,39]

1
=1
> 7= /Kp(x,x) dz, (29)
n:O n 0

where K, (x,y) denotes the pth iterated kernel of K(z,y), to determine the first few expressions for the
Rayleigh function at hand. Indeed, one obtains at once

1
— 1
Zx :/K(acmc)dgc:o7
0

n=0

and

00 1 1 1
1 1 )

Sy = [Rtwaa=y [ (5oreat) dr= g

- 0 0

However this task becomes tedious for p > 3, and we propose to obtain these power sums without recourse
to iterated kernels, but by exploiting properties of the transcendental equations of which the eigenvalues
are roots. Note that this agrees with (10) for (p,a) = (1,1/2).

5. Sum of the reciprocals of the eigenvalues of Corollary 4.1

In light of Remark 4.5, we want to show the following directly.

Theorem 5.1. Let {\,}52, be the eigenvalues of the boundary problem in Corollary 4.1, and let K(x,y) =
—|x —y|/2. Then, they satisfy the following trace formula:

Do (30)

Z (2m —1)272 (31)
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m=1

1 (1 =1
T
T\ i m? £ (2m)
1 31
= D B

m=1

1 3 7 1
a2 4 6 8

where we used the famous Basel problem identity > >°_, 1/m? = 7%/6 resolved by Euler [17] (see also
[4,14,22,59]).
As for the last term of (30),

> xi (32)
m=1

2
m

A~ =

> -
m—1 A2m
where ,,, := /A2 /2 > 0 is the mth zero of the following transcendental equation; see (28):

cotx = —ux. (33)

To proceed to compute (32) explicitly, let us analyze (33) more deeply. Following Radoux [43], let us first
consider the following function and its Maclaurin series expansion:

(cotx 4+ ) -sinx = cosx + xsinw (34)

Now, the function cos x4+ x sin x can also be expanded into the following infinite product in a manner similar
to what Euler [17] and Rayleigh [44] did (see also [4,14,22,52,59]):

LE2 - .'172
cosx + xsinz = <1+ §> H (1— x_Q)’ (35)

m=1

where o =~ 1.19967864 satisfies o = coth a.

In other words, © = +ic are the two (and only) pure imaginary roots of cosx + xsinz. This can be
verified as follows. Let us seek for the pure imaginary zeros of cosx + x sin x by setting x = iy, y € R. Then,
we have

cosz + xsinz = cos(iy) + iy sin(iy)
elliy) 4 o—iliy) elliy) _ g—iliy)
= +1iy :
2 2i
eV feV ey_e—y_o
T2 Ty Tl
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which is equivalent to coshy — ysinhy = 0, i.e.,

y = cothy. (36)

The justification for the product formula (35) follows considerations similar to those for example in [33,
Chap. 1]; see also [24]. From (35), we have

z? z? z? .
i = 1—— —_— 1—— 3
cosx + xsinw m|_|1< > ) + 2 I | ( 2 ) (37)

m m=1 m
I & 1),

Equating the corresponding coefficients of the 22 terms of (34) and (37), we have

=1 1 1 1
B v D Db vt O v

n=0""

since A9 = —4a?, which can be verified by identifying (27) with the equation (36) via a = v/=Xo/2. O
6. Sums of higher powers of the reciprocals of the eigenvalues of Corollary 4.1
Furthermore, we can establish the following identities:

Theorem 6.1. Let {\,}5°, be the eigenvalues of the boundary value problem specified in Corollary 4.1. Let
Ky(z,y) be the pth iterated kernel of K(x,y) = —|x — y|/2. Then, we have

o

1

1
B 1 (—1)P\ | 4P —1
= /KP(J},I) dox = 4_10 (SQP + Oé2p > + 9. (2p)'|B2p|a (38)
0

where
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and By, is the Bernoulli number, which is defined via the generating function:

Moreover, Sa, satisfies the following recursion formula:

n+1

— =t 2n—04+1)—1 —1)¢ 1"
;( ) (2(75—(“1))!) ){52”((124)}_( 5 (39)

Proof. The first equality in (38) connecting the sum of the powers of the eigenvalues and the trace of the
iterated kernel is the standard fact and its proof can be found in, e.g.

, [39, Sec. 15]. Now, to prove the
second equality, we have

-1 1 1) < 1 1
:4pa2p+ﬁ(1‘27p)zlw+4—ps2p
1 (—1)P -1 X 1
E{SQ”+W+ 2P Z_lﬁ}

1 —1)P 4P — 1
:—(52p+< >)+ 1B

4r a?p

where we used the following well-known formula first obtained by Euler (see, e.g., [4,14,59]) to derive the
last equality:

il_?w%‘ |
2w 2l

Now, to prove the recursion formula (39), we follow Radoux [43] again. Taking the logarithm of the
product formula (35) followed by differentiation with respect to z, we have

.L o0 —QE
T COST - o Z
cosx + rsinx +L2 = ;fT
which leads to
1 — 1
—cosz = (cosx +xsinz) - — .
2 { 21+ mg:lxgnlf 2 }

Expanding each term into the Maclaurin series or the geometric series, we have

1 o= (—=1)"22" = (=1)F1(2k -1 =/ (=1)*
2 ZO( (Q)n)! - (Z( | (215)! W) ' (Z (iﬂﬂ)z S”“’) "”%)

n= k=0 £=0
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Hence, comparing the coefficients of the 22" term, we have:

(=" _ Z”: (=) ~F=1(2n — 2k — 1) ((1)’@ B S%H)

(2n — 2k)! a2k+2

—ton—04+1) -1 _1)¢ . .
= (-1) (2(75(£+1;)_!) )<5’24+(a—22) via setting £ =k + 1,

which is (39). O

As above, A, =3, )\% Here are the first few sums:

1 1
Ay =0 A2:ﬂ; Az = ———

7. The generating function and obtaining recursive formulas all at once

In this section, we show how to obtain the recursion formulas for the A,’s at once and without recourse
to the knowledge of Bernoulli numbers. The main result is the following theorem.

Theorem 7.1. Let {\,}7% be the eigenvalues of the boundary problem in Corollary 4.1, and let K,(x,y) be
the pth iterated kernel of K(x,y) = —|x — y|/2. Then,

1
=1
AP:Z)\—p:/Kp(x,x)dx
n=0"" 0

satisfies the recursion formula:

p—1
> ) | 1)+
k
_ — -~ = =1 .
4AP+1 + k:1( 1) <(2k)' (2]€ — 1)') AP k+1 (2p T 1)' , P 727 5

with Al =0.

Proof. From the statement of Corollary 4.1 and (35), it is clear that

22\ 15 z?
(cosz 4+ xsinz) - cosz = (14—@) || (1_z—2>
m

m=1

where \g = —4a? as defined above and where we set x;, = v/A;/2, for k = 1,2,.... One can again justify
this product formula as in Knopp [33, Chap. 1] or any standard Complex Analysis textbook which treats
the Weierstrass Factor Theorem.

In terms of the eigenvalues one has, after some trigonometric substitutions,

1+cosz = x? s 22
—— + — si = - — 1-—. 4
5 + 7 sinz (1 Ao) "11__[1( )\m> (40)

Expanding the LHS into a Maclaurin series and equating lead to

l—i—;(—l)k (2(%)!_4(%_1)!) 22— _ <kz_0/\—k> 2+ [ Y vyl Rt

7,k=0
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With ay, :== (=1)* (ﬁ - m) denoting the coefficients of the Maclaurin expansion, one can recourse

to Speigel’s formulas [52,21]

1
Z 7 =3ai1as — 3az — oz‘rf
k=0 "F
=1
¥l = 0/1L — 404%042 + 204% + 4oz — 4oy
k=0 "F
to obtain, as above,
=S ==
k=0 )\k
=1 1
a=d Ty
k=0 "k
=1 1
=35 =3
iy 240
=1 41
Ay = =
=2 AT 40320
k=0
o0
1 107
A = _— = —
=2 Ao 725760
k=0
=1 4559
Ag=> —=—"__ ¢tc.
6 Z% A T 1596672007

One can generate a recursion formula for the A, sequence employing what Ismail and Muldoon [24]
call, properly, the “Euler—Rayleigh” technique. The logarithmic derivative of the entire function f(z) =
H%ﬂ + 7 sin z appearing in (40) gives,

sin z 2 COS 2

oo
4 4 22 _
I+cosz | zsinz = )\g— 22 22)\k_22
5 + 1 k=1

Or, substituting \g = —4a? and Ay = 427, and after some manipulation,

sin2z  zcos2z
o0

4 2 _ oz z
1+ cos2z R zsin2z ~ g2 4 2 Z 22— 2G(2). (41)
k=1
2 2
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The function

G =t 3t
a2 4t2 k_lxifﬂ

is known as the generating function of A,. That is, one can obtain the needed recursion formula for this
sequence from consideration of this function. To simplify notation, we let M, := 4“*1 A, 1. It is then clear
that

My =

io: 1
a2Z 2t

Moreover, a straightforward calculation leads to

D Mt = G(t)
=0

By (41), one then obtains

sin2t cos2t 1+0052t t 20
u 2 _( > 1n2t) (ZM@I&

Expanding into power series leads to

[e%S) _— 47n, o e / 22k—1 22k 2 9 9
;(_1) ’ RS <1+;(_1)k<(2k) 2k —1)! )tk) (ZM” F>

From which one obtains My = 0, and

92k—1 92k—2 B (_1)p+14pp
> (DS ( (k) (2k — 1)!) M, = 2p+1)

k+l=p

In terms of the A,’s one has, A; = 0, as before,

22k—1 22k—2 (_1)p+1p
k k+1 . _
prit Z + ( (k) (2k — 1)!) Ap—ret1 2p+ 1)

which is the same as the desired statement of the theorem. 0O

Remark 7.2. We note that the recursion generates the following values A; = 1/24, Ay = —1/240, A4 =
41/40320, A5 = —107/725760, etc., corresponding to what we obtained differently in Section 6.

Remark 7.3. As in [24], one can exploit the formulas generated for the A,’s to obtain
A1 [TV < g < — A5,/ G (42)
and

AQm/AQmJ,-l < /\0 < A2m—1/A2m7 (43)
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Table 1
Lower and upper bounds for the fundamental eigenvalue
for p = 1 case for the root form (42).

m Lower bound Upper bound
1 —00 —4.89897949
2 —6.21446501 —5.59995022
3 —5.83823874 —5.71993402
4 —5.77606747 —5.74734325
5 —5.76193721 —5.75429713
6 —5.75830922 —5.75617178
7 —5.75731625 —5.75669839
8 —5.75703353 —5.75685075
9 —5.75695083 —5.75689582

10 —5.75692616 —5.75690938

11 —5.75691868 —5.75691351

12 —5.75691639 —5.75691478

13 —5.75691568 —5.75691518

14 —5.75691546 —5.75691530

15 —5.75691539 —5.75691534

Table 2

Lower and upper bounds for the fundamental eigenvalue
for p = 1 case for the rational form (43).

m Lower bound Upper bound
1 —10 0
2 —6.89719626 —4.09756098
3 —6.12462755 —5.16341303
4 —5.88003088 —5.55023389
5 —5.79858435 —5.68599065
6 —5.77106766 —5.73271224
7 —5.76172760 —5.74867218
8 —5.75855232 —5.75410976
9 —5.75747228 —5.75596068
10 —5.75710484 —5.75659053
11 —5.75697983 —5.75680484
12 —5.75693729 —5.75687776
13 —5.75692282 —5.75690257
14 —5.75691790 —5.75691101
15 —5.75691622 —5.75691388
for m = 1,2,3,.... These inequalities provide strict improvable bounds for the unique negative root of the

transcendental equation (27) and another way of obtaining it. As it is clear from Table 1 and Table 2, the
root form converges faster. These bounds agree with the \g value found numerically in the earlier paper
[48], quoted in Corollary 4.1, and we provide a new fast way, in the tradition of Rayleigh, to compute it.

8. Higher dimensional considerations

One of the motivations that led to the non-local BVP considered in [48] is that one is able to read the
spectral data (eigenvalues, eigenfunctions) by discretizing then computing integrals involving the kernel
K(x,y) over a domain 2 C R? without imposing conditions on 9. For the two-dimensional case, K (x,y)
takes the form of a logarithmic kernel

1
K(z,y) = —5 _log |z —y. (44)

Troutman [58] gave an analytical proof for the existence of at most one negative eigenvalue and gave an
upper bound estimate for it in terms of the area and transfinite diameter of Q. (The transfinite diameter is a
measure of the compactness of a domain; see [58] for the definition.) In [28], Kac offers a probabilistic proof
of this fact (see also [10,53,54] and the generalization in [57]). Related works are also offered in [7,41,46].
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With A, denoting the power sum in (29) and the iterated integrals computed numerically, (42) and (43)
provide a practical and improvable means of computing this negative eigenvalue for a specific domain. When
the transfinite diameter of 2 is less than or equal to one, this negative eigenvalue disappears. This is the
case of the unit disk. In [48], it was found that the eigenvalues of the nonlocal BVP associated with the
kernel (44) are of two types, j§ ,,, with multiplicity 3, and j2,_; ,, with multiplicity 2, for m = 2,3,..., and
n=1,2,.... Based on the values of the Rayleigh function o4, (v) defined in (12), one can generate for the
first few power sums. While ZZ.;1 1/Ag is easily seen to diverge, we have

<1 ad 3 1/x%2 3
— =3 2 =~ 4+ (=-2).
Xy o0 2= 45 ()

Similarly
(oo} 1 o0
> 7 = 302(0) +2 > oo (v)
k=1 k v=1
can be carried out explicitly for p = 3,4, ..., but there may not be an obvious recursion scheme.

When the kernel takes the form
K(z,y) = | -yl (45)
for 0 < p < 1 on 2 C R? one can prove the existence of a negative eigenvalue based on the formula (3)
independently of classical proofs based on the Schoenberg transformation [49-51]. Renewed interest focuses
on the discrete case, namely that of nature of the spectrum of distance matrices [8,9] (see also [16,25]
where the density of states is treated and its limiting distribution when the size of the matrix goes to oo is
determined). We describe the procedure for

Q C {x € R?, such that |z| < 1}.

We first note the identity

=l = / & dole (46)

where do(€) = df denotes the element of arclength, and this time
T 1
C, = / |cos )P df = —2/ 2 7

Combining (46) and (3), one obtains

& —yl|” =
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where

ra+4rQa-4)
27 '

D, :=

It then becomes transparent how to proceed in the case of the quadratic form with kernel (45), viz.,

| [ #@wi@iw ey - o, i(l——) / / F@) P (@) do 2 do(e).
Q0 n=0

When fQ x)dx = 0, the quadratic form is such that
| [ K@@ dedy <o
Q Q

One can even introduce the notion of a kernel of negative-type. In the discrete case, the 2-dimensional
version of (25), when {«;} are confined to the unit disk, takes the form

2

g
Z||a:l—:13]|| tit; = D, Z <1__> / th D (@i €)] do(e).
When Y ¢; = 0, the quadratic form is such that

Z HCBz - :Bijtitj <0.

.3

Thus the matrix (||z; — x;||?) is also of negative-type, and the results of [9] can be used to complete the
proof for the existence, uniqueness, and simplicity of a positive eigenvalue.

Acknowledgments

L.H. would like to thank the UC Davis Department of Mathematics for hospitality and support while
doing some of this work. N.S’s research was partially supported by the ONR Grants N00014-07-1-0166,
N00014-09-1-0041, N00014-09-1-0318, N00014-12-1-0177, and N00014-16-1-2255, as well as the NSF Grant
DMS-1418779.

References

[1] M. Abramowitz, I.A. Stegun (Eds.), Handbook of Mathematical Functions, National Bureau of Standards, Appl. Math.
Ser., vol. 55, U.S. Government Printing Office, Washington, DC, 1964, republished by Dover Publications, Inc., 1972.

[2] Y.A. Abramovich, C.D. Aliprantis, An Invitation to Operator Theory, Grad. Stud. Math., vol. 50, Amer. Math. Soc.,
Providence, RI, 2002.

[3] Y.A. Abramovich, C.D. Aliprantis, Problems in Operator Theory, Grad. Stud. Math., vol. 51, Amer. Math. Soc., Provi-
dence, RI, 2002.

[4] R. Ayoub, Euler and the zeta function, Amer. Math. Monthly 81 (1974) 1067-1086.

[5] R. Bapat, S.J. Kirkland, M. Neumann, On distance matrices and Laplacians, Linear Algebra Appl. 401 (2005) 193-209.

[6] F. Bavaud, On the Schoenberg transformations in data analysis, J. Classification 28 (2011) 297-314.

[7] D.J. Bekers, S.J.L. Van Eijndhoven, Spectral analysis of integro-differential operators applied in linear antenna modelling,
Proc. Edinb. Math. Soc. (2) 55 (2012) 333-354.

[8] E. Bogomolny, O. Bohigas, C. Schmit, Spectral properties of distance matrices, J. Phys. A: Math. Gen. 36 (2003) 3595-3616.

[9] E. Bogomolny, O. Bohigas, C. Schmit, Distance matrices and isometric embeddings, Zh. Mat. Fiz. Anal. Geom. 4 (2008)
7-23.


http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4153s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4153s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib696E7669746174696F6E31s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib696E7669746174696F6E31s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib696E7669746174696F6E32s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib696E7669746174696F6E32s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib41594F5542s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib42617061744B69726B6C616E644E65756D616E6Es1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib426176617564s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib42656B657273s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib42656B657273s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib426F626F31s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib426F626F32s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib426F626F32s1

82 L. Hermi, N. Saito / Appl. Comput. Harmon. Anal. 45 (2018) 59-83

] T. Bojdecki, Analytic approach to semiclassical logarithmic potential theory, Studia Math. 35 (1970) 181-197.

] L. Carlitz, Recurrences for the Rayleigh functions, Duke Math. J. 34 (1967) 581-590.

] Ph. Choquard, J. Stubbe, The one-dimensional Schrédinger—Newton equations, Lett. Math. Phys. 81 (2007) 177-184.

] P. Diaconis, S. Goel, S. Holmes, Horseshoes in multidimensional scaling and local kernel methods, Ann. Appl. Stat. 2
(2008) 777-807.

] W. Dunham, Euler: The Master of Us All, Dolciani Math. Exp., vol. 22, Math. Assoc. Amer., Washington, DC, 1999.

] J. Dutka, On the early history of Bessel functions, Arch. Hist. Exact Sci. 49 (1995) 105-134.

] N.E. El Karoui, The spectrum of kernel random matrices, Ann. Statist. 38 (2010) 1-50.

] L. Euler, De summis serierum reciprocarum, Commun. Acad. Sci. Petrop. 7 (1740) 123-134, presented at the St. Petersburg
Academy in 1734.

[18] L. Euler, De oscillationibus minimis funis libere suspens, Acta Acad. Sci. Imp. Petrop. V pars 1 (1781, 1784) 157177,

presented in the St. Petersburg Academy in 1774.

[19] F.R. Gantmacher, The Theory of Matrices, vols. I & II, Chelsea Publishing Co., 1959.

[20] S. Garoufalidis, I. Popescu, Analyticity of the planar limit of a matrix model, Ann. Henri Poincaré 14 (2013) 499-565.

[21] B.E. Goodwin, On the realization of the eigenvalues of integral equations whose kernels are entire or meromorphic in the

eigenvalue parameter, STAM J. Appl. Math. 14 (1966) 65-85.

2

[22] D. Grieser, Uber Eigenwerte, Integrale und Z-: Die Idee der Spurformel, Math. Semesterber. 54 (2007) 199-217.

[23] D.P. Gupta, M.E. Muldoon, Riccati equations and convolution formulae for functions of Rayleigh type, J. Phys. A: Math.
Gen. 33 (2000) 1363-1368.

[24] M.E.H. Ismail, M.E. Muldoon, Bounds for the small real and purely imaginary zeros of Bessel and related functions,
Methods Appl. Anal. 2 (1995) 1-21.

[25] T. Jiang, Distributions of eigenvalues of large Euclidean matrices generated from ¢, balls and spheres, Linear Algebra
Appl. 73 (2013) 14-36, http://dx.doi.org/10.1016/j.1aa.2013.09.048.

[26] M. Kac, Distribution of eigenvalues of certain integral operators, Michigan Math. J. 3 (1955) 141-148.

[27] M. Kac, A class of limit theorems, Trans. Amer. Math. Soc. 84 (1957) 459-471.

[28] M. Kac, On some probabilistic aspects of classical analysis, Amer. Math. Monthly 77 (1970) 586-597.

[29] M.K. Kerimov, Overview of some new results concerning the theory and applications of the Rayleigh special function,
Comput. Math. Math. Phys. 48 (2008) 1454-1507.

from the fourth German edition.
[34] M. Ledoux, I. Popescu, Mass transportation proofs of free functional inequalities, and free Poincaré inequalities, J. Funct.
Anal. 257 (2009) 1175-1221.
] M. Ledoux, I. Popescu, The one dimensional free Poincaré inequality, Trans. Amer. Math. Soc. 365 (2013) 4811-4849.
] N. Liron, Some infinite sums, STAM J. Math. Anal. 2 (1971) 105-112.
] N. Liron, A recurrence concerning Rayleigh functions, STAM J. Math. Anal. 2 (1971) 496-499.
|

25 (1971) 769-781.

[39] S.G. Mikhlin, Integral Equations and Their Applications to Certain Problems in Mechanics, Mathematical Physics and
Technology, 2nd revised edition, Pergamon Press, New York, 1964, translated from the Russian by A.H. Armstrong.

[40] F.W. Olver, D.W. Lozier, R.F. Boisvert, C.W. Clark (Eds.), NIST Handbook of Mathematical Functions, Cambridge
Univ. Press, 2010.

[41] I. Oseledets, The integral operator with logarithmic kernel has only one positive eigenvalue, Linear Algebra Appl. 428
(2008) 1560-1564.

[42] G. Pélya, G. Szegé, Uber den transfiniten Durchmesser (Kapazititskonstante) von ebenen und rdumlichen Punktmengen,
J. Reine Angew. Math. 165 (1931) 4-49.

[43] C. Radoux, Series liées aux racines de I’equation tgz = x, Bull. Soc. Math. Belg., Sér. B 40 (1988) 199-205.

[44] J.W.S. Rayleigh, Note on the numerical calculation of the roots of fluctuating functions, Proc. Lond. Math. Soc. 5 (1874)
119-124.

[45] J.W.S. Rayleigh, The Theory of Sound, vols. I & II, 2nd ed. revised and enlarged, Macmillan, London, UK, 1894, 1896,
with a historical introduction by R.B. Lindsay, republished by Dover Publications, Inc., 1945.

[46] J.B. Reade, Asymptotic behaviour of eigen-values of certain integral equations, Proc. Edinb. Math. Soc. (2) 22 (1979)
137-144.

[47] L. Rosasco, M. Belkin, E. De Vito, On learning with integral operators, J. Mach. Learn. Res. 11 (2010) 905-934.

[48] N. Saito, Data analysis and representation on a general domain via eigenfunctions of Laplacian, Appl. Comput. Harmon.
Anal. 25 (2008) 68-97.

[49] 1.J. Schoenberg, On certain metric spaces arising from Euclidean spaces by a change of metric and their imbedding in
Hilbert space, Ann. of Math. 38 (1937) 787-793.

[50] I.J. Schoenberg, Metric spaces and completely monotone functions, Ann. of Math. 39 (1938) 811-841.

[51] I.J. Schoenberg, Metric spaces and positive definite functions, Trans. Amer. Math. Soc. 44 (1938) 522-536.

[52] M.R. Speigel, The summation of series involving roots of transcendental equations and related applications, J. Appl. Phys.
24 (1953) 1103-1106.

[53] F. Spitzer, Recurrent random walk and logarithmic potential, in: Proc. Fourth Berkeley Symp. on Math. Statist. and
Prob., vol. 2, University of California Press, 1961, pp. 515-534.

[54] F. Spitzer, Some properties of recurrent random walk, Illinois J. Math. 5 (1961) 234-245.


http://refhub.elsevier.com/S1063-5203(16)30046-X/bib424F4A443730s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4341524C49545A31s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib43686F7175617264537475626265s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib646961636F6E6973s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib646961636F6E6973s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib44554E48414D2D45554C4552s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4455544B41s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B61726F7569s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib45554C455231373430s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib45554C455231373430s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib45554C455231373831s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib45554C455231373831s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib47616E746D6163686572s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4750s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib474F4F4457494Es1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib474F4F4457494Es1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib47524945534552s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib47555054412D4D554C444F4F4Es1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib47555054412D4D554C444F4F4Es1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib49534D41494C2D4D554C444F4F4Es1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib49534D41494C2D4D554C444F4F4Es1
http://dx.doi.org/10.1016/j.laa.2013.09.048
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B61633535s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B61633537s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B61633730s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B4552494D4F56s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B4552494D4F56s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B4953484F524531s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B4953484F524532s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B4953484F524533s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B4E4F50502D434F4D504C45582D4949s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4B4E4F50502D434F4D504C45582D4949s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4C5032303039s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4C5032303039s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4C50s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4C49524F4E31s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4C49524F4E32s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4C49524F4E33s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4C49524F4E33s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4D494B484C494E2D494E54s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4D494B484C494E2D494E54s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4E495354s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4E495354s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4F53454C4544455453s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib4F53454C4544455453s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5053s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5053s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5241444F5558s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5241594C45494748s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5241594C45494748s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5241594C454947482D534F554E44s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5241594C454947482D534F554E44s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5265616465s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5265616465s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib526F736173636F2D42656C6B696E2D44655669746Fs1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib534149544F2D4C41504549472D41434841s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib534149544F2D4C41504549472D41434841s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5363686F656E6265726731s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5363686F656E6265726731s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5363686F656E6265726732s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5363686F656E6265726733s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5350454947454Cs1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib5350454947454Cs1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib535049545A455231s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib535049545A455231s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib535049545A455232s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib47524945534552s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib47524945534552s1

L. Hermi, N. Saito / Appl. Comput. Harmon. Anal. 45 (2018) 59-83

] W.A. Strauss, Partial Differential Equations: An Introduction, 2nd ed., John Wiley & Sons, Ltd., Chichester, 2008.
] G. Szegd, Solutions to problem 3705 (proposed by Raphael Robinson), Amer. Math. Monthly 43 (1936) 246-259.
] K. Takasu, On the eigenvalues of recurrent potential kernels, Hiroshima Math. J. 2 (1972) 19-31.
] J.L. Troutman, The logarithmic potential operator, Illinois J. Math. 11 (1967) 365-374.

] V.S. Varadarajan, Euler and his work on infinite series, Bull. Amer. Math. Soc. 44 (2007) 515-539.

] G.N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge Univ. Press, Cambridge, 1944.

83


http://refhub.elsevier.com/S1063-5203(16)30046-X/bib53545241555353s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib537A65676Fs1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib54414B415355s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib54524F55543637s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib56415241444152414A414E2D42414D53s1
http://refhub.elsevier.com/S1063-5203(16)30046-X/bib574154534F4E2D42455353454Cs1

	On Rayleigh-type formulas for a non-local boundary value problem associated with an integral operator commuting with the Laplacian
	1 Introduction
	2 Unique simple negative eigenvalue
	3 Distance matrices and matrices of negative-type
	4 A non-local boundary value problem
	5 Sum of the reciprocals of the eigenvalues of Corollary 4.1
	6 Sums of higher powers of the reciprocals of the eigenvalues of Corollary 4.1
	7 The generating function and obtaining recursive formulas all at once
	8 Higher dimensional considerations
	Acknowledgments
	References


